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Abstract

We consider singular perturbation problems depending on a parasmet@rsuch that foe > 0 the solutior:® belongs to a
Sobolev space on a domai®, but the limit« is not a distribution on2. A very simple model problem, solvable by Fourier
transform allows us to study the complexification process afss \ 0. The limit holds in the topology of a space of analytical
functionals.To cite thisarticle: C.A. De Souza, E. Sanchez-Palencia, C. R. Mecanique 332 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Phénoméne de complexification dans un exemple de perturbation singuliere sensitious considérons des probléemes
de perturbation singuliére dépendant d'un parametee0 tel que poue > 0 la solutionu® appartient a un space de Sobolev
sur un domaine2, mais la limitex® n’est pas une distribution su2. Un probléme modéle trés simple qui peut étre résolu
explicitement par transformation de Fourier permet d'étudier le processus de complexificatiolodmues \ 0. La limite a
lieu dans la topologie d’un espace de fonctionnelles analytidRees. citer cet article: C.A. De Souza, E. Sanchez-Palencia,

C. R. Mecanique 332 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Keywords:Computational solid mechanics; Comxitg; Singular perturbation; Sensitivity

Mots-clés :Mécanique des solides numérique ; ComplexReérturbation singuliére ; Sensitivité

1. Introduction
We consider singular perturbation problems of the form:

Problem P¢. Findu® € V such thatvv € V
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a(®, v) + 2b(u,v) = (f,v) (1)

whereV is a Hilbert spacef € V', a andb Hermitian continuous positive forms dn ande is a small positive
parameter. It is also assumed thét, v)1/2 defines a norm o, i.e.

alv,v)=0 = v=0 (2)
and that the left-hand side of (1) is coerciveWror ¢ > 0, i.e.:
a(v®,v) +&%b (v, v) > e%c |} (3

for somec > 0. The existence and the uniqueness‘follows from the Lax—Milgram lemma for > 0.

According to (2), we construdt, = completion ofV for the norm||v||§ = a(v, v). Obviously,V c V, and
V, C V’. Thelimit problem

Problem P°. Findu® € v such thatvv € V,
a@w® v)=(f,v) (4)

is well-posed forf € V. andV, is the finite energy space of this problem.

There are very many examples of such problems coming from thin shell theory, where they are elligptidfor
but of the type of the points of the didle surface of the shell (eitheltiptic, parabolic or hyperbolic) foe = 0. It
often appears that/ is a very small space, and ‘usual loadingsare not inV,. The asymptotic behaviour af
when f ¢ V/ is drastically dependent on the structure of theitlieguations and of the loading. Several examples
may be found in [1] exhibiting, in partidar, a phenomenon of accumulation of energy along the characteristics of
the limit problem.

In the case of partial differential equations on a dom@itthe above problem is said to Bensitivewhen the
spaceV, is so large that it is not contained in the spde&s2) of distributions ons2. In that casey, does not
contain the spacP(£2) of test-functions of distributions so that ‘almost any loadigigs out of V. This may be
considered as some kind of instability: very smooth data imply ‘large perturbations’ going out of the finite energy
space. This kind of problem appears in several situatidrshell theory, for instance when the middle surface is
elliptic and the shell is fixed by a part of the boundary and free by the rest [2] (see also [3]). This is a consequence
of ill-posedness of the limit problem, which is eliip but the boundary conditions on the free boundary do not
satisfy the Shapiro—Lopatinskii condition.

In this Note we consider a simplified model example of such a situation. The $pé&ceonstrained so that
the problem reduces essentially to a one-dimensional one, which is solved by Fourier transform gvgri/for
The complexification processy 0, with limit in a space of analyticalictionals is analysed via the numerical
computation of Fourier transforms.

2. Position of the problem and Fourier image of the solution
Let 2 =R x (0, 1) in the plane of the variable = (x1, x2). Let I'p be the fixed boundaryt, = 0 and 'y the
‘free boundary’x, = 1. We consider the space
V:{veHZ(.Q); Av =0, v|p0=O} (5)

whereA denotes the Laplacian. It should beticed that because of the constrainis = 0 andv(x1, 0) = 0, this
space may be identified with a space of functions of the only variebléndeed, according to the uniqueness
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theorem for the Cauchy problem for the Laplaciarg V is defined bydov(x1, 0). The Hermitian forms: andb
are defined by

a(u,v) = /(82u(x1, O))(azv(xl, O))dxl and b(u,v)= / Z (9gu) (v ) dx (6)

Io Q lal=2

The property (2) follows from the unigqueness of the Cauchy problem for the Laplacian, as the vanishing of
a(v, v) implies thatv and its normal derivative vanish dry. The loadingf will be the Dirac mass

f(x1,x2) =8(x1)8(x2 — ) (7)

for a certainy € (0, 1]. We note that foiy € (0,1) f is a ‘point force’ at the interior of2, whereas foyy = 1itis
in fact a ‘point force’ on the free boundafyj. In both casey € V'.
Let us perform the Fourier transform with respeckipformally defined by

+00 1 +00
a(é,xz)=/w(m,xz)e_ig“dm and w(Xl,xz)=2—/5(é,xz)ei5"1dé (8)
T
—00 —00

As the Fourier transform preserves (up to the factey the scalar product ii.?(R), the Fourier image of the
problem is easily obtained. Indeed, defining

V={eL%(R); (£20,£020,030) € (LA(2))°, (—&2+02)9 =0, i(&,0) =0}, (9)
400

&(ﬁ,ﬁ):/82ﬁ(§,0)8213(§,0)d$ and 13(5,,ﬁ):/(g4aé+a§aa§ﬁ+2§232aaz_ﬁ)dgdx2 (10)
—00 2

the Fourier image oP?¢ is

Problem P¢. Find i€ € V such thavs e V
400

GG D) + 62 ) = / BE,y) de (11)

—0o0
where¢ appears as a parameter.

Indeed,V inherits fromV the property that its elements may be identified with functions of the only vagable
for instanced,? (£, 0). The constrain2i = &2 allows us to write

(&, x2) = 320(¢, 0)[6 L sinh(£x2)] (12)

where it is apparent that the functidre V is determined by, d (£, 0). Using the representation (12) fét ando

in (11), it becomes a problem in dimension 1, with paramgtén order to discuss the dependence of the solution
with respect to the position of the point of application of the force (see (7)) the solution will be denoigdl‘ﬁyr
each value of the parametgrthe problem can be written:

[1+ 2p%(&)]0200%, (£, 0) = &~ sinh(y &) (13)
where

¢ (&) = [£ sinh2g)] (14)
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This function plays un important role in the following. It is even, and for la&gé behaves ag|£|/2)1/2 el so
that its growing is exponential. The inverse functiopafienoted by () is well defined for largey and we have:
n=¢(€]) & |El=@@) ~logn fory>>1 (15)
From (13), using using (12) far;, we obtain the explicit expression of this function:

i (5. x2) = [1+ €292(6)] " [6 L sinhExp) |6 L sinhiy£) (16)

the inverse Fourier transform of which is the searched unknqy(ml, x2). In particular, fory =1 andx; =1 (i.e.
on the free boundary)

55, 1) = [1+292(©)] [¢ Lsinhe]? (17)

From (16) it is obvious thatj, converges astends to zero irD'(R¢) (y andx playing the role of parameters)
to the limit solution

i (8, x2) = [~ ' sinh(gx) |6 sinh(y &) (18)
and fory =1 andxz; =1, to
a9(¢, 1) = [ Lsinhg]? (19)

3. The limit solution u%(x1, x2)

The inverse Fourier transfor— from £ to x; furnishes the limit solution:) (x1, x2) from (18). The
variablex, plays here the role of a parameter. We see in (18)ifét, x2) has exponential growth d5| 7 co.
Consequently the Fourier transform cannot be handled in the classical framework of tempered distributions.

Concerning general distributions, it is known [4] that the (direct or inverse) Fourier transform maps the space
D of infinitely differentiable functions with compact support onto the spacef analytic functionsd (&) on C
satisfying

E17]08)| < C eM'™E) (4=0,1,2,..) (20)

with a and C, depending ord. Correspondingly, the spad@’ of distributions is mapped on the spagé of
continuous functionals 08 (2’ is the space of analytic functionals).

Obviously, the limit solution:°(x1, x2) which is obtained by the inverse Fourier transformids, x2) (x2 is
always a parameter) is well defined as an elemengofBut Z’ is a space of analytic functionals, not of
distributions. In fact the concept of support does not make sense for elemefts ad the test functions are
analytic functions inZ which enjoy properties of analytic continuation which are incompatible with localisation.
Indeed, the concept of support of a distributie associated with the partition of the unitylin(see [5], Section 1.3)
which is impossible inZ. The reader may refer to [6] for these quess. Nevertheless, the following elementary
reasoning shows that the inverse Fourier transforms of entire functions (such lasve no support: indeed, if
u(£) is an entire function of the complex varialigit admits the representation

o
Q&) =Yy cig" inD (21)
0
consequently the inverse Fourier transfar(m) should admit the representation

u(x) = Z(—i)"cna(")(x) inZ (22)
0
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so that its support (if it exists!) should be at the origin (note, by the way, that (22) also shows ithabt a
distribution, as distributions are locally of finite order, i.e. they are derivatives of finite order of continuous functions
(see [5], Section I11.8). Moreover, if(£) is entire,ii (&) €% also does for any real, and it admits a representation
of the form (21) with coefficients;,.

It then follows that

W) =Yy cg"e inD (23)
0
so that
u(x)=>» (=)'c,s"(x—b) inZ’ (24)
0

and the support should be at=b. In fact, both representations (22) and (24) hold true: there is no contradiction
between them because they may only operate on analytic functichisiévertheless, as we shall see in the next
section, (22) is a more suited representation than (24) as the approximating furigignl) ‘concentrate and
complexify’ aroundr; = 0.

4. The complexification process

Let us focus for the sake of simplicity on the case 1 and the solution on the free boundary=1;i.e. we
consider (17) and (19). Taking the inverse Fourier transform, we have

u§(x1,1) = uf(x1,1) in 2’ (25)

whereu® are H?-functions and:? is the analytical functional mentioned in Section 3. As fifds a ‘very poor’
topology we are analyzing litle better thebehaviour ofu® for small ¢. For evident symmetry properties, the
functionsuf, andi, are real and even i andé respectively.

A first interpretation of the complexification process follows from (17) and its graphic representation Fig. 1(b).
For fixedg, @4 (&, 1) is increasing for decreasinng Moreover, it is apparent from Fig. 1(b) thatasecreases the
‘joined portions’ ofit§ (£, 1) are concerned with larger and larger value$5¢f In other wordsg \ 0 amounts to
increase ‘high frequency components’, responsible for loss of smoothness. The limit is the exponentially growing
functionii; (£, 1), also represented in Fig. 1(b).

L T _ j limit eps0.0 ——
1 1400 | epa0.01
r €ps0.003
eps0.001
0sl 1200 +
1000
06}
800 |
04} 600 |
400 N
02} N
€ps0.01 —— 200
0 eps0.001 -
. X eps0.0001 -------- 1 ol AT ot
0 5 10 15 20 0 10 15 20
csi csi

(@) (b)

Fig. 1. (a) High-pass pseudo-filtéi(e, £) for e = 1072, 1072, 10~4; (b) a5 (¢, 1) for £ =1072,3 x 1073, 1073,
Fig. 1. (a) Pseudo-filtre passe-hats, £) poure = 1072, 1073, 1074; (b) 4§ (¢, 1) poure = 102, 3 x 1073,1073,
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In order to clarify this process, it will prove useful to separate the ‘bounded frequencies’ which imply ‘smooth
convergence’ from *high frequencies’ responsible for complexification. To this end we deconigégse) on the
form

1€, 1) =91¢D+wiE 1) (26)
016, D) =y (&, D), Wi D =a16¢ D(1-5®) (27)

where¢ (€) is a fixed even cut-off function dD(R¢). From (17) and (19) it is apparent that converges irD.
Then the corresponding? (x1, 1) converges irg.
Let us writew; (&, 1) in the form

Wi, 1) =¢e"2F (e, £)Y (&) (28)
with

inhé \ 2
= é) 62 (1—¢(®) (29)

It follows from (14) thaty(¢) is a smooth function vanishing a neighbourhood:e£ 0 and decreasing as
271|173 for £ — oo.

The functionF (e, £) may be considered as some kind of ‘high-pass filter’, as it takes values near to 1 for
¢(£)7%e7% <« 1 and of orde)(?) for ¢ (£) %2 >> 1. This corresponds to a ‘cut-off frequendy] such that
o1& = O™, i.e. nearlyle| = Olog(e 1) according to (14) and (15). Nevertheless, as we $&w, £) does not
vanish for|&| <« loge 1 (this only happen fok = 0) but is of ordei®)(¢2). This is why we callF’ a ‘pseudo-filter’.

The evolution withe of wy (£,1) may be interpreted as the application of the pseudo-fiiter, £) to v ().
Bearing in mind that this function behaves for laigeas 2°1|£|~3, we see that the ‘remainder’ is smaller and
smaller ase tends to zero but, it is multiplied by—2 and we get a non-zero limit. Taking the inverse Fourier
transform the complexification process fdi(x, 1) may be interpreted as a progressive ‘almost suppression’ of the
Fourier components with frequency small with respect tgdod) and multiplication bye —2.

Fig. 2(a) is a plot ofuj(x1, 1) for various values ot. It is apparent that it is an oscillating function with a
maximum atx; = 0 and decreasing oscillations. The maximum growths gends to zero. In order to compare
the shapes ofi{(x1, 1) for different values ofe, Fig. 2(b) is a plot of them normalized by their maxima, i.e.
uj(x1, 1)/uj(0, 1). In order to ‘quantify the shape’ of these fuimns, we consider for each the relative minima
which are larger (in modulus) than 19times the maximum of the function. It is then easily seen that the number

F(e,&)=[2¢&)2+1]" and 1/f<s)=(

30

eps0.01" —— 1 €ps0.1 ——
eps0.003 ------- eps0.001 -------
25 1 s €ps0.001 - - 0.8 | ps0.00001 -

%3 02 0 02 0.4 e 02 0 02 0.4
x1 x1

(@ (b)
Fig. 2. (a)u§ (x1. 1) for e = 1072, 3 x 1072, 1073; (b) u§ (x1, 1) normalized fore = 10~1, 103,105,
Fig. 2. (@)uf (x1. 1) poure = 1072, 3 x 107,103 ; (b) u§ (x1. 1) normalisé poue = 10~1, 1073, 1075,
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Fig. 3. (a)i§ (¢, 0.75) andi§ (¢, 1.0) for e = 1073; (b) u§ (x1, 0.75) anduf (x1, 1.0) for e = 1075
Fig. 3. ()i} (¢, 0,75) etaf (£, 1.0) poure = 10~3; (b) u (x1,0,75) etu§ (x1, 1,0) poure = 1073,
of such ‘significant minima’ is approximately proportionakto!(e) ~ loge~1. Moreover, they are located inside
a region|¢| < c(loge~1)~1. This last property is consistent with the fact thigi&, 1) in Fig. 1(b) is mainly
significant in the regio®(|€]) = ¢~ 1(¢) ~ loge 1. As a result«f (x1, 1) behaves as an internal layer of thickness
~ (loge~1)~1. The values of the function and the complexity of its pattern increaseersls to zero.

Let us consider a little the solution fan < 1 as well asy < 1 (see (7)). The limit solutiong(xl,xz) is the
inverse Fourier transform oT?,(g,xz), given by (18). For each fixed andxa, u?,(xl, x2) is an entire function
of &, exponentially growing fo€ tending to+-oc or —oo, so that, as in Section ag(xl, x2) are not distributions.
Fore # 0 the Fourier transforms;, (x1, x2) are given by (16). These functions are symmetrig iand.xz, which
implies an interesting reciprocity property

uj, (x1, x2) = uy, (x1, ) (30)
i.e. when the force is applied &t = a, the solution ak; = b is the same as the solutionxgt= a when the force

is applied atvy; = b.
Moreover, in order to compaﬁf/ (&, x2) with the above considered (£, 1), we have from (16), (17):

sinh(&xz) sinh(y &)

(sinhg)2
and the inverse Fourier transforms follow analogous trends as above, but with lower intensity. In particular, the
main contribution is given by the frequenciés= O(loge~1). In that region (31) becomes

ﬁ;(g’ x2) A ﬁ«i(g’ 1) e 1§Il(1—x2)+(1-y)] (32)

We then see that the dependence with respectytas very sharp, exhibiting a layer of the thickness
O((loge~1)~1) in the vicinity of the free boundary, = 1; the intensity decreases exponentially away from it.
This property, which is independent of the location of thplaed force, is an evident consequence of the structure
of the functions for high frequency (see (12)).

In Fig. 3(b) were represented (x1, 0.75) andu (x1, 1.0) for e = 1073. This illustrates the drastic decreasing
of the functions, even if the very presence of a layer is not evident, as foig not very small.

5 (&, x2) = 5 (€. 1) (31)

5. Complements and concluding remarks

(a) On the definition of the modéDbviously, the above-mentioned phenomena are a consequence of the peculiar
structure of the spacg (see (5)). The constraidtv = 0 implies that essentially it is a problem in the variabje
For ‘large frequencyl&| >> 1, the functiond (&, x2) are exponentially large with respect to the genuine unknown
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d20(&, 0) (see (12)). This feature is associated with solving a Cauchy elliptic problem. Moreover, theg facte
uponuv(x1, x2) and this enhances its action exponentially for lagge

All these features are present in a more complicated, but not essentially different way, in the problem of an
elliptic shell with a part of the boundaryyp fixed and the remaindel; free. Indeed, this problem (with other
simplifications) was addressed in [3], first example, for fixed but large valuegarfalogous to oui|). For large
values of|&| it appears a constraint which amounts to an inextensional character of the deformation (this property
is called ‘simplification 2" in [3]). In fact, taking in [3] the values of the parametetsb = =L =1, |&| andxy
instead ofk andx1 (note that the axes are reversed with respect to ours), formula (12) of [3] gives

uz(x2) = 4c(1+ v) eéh2 (33)

which is somewhat analogous to our equation (12) and é@shéxponential growth. In fact the only difference
between both problems to be pointed out is that in [3] the constraint appears in a progressive asymptotj€ jway as
tends to infinity, whereas in (5) it is prescribed everywhere. Clearly this difference has no important consequences,
as the phenomena under consideration are mainly coadewith high frequencies. Otherwise, this difference
implies a drastic simplification in our problem which may be explicitly solved.

(b) The sensitive character of the problethis not hard to check that the problem of Section 2 is sensitive,
i.e. according to the definition in Section 1, tHatis not contained irD’(£2). Indeed, the Fourier image &f, is
clearly formed by the functions of the form (12) with

e ¢]

/ |020(2,0)[7 d < o0 (34)

—00
Coming back to (12) it is apparent that, x2) with x2 € (0, 1) may have an exponential growing f@ tending
to infinity. The inverse Fourier transform are not distributions, for reasons analogous to that of Section 3 (see [6],
Theorem 4.4 if necessary).
(c) Combining the fact that the section with = constcontains an internal layer of thickne€Xloge 1) at
x1 = 0 and that the dependencexpinvolves again a layer neap = 1, with thicknesg(loge~1) again, we see
that in fact,uf, (x1, x2) involves a complexification (i.e. with limibut of the distribution space) in a region of

with diameter®(loge 1) centered ak1 =0, x» =1, i.e. at the point of the free boundary which is nearest to the
point of application of the force (see (7)). The intensity is highly dependent of the position of the applied force.
These properties are consequences oftiuetsire of the functions for high frequen| (see (12)).

(d) The complexification process is highly anisotropic, as it is mainly defined by the dependenceird
consists in a progressive increase of the intensity and of the oscillating characterindinection, whereas the
dependence iny involves a somewhat classical layer in the vicinityvaf= 1.

(e) The complexification process depends somainly by the Fourier components with frequengy =
O(loge™1). In particular the thickness of the layer@ (loge~1)~1). Consequentlyhe convergence to the limit is
very slowandthe complexification takes place very slowly
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