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Abstract

In this paper, we present a non-linear one-dimensional model for thin-walled rods with open strongly curved cross-section,
obtained by asymptotic methods. A dimensional analysis of the non-linear three-dimensional equilibrium equations lets appear
dimensionless numbers which reflect the geometry of the structure and the level of applied forces. For a given force level, the
order of magnitude of the displacements and the corresponding one-dimensional model are deduced by asymptotic expansions.
To citethisarticle: L. Grillet et al., C. R. Mecanique 332 (2004).
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Résumé

Un modéle asymptotique non-linéaire de poutres a parois minces. Dans cette Note, on présente un modéle non-
linéaire de poutre voile valable pour les sections ouvertes fortement courbées, obtenu par méthodes asymptotiques. Une
analyse dimensionnelle des équations d’équilibre tridimensionnelles fait naturellement apparaitre des nombres sans dimension
caractérisant la géométrie de la structure et les niveaux d'efforts exercés. Pour un niveau d’effort donné, I'ordre de grandeur
des déplacements et le modele asymptotique correspondant sont obtenus par développement asymptotique deRoéiquations.
citer cet article: L. Crillet et al., C. R. Mecanique 332 (2004).
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Version francaise abr égée

Les poutres a paroi minces (ou poutres voiles) sont des structures tres utilisées dans I'industrie car elle procurent
un maximum de rigidité pour un minimum de poids. La géométrie de la poutre voile est caractérisée par deux petits
parametres : I'inverse de I'élancemer(rapport du diamétre de la poutre sur sa longueur) et la « finesgapport
de I'épaisseur de la poutre sur son diametre). De ce fait, les équations d’équilibre tridimensionnelles peuvent étre
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approchées par des modéles unidimensionnels. Le modéle linéaire unidimensionnel le plus utilisé a été développé
par Vlassov [2], il est considéré comme un modéle « standard ». Conate sont petits, des hypothéses sur le
déplacement tridimensionnel et sur I'état de contraintes sont postulées :

¢ le profil estindéformable dans le plan de la section de la poutre a paroi mince (c’est I'équivalent de I'hypothése
de Bernouilli pour les poutres pleines) ;

e il N’y a pas de déformation par distorsion du profil dans le plan tangent a la surface moyenne de la poutre
voile ;

e les contraintes de traction et de cisaillement dans le plan de la section sont dominantes par rapport aux autres
contraintes. En outre, la contrainte de traction est constante dans I'épaisseur et celle de cisaillement est affine.

Ces hypotheses ont été justifiées, dans le cadre linéaire, par méthode asymptotique a partir de I'élasticité
tridimensionnelle linéaire [4,1].

Dans le cadre non linéaire, il n’existe pas de modéle « standard » de poutres voiles. On trouve dans la littérature
une variété de modeles, qui se distinguent entre eux par les hypothéses simplificatrices utilisées par les différents
auteurs [7]. Ces hypothéses généralisent, d’'une part, au cas non linéaire, les hypothéses cinématique et statique de
Vlassov, et d’autre part, contiennent des simplifications supplémentaires sur la forme de I'énergie de déformation.

Nous proposons dans cet article la construction d’'un modéle asymptotique non linéaire, déduit des équations
tridimensionnelles, généralisant ainsi au cas non linéaire les travaux [4] et [1]. Ce modéle qui est donné par les
équations de la Proposition 4.1 généralise le modele de Vlassov au cas non linéaire.

Les étapes de l'article sont les suivantes. On construit d’'abord des nombres adimensionnels caractérisant
la géométrie de la poutre ainsi que les efforts appliqués (expression (5)). Afin d’obtenir un probléme mono-
échelle, ces nombres sans dimension sont reliés au petit paramegractérisant la finesse. On cherche alors
la solution du probleme tridimensionnel sous forme d’une série formelle Baur des niveaux d’efforts modérés
(relations (6)), on montre que le premier terme non nul du déplacement vérifie les hypothéses cinématiques (7) et
(8) qui constituent une généralisation de celles de Vlassov au cas non linéaire. Les contraintes associées vérifient
également cette généralisation (Egs. (9)). On obtient alors un modéle asymptotique non linéaire de poutres voiles,
décrit par un systéme d’équations différentielles fortement couplées, représentant le modeéle de traction (Eg. (10)),
le modele de torsion (Eq. (11)) et le modéle de flexion (Eq. (12)).

1. Introduction

In non-linear elasticity, unlike in plate and shell theory, it does not seem to exist any classical model for thin-
walled rods. Recently, Rodriguez and Viafio [1] have justified the linear elastic model of Vlassov [2] for thin-walled
rods by asymptotic method.

We propose here to use an asymptotic approach [3] to deduce a non-linear model for thin-walled rods from
three-dimensional equations. The approach used is based on a dimensional analysis of the three-dimensional non-
linear equilibrium equations which let appear pertinent dimensionless numbers characterizing the geometry and the
level of applied loads. These numbers are measurable and enable to define the domain of validity of the obtained
model. The present work constitutes a generalization of [4,1] in non-linear elasticity.

2. Thethree-dimensional problem

Let wg be an open cylindrical surface B, (Oes) its axis, whose length i&o and diametetly. We notey(;"g
andyy, its lateral boundaryyy; = wg x {0} andyg, = wj x {Lo} its extremities.

Let us consider now a thin-walled rod with open cross-section dndtRickness, whose middle surface
is wj. The thin-walled rod occupies the ség = wg x [—ho, ho] of R3 in its reference configuration.
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Fig. 1. The geometry of the rod.

Fig. 1. La géométrie de la poutre.

We call I'j; = yg1x 1—=ho, hol and I'G; = yg,x 1—ho, hol the extreme facesy, = yg, x 1—ho, hol and I, =
You < 1=ho, hol the lateral faces ', = wg x {ho} the upper and Iower faces.
Let M be a generic point of the beam. We decompose the vel:mg as follows:

OMS‘ =x3e3+ GSCS + Cf)kmz’; +r*n (1)

wherex; is the coordinate of the current cross-section contaiMggn the axig0x3), G{ the point of intersection
between the axi€0x3) and the current cross-sectiatyy an arbitrary chosen pointin the plane of the cross-section
(see Fig. 1) located by its Cartesian coordinatgs, x5*), andr* the thickness variable. We c&}f the intersection
curve betweem and the cross-section. The orthogonal projectignof Mg on the middle surface is located by
its Cartesian coordinates = (xj, x5) or by its curvilinear absciss€ alongCg. The originsg of the curvilinear
abscisse is an arbitrary chosen pomcf,’@fWe noten the unit normal and the unit tangent vector @f;. Moreover,

we call/* andg™* the coordinates of the vectdlgm0 in the basigt, n). Finally, we calle™ the angle(el, t) andcg

the curvature of the curvg (see Fig. 1 (right)).

In what follows, we consider only thin-walled rods suchdagLo < 1, ho/do <« 1 andhollcfllc < 1. We
assume that the rod is subjected to the applied body fofé¢es f*t + f;n + fé"eg:ﬁg — R3 and to the
applied surface forceg** = g*it +g*n + g§ie3:FJi — R3. Moreover, the rod is assumed to be clamped
on its extremitied j; and I, and free on its lateral facel%‘g andrjy,. The unknown of the problem is then the

displacementU* : .(25‘ — RS, Within the framework of non-linear elasticity, the displacemfitand the second
Piola—Kirchhoff tenso* satisfy the non-linear equilibrium equations:

DiV¥(Z*F*) = —f* in £}

(F*X*)i =g+ onrg, @
(F*X%1=0 onlg, U Ig,
U*=0 onlg Uy,

where the overbar denotes the transposition oper&tos 0y * /oMy = I + dU*/d M the linear tangent map to

the mapping functiod} — *(M§) = Mg + U*, andn (respectively) the external unit normal to the upper and
lower faces (respectively to the lateral faces). Limiting our study to Hookean materials, the constitutive relation
is given by X* = A Tr E*I + 2uE* where E* = 3(F*F* — I) denotes the Green—Lagrange tensor Attide R3

identity tensor. As in linear elasticity [4], the boundary conditionsrgpu Iy, are considered on average upon

the thickness, in order the twist to be of the same order as the bending in the asymptotic model of Proposition 4.1.



126 L. Grillet et al. / C. R. Mecanique 332 (2004) 123-128

3. Dimensional analysis of equilibrium equations and reduction to a one-scale problem

First, we decompose the equations such as to separate the axial from the cross-section plane components. To do
this, let us decompodé* on Frenet basi&, n, e3) of the initial configuration as follows:

U* =ujt +ujn + uzes 3)
Then let us define the following dimensionless physical data and dimensionless unknowns of the problem:

ut uk uk x* s*
wp=—"1, up=—, uz=—32, x="—, s=-—
Uty Unr ugzr do do
x* r* C* f* f*
3 0
x3=—, =—, co=—, fi=, fu= (4)
Lo ho Cr fre Sfin
f3 8 & 83
f3 = _7 t = _7 n — _7 3: -
fr3 8rt 8rn 8r3

where the variables indexed Igy) are the reference ones. The new variables which appear (without a star) are
dimensionless. To avoid any assumption on the order of magnitude of the displacement components, the reference
scalesuy,, u,, andugz, are firstly assumed to be equal Ig. Thus we a priori allow large displacements.
Introducing the dimensionnless variables previously defined in Egs. (2) decomposed on Frenet basis, we obtain
a new dimensionless problem involving the following dimensionless numbers which characterize the problem:

82@, n=@, v = hocy, f:hofr, Q:ﬁ (5)
Lo do jz M

The form ratiose, n andv characterize respectively the relative thickness, the inverse of the shooting pain and the
shallowness of the rod. They are geometric data of the problem. The forceFatiodG represent respectively the
ratio of the resultant on the thickness of the body forces (respectively of the surfaces forgeg)rteidered as a
reference stress. These numbers only depend on known physical quantities and must be considered as known data
of the problem. As in [5,6], to obtain a one-scale problers, chosen as the reference perturbation parameter and
the other dimensionless numbers are linked.tm this paper, we will limit our study to strongly bent thin-walled
rods, whose inverse of the shooting pain is of the same order as the relative thickness. Thus ave have.
Moreover, the rod is assumed to be subjected to moderate force levels such as:

Fi=Gi=¢  Fa=Gu=¢>, Fa3=Gz=¢" (6)

4. Asymptotic expansion of equations

Let us consider a thin-walled rod with open strongly bent cross-section subjected to force levels such as
Fi =G = Fn =G, =2 and F3 = G3 = ¢*. The standard asymptotic expansion method leads to postulate that
the dimensionless solutidih = (V, u3), with V = (u,, u,), admits a formal expansion with respeckto

U=(V,uz)= (V% ud) + e (Vi u) + (V3 ud) +---
This implies an expansion of the mapping functiprand the stresses:
U=y eyl 42yl 4.
=304zt 2524 ...
ReplacingU, ¥ and ¥ by their expansion in the dimensionless equilibrium equations and equating to zero the

factors of successive powers of we obtain coupled problenf8_g, P_s, ... corresponding respectively to the
cancellation of the factors af 6, =5, ... We then have the following result:

Proposition 4.1. (i) The leading ternt/© of the displacement expansion is equal to zero. THs- ug =0.



L. Grillet et al. / C. R. Mecanique 332 (2004) 123-128 127

(ii) The axial displacement is equal to zero at the first ordérz 0.
(iii) The first non-zeroth terra 1, u%) of the expansion of the displacement satisfies the following equations

Vi=V(x3) + (Ro — Ix)x (7)
de
(8)

5 _
uz=u3z(x3z) — Rex——w,—
3 drs  "dxs

whereV (x3) andus(x3) denote the bending and the axial displacement of the gairrespectively/, the identity
of R2, © the rotation angle around th&oe3) axis whose matrix of rotation is
Cos® —sin®E
o=

. . d
. andw, the sectorial surface given byaﬂ =—
sin®  cos® ds

(iv) The first non-zeroth term of the expansion of the stress tengot.itt can be written, in ther, n, e3) basis
as

0 0 X3
=10 0 O
2 2

213 0 Z"33

with

and yl=vlix 9)

de ) E8u3 E |oyt|?
0x3

=—2r—
Th= g 8T /Laxs

(v) The unknownsV (x3), uz(x3) and ®@(x3) are solution of the following one-dimensional equilibrium
equations

e Traction equation

Lol S (15

avl|?
0x3

0x3

P 2
u3) dr ds] =—P3 (10)

with

P3—//f3drds+/[g3 — 831 ]ds

sg —1

e Twist equations

dx3|://<—r(1—coQ)Et3+a)N 382 + 22.Ay1 wl)drd } —M, — dé‘jz’ (11)
sg —1
with
1 sq 1 Sd
Mr=/A—¢1/fdr+[g+—g*]ds, Mst=//wzvf3drds+/wzv[g§—g§]ds
s -1 sg =1 Sg

0 = —dwy /ds, oy = w, — VARgx, whereA =[3 ;'] denotes the rotation of /2 aroundes.
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e Bending equations

E o ayt|? 8u3 dMsy
- —2 — 22 —T =—P— 12
2udx§|://[' 313 8x3i|l/f dr ds + [// réco drdsi| s (12)
whereT = Rpt and
sqg 1 sqa 1
//Hfdrds—i—/ﬂ[g — g 1ds, M3f=//l/f f3drds+/l/f —gg]ds
sg —1 sg —1

with the associated boundary conditions

dV (x3)
Vi(x3) = d = onyo1U yo2
x3
u3(x3z) =0 onyo1U yo2
do (x3)
O(x3) = By 0 onyorUyo2
X3

For the force level chosen, the order of magnitude of the displacement componelits farethe axial
displacement andiy for the other components.Thus with this approach, the order of magnitude of the
displacements and the associated asymptotic model are directly deduced from the level of applied forces.

On the other hand, the non-linear model obtained in Proposition 4.1 is not classical and does not seem to have
any equivalent in the literature. It reduces to a system of four non-linear differential equations strongly coupled,
which can be expressed in terms of the four unknéwigxs), u3(x3), @ (x3). In particular, the twist equation
contains cubic terms with respect@as in the model of Gobarah and Tso [7] derived from a priori assumptions.
Moreover the twist equation is coupled with the traction (and the bending) equations. This coupling characterizes
the shortening effect observed experimentally for large rotations.

Finally, let us notice that the twist couplé$ andMsz; are expressed in the deformed configuration, whereas
they are classically expressed in the initial configuration.
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1 1t would have been possible to define new reference scales for the components of the displacement, for the leading term of the expansion
to be different from zero.
2 The displacemeny (x3) has two components in the plane of a section.



