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Abstract

In this paper, we present a non-linear one-dimensional model for thin-walled rods with open strongly curved cross
obtained by asymptotic methods. A dimensional analysis of the non-linear three-dimensional equilibrium equations le
dimensionless numbers which reflect the geometry of the structure and the level of applied forces. For a given force
order of magnitude of the displacements and the corresponding one-dimensional model are deduced by asymptotic e
To cite this article: L. Grillet et al., C. R. Mecanique 332 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un modèle asymptotique non-linéaire de poutres à parois minces. Dans cette Note, on présente un modèle n
linéaire de poutre voile valable pour les sections ouvertes fortement courbées, obtenu par méthodes asymptoti
analyse dimensionnelle des équations d’équilibre tridimensionnelles fait naturellement apparaître des nombres sans
caractérisant la géométrie de la structure et les niveaux d’efforts exercés. Pour un niveau d’effort donné, l’ordre de
des déplacements et le modèle asymptotique correspondant sont obtenus par développement asymptotique des équPour
citer cet article : L. Grillet et al., C. R. Mecanique 332 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

Les poutres à paroi minces (ou poutres voiles) sont des structures très utilisées dans l’industrie car elle p
un maximum de rigidité pour un minimum de poids. La géométrie de la poutre voile est caractérisée par de
paramètres : l’inverse de l’élancementη (rapport du diamètre de la poutre sur sa longueur) et la « finesse »ε (rapport
de l’épaisseur de la poutre sur son diamètre). De ce fait, les équations d’équilibre tridimensionnelles peu
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approchées par des modèles unidimensionnels. Le modèle linéaire unidimensionnel le plus utilisé a été d
par Vlassov [2], il est considéré comme un modèle « standard ». Commeε et η sont petits, des hypothèses sur
déplacement tridimensionnel et sur l’état de contraintes sont postulées :

• le profil est indéformable dans le plan de la section de la poutre à paroi mince (c’est l’équivalent de l’hyp
de Bernouilli pour les poutres pleines) ;

• il n’y a pas de déformation par distorsion du profil dans le plan tangent à la surface moyenne de la
voile ;

• les contraintes de traction et de cisaillement dans le plan de la section sont dominantes par rapport a
contraintes. En outre, la contrainte de traction est constante dans l’épaisseur et celle de cisaillement e

Ces hypothèses ont été justifiées, dans le cadre linéaire, par méthode asymptotique à partir de l’
tridimensionnelle linéaire [4,1].

Dans le cadre non linéaire, il n’existe pas de modèle « standard » de poutres voiles. On trouve dans la l
une variété de modèles, qui se distinguent entre eux par les hypothèses simplificatrices utilisées par les
auteurs [7]. Ces hypothèses généralisent, d’une part, au cas non linéaire, les hypothèses cinématique et
Vlassov, et d’autre part, contiennent des simplifications supplémentaires sur la forme de l’énergie de défo

Nous proposons dans cet article la construction d’un modèle asymptotique non linéaire, déduit des é
tridimensionnelles, généralisant ainsi au cas non linéaire les travaux [4] et [1]. Ce modèle qui est donné
équations de la Proposition 4.1 généralise le modèle de Vlassov au cas non linéaire.

Les étapes de l’article sont les suivantes. On construit d’abord des nombres adimensionnels cara
la géométrie de la poutre ainsi que les efforts appliqués (expression (5)). Afin d’obtenir un problème
échelle, ces nombres sans dimension sont reliés au petit paramètreε caractérisant la finesse. On cherche a
la solution du problème tridimensionnel sous forme d’une série formelle enε. Pour des niveaux d’efforts modér
(relations (6)), on montre que le premier terme non nul du déplacement vérifie les hypothèses cinématiqu
(8) qui constituent une généralisation de celles de Vlassov au cas non linéaire. Les contraintes associée
également cette généralisation (Éqs. (9)). On obtient alors un modèle asymptotique non linéaire de poutr
décrit par un système d’équations différentielles fortement couplées, représentant le modèle de traction (É
le modèle de torsion (Éq. (11)) et le modèle de flexion (Éq. (12)).

1. Introduction

In non-linear elasticity, unlike in plate and shell theory, it does not seem to exist any classical model fo
walled rods. Recently, Rodriguez and Viaño [1] have justified the linear elastic model of Vlassov [2] for thin-
rods by asymptotic method.

We propose here to use an asymptotic approach [3] to deduce a non-linear model for thin-walled ro
three-dimensional equations. The approach used is based on a dimensional analysis of the three-dimens
linear equilibrium equations which let appear pertinent dimensionless numbers characterizing the geometr
level of applied loads. These numbers are measurable and enable to define the domain of validity of the
model. The present work constitutes a generalization of [4,1] in non-linear elasticity.

2. The three-dimensional problem

Let ω∗
0 be an open cylindrical surface ofR

3, (Oe3) its axis, whose length isL0 and diameterd0. We noteγ ∗
0g

andγ ∗
0d its lateral boundary,γ ∗

01 = ω∗
0 × {0} andγ ∗

02 = ω∗
0 × {L0} its extremities.

Let us consider now a thin-walled rod with open cross-section and 2h0 thickness, whose middle surfac
is ω∗

0. The thin-walled rod occupies the set�Ω∗
0 = �ω∗

0 × [−h0, h0] of R
3 in its reference configuration
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Fig. 1. The geometry of the rod.

Fig. 1. La géométrie de la poutre.

We call Γ ∗
01 = γ ∗

01×]−h0, h0[ andΓ ∗
02 = γ ∗

02×]−h0, h0[ the extreme faces,Γ ∗
0g = γ ∗

0g×]−h0, h0[ andΓ ∗
0d =

γ ∗
0d×]−h0, h0[ the lateral faces,Γ ∗

0± = ω∗
0 × {±h0} the upper and lower faces.

LetM∗
0 be a generic point of the beam. We decompose the vector

−−−−→
OM∗

0 as follows:
−−−−→
OM∗

0 = x∗
3e3 + −−−−→

G∗
0C

∗
0 + −−−−→

C∗
0m

∗
0 + r∗n (1)

wherex∗
3 is the coordinate of the current cross-section containingM∗

0 on the axis(0x∗
3),G

∗
0 the point of intersection

between the axis(0x∗
3) and the current cross-section,C∗

0 an arbitrary chosen point in the plane of the cross-sec
(see Fig. 1) located by its Cartesian coordinates(xc∗1 , x

c∗
2 ), andr∗ the thickness variable. We callC∗

0 the intersection
curve betweenω∗

0 and the cross-section. The orthogonal projectionm∗
0 of M∗

0 on the middle surface is located b
its Cartesian coordinatesx∗ = (x∗

1, x
∗
2) or by its curvilinear abscisses∗ alongC∗

0. The origins∗0 of the curvilinear
abscisse is an arbitrary chosen point ofC∗

0. We noten the unit normal andt the unit tangent vector ofC∗
0. Moreover,

we calll∗ andq∗ the coordinates of the vector
−−−−→
C∗

0m
∗
0 in the basis(t, n). Finally, we callα∗ the angle(e1, t) andc∗0

the curvature of the curveC∗
0 (see Fig. 1 (right)).

In what follows, we consider only thin-walled rods such asd0/L0 � 1, h0/d0 � 1 andh0‖c∗0‖∞ � 1. We
assume that the rod is subjected to the applied body forcesf ∗ = f ∗

t t + f ∗
n n + f ∗

3 e3 : �Ω∗
0 → R

3 and to the
applied surface forcesg∗± = g∗±

t t + g∗±
n n + g∗±

3 e3 : �Γ ∗
0± → R

3. Moreover, the rod is assumed to be clamp
on its extremitiesΓ ∗

01 andΓ ∗
02, and free on its lateral facesΓ ∗

0g andΓ ∗
0d . The unknown of the problem is then th

displacementU∗ : �Ω∗
0 → R

3. Within the framework of non-linear elasticity, the displacementU∗ and the second
Piola–Kirchhoff tensorΣ∗ satisfy the non-linear equilibrium equations:



Div∗(Σ∗ �F ∗)= −f ∗ inΩ∗
0

(F ∗Σ∗)ñ= g∗± onΓ ∗
0±

(F ∗Σ∗)t̃ = 0 onΓ ∗
0g ∪ Γ ∗

0d

U∗ = 0 onΓ ∗
01 ∪ Γ ∗

02

(2)

where the overbar denotes the transposition operator,F ∗ = ∂ψ∗/∂M∗
0 = I + ∂U∗/∂M∗

0 the linear tangent map t
the mapping functionM∗

0 → ψ∗(M∗
0)=M∗

0 +U∗, andñ (respectivelỹt) the external unit normal to the upper a
lower faces (respectively to the lateral faces). Limiting our study to Hookean materials, the constitutive r
is given byΣ∗ = λTrE∗I + 2µE∗ whereE∗ = 1

2(
�F ∗F ∗ − I) denotes the Green–Lagrange tensor andI theR

3

identity tensor. As in linear elasticity [4], the boundary conditions onΓ ∗
0g ∪ Γ ∗

0d are considered on average up
the thickness, in order the twist to be of the same order as the bending in the asymptotic model of Propos
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3. Dimensional analysis of equilibrium equations and reduction to a one-scale problem

First, we decompose the equations such as to separate the axial from the cross-section plane compone
this, let us decomposeU∗ on Frenet basis(t, n, e3) of the initial configuration as follows:

U∗ = u∗
t t + u∗

nn+ u∗
3e3 (3)

Then let us define the following dimensionless physical data and dimensionless unknowns of the problem

ut = u∗
t

utr
, un = u∗

n

unr
, u3 = u∗

3

u3r
, x = x∗

d0
, s = s∗

d0

x3 = x∗
3

L0
, r = r∗

h0
, c0 = c∗0

cr
, ft = f ∗

t

frt
, fn = f ∗

n

frn

f3 = f ∗
3

fr3
, gt = g∗

t

grt
, gn = g∗

n

grn
, g3 = g∗

3

gr3

(4)

where the variables indexed by(r) are the reference ones. The new variables which appear (without a sta
dimensionless. To avoid any assumption on the order of magnitude of the displacement components, the
scalesutr , unr and u3r are firstly assumed to be equal toL0. Thus we a priori allow large displacemen
Introducing the dimensionnless variables previously defined in Eqs. (2) decomposed on Frenet basis, w
a new dimensionless problem involving the following dimensionless numbers which characterize the prob

ε = d0

L0
, η= h0

d0
, ν = h0cr, F = h0fr

µ
, G = gr

µ
(5)

The form ratiosε, η andν characterize respectively the relative thickness, the inverse of the shooting pain a
shallowness of the rod. They are geometric data of the problem. The force ratiosF andG represent respectively th
ratio of the resultant on the thickness of the body forces (respectively of the surfaces forces) toµ considered as
reference stress. These numbers only depend on known physical quantities and must be considered as k
of the problem. As in [5,6], to obtain a one-scale problem,ε is chosen as the reference perturbation paramete
the other dimensionless numbers are linked toε. In this paper, we will limit our study to strongly bent thin-walle
rods, whose inverse of the shooting pain is of the same order as the relative thickness. Thus we haveε = η = ν.
Moreover, the rod is assumed to be subjected to moderate force levels such as:

Ft = Gt = ε5, Fn = Gn = ε5, F3 = G3 = ε4 (6)

4. Asymptotic expansion of equations

Let us consider a thin-walled rod with open strongly bent cross-section subjected to force levels s
Ft = Gt = Fn = Gn = ε5 andF3 = G3 = ε4. The standard asymptotic expansion method leads to postulat
the dimensionless solutionU = (V ,u3), with V = (ut , un), admits a formal expansion with respect toε:

U = (V ,u3)=
(
V 0, u0

3

) + ε1(V 1, u1
3

) + ε2(V 2, u2
3

) + · · ·
This implies an expansion of the mapping functionψ and the stressesΣ :

ψ =ψ0 + εψ1 + ε2ψ2 + · · ·
Σ =Σ0 + εΣ1 + ε2Σ2 + · · ·

ReplacingU , ψ andΣ by their expansion in the dimensionless equilibrium equations and equating to ze
factors of successive powers ofε, we obtain coupled problemsP−6, P−5, . . . corresponding respectively to th
cancellation of the factors ofε−6, ε−5, . . .We then have the following result:

Proposition 4.1. (i) The leading termU0 of the displacement expansion is equal to zero. ThusV 0 = u0
3 = 0.
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(ii) The axial displacement is equal to zero at the first order: u1
3 = 0.

(iii) The first non-zeroth term(V 1, u2
3) of the expansion of the displacement satisfies the following equatio:

V 1 = V (x3)+ (RΘ − I2)x (7)

u2
3 = u3(x3)− �RΘx dV

dx3
−ωn dΘ

dx3
(8)

whereV (x3) andu3(x3) denote the bending and the axial displacement of the pointG0 respectively,I2 the identity
of R

2,Θ the rotation angle around the(C0e3) axis whose matrix of rotation is

RΘ =
[

cosΘ −sinΘ

sinΘ cosΘ

]
andωn the sectorial surface given by

dωn
ds

= −q

(iv) The first non-zeroth term of the expansion of the stress tensor isΣ2. It can be written, in the(t, n, e3) basis
as

Σ2 =

 0 0 Σ2

t3

0 0 0

Σ2
t3 0 Σ2

33




with

Σ2
t3 = −2r

dΘ

dx3
, Σ2

33 = E

µ

∂u2
3

∂x3
+ E

2µ

∥∥∥∥∂ψ1

∂x3

∥∥∥∥
2

and ψ1 = V 1 + x (9)

(v) The unknownsV (x3), u3(x3) and Θ(x3) are solution of the following one-dimensional equilibriu
equations:

• Traction equation

E

2µ

d

dx3

[ sd∫
sg

1∫
−1

(∥∥∥∥∂V 1

∂x3

∥∥∥∥
2

+ 2
∂u2

3

∂x3

)
dr ds

]
= −P3 (10)

with

P3 =
sd∫
sg

1∫
−1

f3 dr ds +
sd∫
sg

[g+
3 − g−

3 ]ds

• Twist equations

d

dx3

[ sd∫
sg

1∫
−1

(
−r(1− c0Q)Σ2

t3 +ωN ∂Σ
2
33

∂x3
+Σ2

33Λψ
1 ∂ψ

1

∂x3

)
dr ds

]
= −Mt − dM3t

dx3
(11)

with

Mt =
sd∫
sg

Λψ1

1∫
−1

f dr + [g+ − g−]ds, M3t =
sd∫
sg

1∫
−1

ωNf3 dr ds +
sd∫
sg

ωN [g+
3 − g−

3 ]ds

Q= −dωN/ds, ωN = ωn − �VΛRθx, whereΛ= [0 −1
1 0

]
denotes the rotation ofπ/2 arounde3.
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• Bending equations

E

2µ

d2

dx2
3

[ sd∫
sg

1∫
−1

[∥∥∥∥∂ψ1

∂x3

∥∥∥∥
2

+ 2
∂u2

3

∂x3

]
ψ1 dr ds

]
+ d

dx3

[ sd∫
sg

1∫
−1

2r2c0
dΘ

dx3
T dr ds

]
= −P − dM3f

dx3
(12)

whereT =RΘt and

P =
sd∫
sg

1∫
−1

Πf dr ds +
sd∫
sg

Π[g+ − g−]ds, M3f =
sd∫
sg

1∫
−1

ψ1f3 dr ds +
sd∫
sg

ψ1[g+
3 − g−

3 ]ds

with the associated boundary conditions

V (x3)= dV (x3)

dx3
= 0 onγ01 ∪ γ02

u3(x3)= 0 onγ01 ∪ γ02

Θ(x3)= dΘ(x3)

dx3
= 0 onγ01 ∪ γ02

For the force level chosen, the order of magnitude of the displacement components areh0 for the axial
displacement andd0 for the other components.1 Thus with this approach, the order of magnitude of
displacements and the associated asymptotic model are directly deduced from the level of applied forces.

On the other hand, the non-linear model obtained in Proposition 4.1 is not classical and does not seem
any equivalent in the literature. It reduces to a system of four non-linear differential equations strongly c
which can be expressed in terms of the four unknowns2 V (x3), u3(x3), Θ(x3). In particular, the twist equatio
contains cubic terms with respect toΘ as in the model of Gobarah and Tso [7] derived from a priori assumpt
Moreover the twist equation is coupled with the traction (and the bending) equations. This coupling chara
the shortening effect observed experimentally for large rotations.

Finally, let us notice that the twist couplesMt andM3f are expressed in the deformed configuration, whe
they are classically expressed in the initial configuration.
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