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Abstract

Stability of ahypersonic shock layer on a flat plate is examined with allowance for disturbances conditions on the sho
wave within the framework of the linear stability theory. The characteristics of the main flow are calculated on the b
the Full Viscous Shock Layer model. Conditions for velocity, pressure, and temperature perturbations are derived fro
Rankine–Hugoniot relation on the shock wave. These conditions are used as boundary conditions on the shock wave for l
stability equations. The growth rates of disturbances and density fluctuations are compared with experimental data o
ITAM by the method of electron-beam fluorescence and with theoretical data of other authors.To cite this article: A.A. Maslov
et al., C. R. Mecanique 332 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Stabilité d’une couche de choc hypersonique sur une plaque plane. On examine la stabilité d’une couche de choc hype
sonique sur une plaque plane en tenant compte des perturbations de l’onde de choc dans le cadre de la théorie de la stabilit
linéaire. Les caractéristiques du flux principal sont calculées à l’aide du modèle complet de la couche de choc visqu
conditions sur les perturbations de la vitesse, de la pression et de la température sont dérivées de la relation stati
Rankine–Hugoniot sur les ondes de choc. Ces conditions sontutilisées commeconditions aux limites sur l’onde de choc po
les équations de stabilité linéaire. Les vitesses de croissance des perturbations et des fluctuations de densité sont com
des données expérimentales obtenues à l’ITAM par la méthode de fluorescence par faisceau d’électrons a et avec l
théoriques d’autres auteurs.Pour citer cet article : A.A. Maslov et al., C. R. Mecanique 332 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

Investigations of stability of boundary and shock layers at high Mach numbers (M � 10) and moderate Reynold
numbers (Rex∞ = 104−105) are important because these conditions are encountered on the leading edges of
wing and fuselage of promising hypersonic aircraft. For the viscous shock layer, there are currently few
mental measurements of density fluctuations, temperature, and mass flow rate on the test-section walls [1

Experimental measurements of the growth rate of disturbances in the shock layer on a flat plate by the met
of electron-beam fluorescence of nitrogen were first performed in [5].

Theoretical investigations of stability of high-velocity boundary layers are also scarce. In such papers, li
problems of stability for a supersonic self-similar boundarylayer are usually solved [6]. There are only few num
ical solutions for the equations of stability of a hypersonicboundary layer [7].

Because of the difficulties associated with computing hypersonic boundarylayers within the linear stability
problem, asymptotic methods were developed(Re,M → ∞) [8,9].

In classical problems of the linear stability theory, the presence of the shock wave (SW) was ignored, since
SW was located far from the boundary-layer edge. In thesecases, free-stream conditions (decaying disturbance
were used or asymptotic conditions outside the boundary layer were imposed.

In hypersonic flows, however, where the boundary-layer thickness is comparable with the distance betw
body and SW, the presence of the SW should be taken intoaccount. Therefore, it is necessary to replace the f
stream conditions by the correspondingconditions on the SW. The paper [10] was the first attempt to conside
SW effect on stability of the boundary layer on a wedge in thehypersonic limit (i.e., the SW is almost parallel
the wall andγ − 1 is very small). In a similar formulation (but with the use of all conditions on the shock wav
disturbances), the problem of stability for a hypersonic(M∞ = 8) boundary layer on a wedge and on a cone w
solved in [11]. The stabilizing effect of the SW on the first and second modes of disturbances was demons

In this Note, a hypersonic viscous gas flow in the shock layer on a flat plate is considered. The velocity,
ature, density, and pressure profiles calculated on the basis of the Full Viscous Shock Layer (FVSL) equa
tested for stability within the framework of the linear stability theory withallowance for conditions on the shoc
wave.

2. Formulation of the problem

At high Mach numbers and moderate Reynolds numbers, a thick boundary layer is formed on the body;
thickness can be compared with the distance from the body to the shock wave. Therefore, the FVSL m
good approximation for such flows. The flow past a flat plate within the framework of this model was cons
in [12,13]. In the present work, the FVSL model was used to compute the characteristics of the mean flow
plate. The shock-wave position in FVSL computations was set on the basisof experimentaldata. The boundar
conditions on the SW were the generalized Rankine–Hugoniot conditions.

The points (experimental data) [12] and the solid curve (FVSL computation) in Fig. 1(a) show the mean
profiles normal to the body in the cross sectionx = 0.078 m for the following test conditions: Re1 = 6× 105 m−1,
M∞ = 21, Tw/T0 = 0.26, L = 360 mm, andT0 = 1150 K. The FVSL solution is in good agreement with
experimental values of density. The boundary layer occupies3

4 of the shock layer, and the inviscid flow regio
is only 1

4, i.e., the SW is located close to the boundary-layer edge. The computations also show that the
(Fig. 1(b)) and temperature (Fig. 1(c)) are almost constant in the inviscid part of the shock layer, wher
pressure (and, hence, the density) normal to the surface changes twofold exactly in the inviscid region
the SW (Fig. 1(b)). The same figure shows the density, velocity, and temperature profiles obtained by sol
equations of a self-similar boundary layer for a flat plate (×-dashed curves) for the same test conditions.
boundary-layer profiles differ from the FVSL solution, which involves more significant differences in stabil
characteristics.
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Fig. 1. The characteristics of the mean flow on a flat plate in the cross sectionx = 0.078 m for Re1 = 6× 105 m−1, M∞ = 21,Tw/T0 = 0.26,
L = 0.36 m, andT0 = 1150 K. — FVSL computation; -×-×- self-similar boundary layer;� experimental data [12].

The shock-layer profiles computed by the FVSL model and the self-similar boundary-layer profiles we
tested for stability within the framework of the locally parallel approximation. The shock-layer stability wa
culated using the Dan and Lin system of linear equations [14].

By means of replacing the variablesz1 = f, z2 = f ′, z3 = αφ, z4 = π/γM2
S, z5 = θ, z6 = θ ′, this system of

linear stability equations reduces to a system of six ordinary differential equationsz′
i = ∑6

j=1 aij zj solved by the
Runge–Kutta method. Outside the shock layer, fory > yS , all flow parameters are constant, and the solution of
system of linear stability equations is presented in the formz = ∑6

i=1 Ai exp(λiy), whereλi are the eigenvalues o
the problem, which have the following values with acceptable accuracy:

λ4,1 = ±√
iαR(1 − c), λ5,2 = ±√

iαRσ(1 − c), λ6,3 = ±α

√
1− M2

S(1− c)2

The classical approach usually involves the condition of disturbance decay outside the boundary layer,
rapidly growing solutions (corresponding toλ4, λ5, λ6) are left out of consideration. In hypersonic flow, whe
the boundary-layer thickness is comparable with the shock-layer thickness, decay of disturbances in the inv
portion of the shock layer, because of its small thickness, canbe insufficient for neglecting disturbances reflecte
from the shock wave. In the present work, the decay condition is replaced by the condition of disturbance propa
gation only within the shock layer, with linearized Rankine–Hugoniot equations being satisfied on the shock w
Therefore, all six particular solutions, corresponding toλ1, λ2, λ3, λ4, λ5, λ6, are considered. The general soluti
of the system of stability equations, determined by the sumZi = ∑6

j=1 CjA
(j)
i eλj y (i = 1, . . . ,6), should satisfy

six boundary conditions on the plate surface and on the SW:

y = 0: f = φ = θ = 0

y = �y: linearized conditions on the SW for dimensionless amplitudef (velocity u), φ (velocity v), θ (tempera-
ture), andπ (pressure) of disturbances:

f = Aφ, A = −uS − cos2 β

tgβ cos2 β
, π = Qφ,

Q = (1− A tgβ)
1/(ρSuSγM2∞) + sin2 β/(ρSuS) − uS

tgβuS

, θ = Sφ, S = −AuSuS
(γ − 1)M2∞

cpsTS
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Here�y is the thickness of the shock layer normalized to the transverse scale of similarityδ∗ = √
µ∗

Sx∗/u∗
Sρ∗

S, ρ

is the density,u andv are the velocity components in thex andy directions, respectively,p is the pressure,β is
the SW slope counted from thex axis,γ is the ratio of specific heats in the free stream, andM∞ is the free-stream
Mach number; the subscriptS indicates the parameters behind the SW, and the barred quantities refer to th
flow characteristics (solution of FVSL equations). The problem formulation is described in more detail in
The boundary conditions on the SW stated above, however, differ from those in [15] by the absence ofvS . This
is more correct because the stability problem is solved in a quasi-parallel approximation. Since only the
temperature, and pressure change significantly on the SW, elimination ofvS does not affect the results.

3. Results

The points in Fig. 2 show the experimentally measured growth rates of disturbances in the shock lay
flat plate (the cross sectionx = 0.078 m) for Re1 = 6 × 105 m−1, M∞ = 21, Tw/T0 = 0.26, L = 360 mm, and
T0 = 1150 K [15]. This corresponds to the following parameters of the stability problem:

– Reynolds numberR = √
Re1,x = 272.7;

– Mach number behind the shock waveMS = 10.2;
– Surface temperature normalized to the temperature behind the SW,Tw = 6.7;
– �y = 57.68 the thickness of the shock layer.

Fig. 2. The growth rate of disturbances versus frequency in the shock layer on a flat plate (R = 272.7; MS = 10.2; Tw = 6.7; �y = 57.68).
1,4- - - solutions without allowance for the SW; 2,3,5— solutions with allowance for the SW; -·-·- asymptotic theory [9]; -×-×- self-similar
boundary layer;� experimental data [12].
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Fig. 3. Time-dependent growth rate of disturbances versus
the wavenumber forMS = 6.72,R = 305,�y = 34.26, and
Tw = 8.65. 1,2 solutions on a 5◦ wedge [11]; 3,4,5,6 solu-
tions on a flat plate at an angle of attack of 5◦ ; - - - - without
allowance for the SW; — with allowance for the SW.

Fig. 4. Density fluctuations in the shock layer on a flat plate for
R = 272.7, MS = 10.2, Tw = 6.7, and�y = 57.68. — compu-
tation with SW capturing; - - - - without SW capturing;� experi-
mental data [12].

For these conditions, Fig. 2(a) shows the data [9] obtained by an asymptotic method (dash-and dotte
and the growth rate of disturbances in a self-similar boundary layer on a plate (×-dashed curve). Then, using th
algorithm described above, we obtained growth rate coefficientsαi without allowance for the bow SW (dashe
curve 1) and with allowance for the SW (solid curve 2). Fig. 2(a) reveals a destabilizing effect of the shock
However, this contradicts the data of [10,11] that demonstrated a stabilizing effect of the shock wave on a
flow. Let us consider possible reasons of this contradiction.

Fig. 3 shows the growth rates of disturbancesωi in time versus the wavenumberαr computed without the SW
effect (dashed curve 1) and with the SW effect (solid curve 2) for the flow on a 5◦ wedge, taken from [11]. For flow
over wedges, the mean flow is obtained by the boundary layer equations with the edge conditions taken as the fl
conditions behind the shock.

For comparison, stability of the shock layer on a plate at an angle of attack of 5◦ was computed in the prese
work (M∞ = 8, ReL = 4 × 106, adiabatic surface). The mean characteristics were computed within the FVS
model. In the cross sectionx = 0.15, the parameters behind the SW(MS = 6.72,R = 305,�y = 34.26,Tw = 8.65)
corresponded to the parameters of [11] behind the SW on a 5◦ wedge (MS = 6.8, R = 300, �y = 30.7). The
equations of stability without allowance for the SW on a flat plate at incidence yielded two solutions, in contr
to [11]. One of them, solution 3 in Fig. 3, almost coincides with a similar solution 1 on a wedge with a sma
in terms of frequency, and the other one is the strongly unstable solution 5. Emergence of solution 5 is, ap
related to the difference in the mean profiles of FVSL and self-similar boundary layer equations (similar to

Similarly, computations of the stability problem with shock-wave capturing yielded not only a stable so
as was obtained in [11] (curve 4) but also an unstable solution (curve 6). Solution 6 arrived from the re
strongly unstable solutions (curve 5) under the influence of the SW-induced stabilizing effect as well.

Thus, there is no contradiction. One only has to trace all disturbances, including rapidly growing ones. Co
tions of the stability characteristics without allowance forthe bow shock wave yielded a weakly unstable solutio
and stable solution 4 (Fig. 2(b)). Under the SW influence, solution 4 is stabilized and yields solution 5;
unstable solution 3 is close to the solution of the stabilityproblem without shock capturing, but it also demonstrate
the stabilizing effect of the shock wave. Because of the SW presence, however, solution 2 also arrives
region of strongly unstable solutions. This is an unstable solution, which is yet in better qualitative agreement wit
the experimental data.
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Fig. 4 shows the distributions of density fluctuations: the dashed curve 1 is the solution of stability eq
without allowance for the SW, and the solid curve 2 is the solution with the SW taken into account. In the case
the solution without the SW, the maximum of fluctuations is located under theSW, in the transition region from
the viscous to inviscid part of the shock layer, i.e., atthe boundary-layer edge. In the solution with allowance
the SW, the maximum of fluctuations is shifted to the SW. This shift is caused by allowance for rapidly g
disturbances interacting with the SW. A comparison with the experimental distribution of density fluctu
(points) [12] shows that the solution with allowance for the SW is closer to experimental data.

4. Conclusions

Calculation of the mean flow within the framework of FVSL (with allowance for the viscid-inviscid interac
leads to better agreement of the stability characteristics with experimental data.

It is shown that the interaction of disturbances and the SW results in:

(1) branching of the solutions of the linear stability problem, i.e., more than one solution were obtaine
comparatively narrow range of frequencies;

(2) stabilizing effect of the SW all disturbances in the shock layer. In real evolution of disturbances, one shou
take into account strongly unstable modes, which areusually skipped in the classical stability theory;

(3) shifting of the maximum of fluctuations to the SW, which is caused by rapidly growing disturbances.

Acknowledgements

This work was supported by the Russian Foundation for Basic Research (Grant No. 02-01-00141) and
(grant No. 00-0007).

The authors are also grateful to S.G. Mironov for useful discussions and granted experimental data.

References

[1] M.C. Fisher, D.V. Maddalon, L.M. Weinstein, R.D.Wagner Jr., Boundary-layer pitot and hot-wire survey atM = 20, AIAA J. 9 (1971)
826–834.

[2] I.E. Beckwith, W.D. Harvey, F.L. Clark, Comparison of turbulent boundary layer measurement at Mach number 19,5 with theory
assessment of probe errors, NASA Technical Note TND6192, 1971.

[3] A.J. Laderman, A. Demetriades, Mean and fluctuating flow measurements in the hypersonic boundary layer over a cooled wall, J. Fluid
Mech. 63 (1974) 121–144.

[4] J.A. Smith, J.F. Driscoll, The electron beam fluorescence technique for measurements in the hypersonic turbulent flows, J. F
Mech. 72 (4) (1975) 695–719.

[5] S.G. Mironov, A.A. Maslov, An experimental study of density waves in a hypersonic shock layer on a flat plate, Phys. Fluids 12 (6) (2
1544–1553.

[6] L.M. Mack, Linear stability theory and the problem of supersonic boundary-layer transition, AIAA J. 3 (1975) 278–289.
[7] M.R. Malik, E.C. Anderson, Real gas effects on hypersonic boundary-layer stability, Phys. Fluids A 3 (5) (1991) 803–821.
[8] F.T. Smith, On the first-mode instability in subsonic, supersonic and hypersonic boundary layers, J. Fluid Mech. 198 (1989) 127–153.
[9] N.D. Blackaby, S.J. Cowley, Ph. Hall, On the instabilityof hypersonic flow past a flat plate, J. Fluid Mech. 247 (1993) 369–416.

[10] G.V. Petrov, Stability of a thin viscous layer on a wedge in hypersonic flow of a perfect gas, in: V. Kozlov (Ed.), Laminar-turbule
Transition, Springer, 1984.

[11] C.L. Chang, M.R. Malik, M.Y.Hussaini, Effect of shock on the stability of hypersonicboundary layers, AIAA 90-1448, 1990.
[12] A.A. Maslov, S.G. Mironov, T.V. Poplavskaya, A.N. Shiplyuk, V.N. Vetlutsky, Viscous shock layer on a plate in hypersonic flow, Eu

Mech. B/Fluids 18 (2) (1999) 213–226.
[13] A.A. Maslov, S.G. Mironov, T.V. Poplavskaya, V.N. Vetlutsky, The effect of the angle of attack on hypersonic flow on a plate, H

Temp. 5 (1998) 730–736.
[14] C.C. Lin, The Theory of Hydrodynamic Stability, Cambridge University Press, 1955.
[15] A.A. Maslov, S.G. Mironov, T.V. Poplavskaya, B.V. Smorodsky, Stability of a hypersonic shock layer on a flat plate, Izvestija A

Mechanika Zhidkosti I Gasa 2 (2004) 16–23 (in Russian).


