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Abstract

A new approach is advocated to compute at a low cpu timé tbesrigid-body motbns of settling solid particles when
inertial effects are ndigjible. In addition to the relevartioundary-integral equations, the nercal implementation and a few
convincing benchmark tests we address two configurations o¥aqut spheres and spheroids, i.e. that exhibit when isolated
the same settling velocityo citethisarticle: A. Sellier, C. R. Mecanique 332 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur la sédimentation d’'une assemblée quelconque de particules solid€mn propose une approche originale pour déter-
miner le mouvement d'une assemblée de particules solides fermies arbitraires soumise a I'action de la pesanteur dans
I'approximation de Stokes. Outre les intégrales de frontiére et la méthode numérique associées on présente quelques comparai-
sons et examine le cas de deux configurations de sphéres et ellipsoides de révolution équivalents, c’est-a-dire dotés lorsqu’ils
sont seuls de la méme vitesse de sédimentaflour. citer cet article: A. Sellier, C. R. Mecanique 332 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

Evaluating the rigid-body motion(s) & > 1 arbitrarily-shaped solid particles subject to the gravity and adopt-
ing a general (not necessary periodic) configuratioraiema tremendous task even within the usual Stokes flow
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approximation. Consequently, the available works ordgldvith spheres [1-4] or axisymmetric chains of spher-
oids aligned with the gravity [5,6]. This study thus introduces a new method valid whatever the shapes of the
particles. The advocated approach appealsMadb®undary-integral equations and makes it possible to calculate
the rigid-body of each particle without detemimg the unbounded fluid flow about the cluster.

2. General theory

We consider, as depicted in Fig. 1, a collectionMf> 1 arbitrarily-shaped solid, small and not necessar-
ily homogeneous particle®, with surfacesS,, center of mas®, and massV,. Using Cartesian coordinates
(0, x1, x2, x3) and the usual tensor summation convention Vit = x;e;, we assume that the particles are sub-
ject to the uniform gravity fieldy = —ges (with ¢ > 0) and immersed in a quiescent and unbounded Newtonian
fluid of uniform viscosityu and densityp.

The solid P, with small length scale, experiences a quasi-static rigid-body motion of unknown angular
velocity " and translational velocity)™ (the velocity of 0,,). Neglecting inertial effects, i.e. assuming that
Re=pUa/u < 1 with a = Max(a,) andU = Max(JU™|, a,|2"™)), the quasisteady fluid velocity field and
pressure fielgh + pgx3 obey

uVu=Vp and V.u=0 inf 1)
(u,p) — (0,0) asr= Ceixi) Y2 = oo, u=U" 4+ Q™ A0,M ons, (2)
with £2 the fluid domain. The generalized velocky:= (U®D, ... UY; @D ... @™)is unknown and one thus

needs to supplement (1)—(2) witbditional relations. Denoting hythe unit outward normal o8, the flow(u, p)
with stress tensar, the static pressurggxs and the gravityg apply onP, with volumeV,, and center of volume
0! anetforceR™ and a net torqu€™ (about the center of mag3,) such that
R® = /a.n ds, + (M, — pVy)g,  C® :/OnM Ao.ndS, — pV,0n0, A g (3)
Sn Sn

Neglecting particle inertia, the required conditions redd = C™ =0, i.e.

F :=/o.n ds, = (pV, — My,)g, :=/on|v| Aa.ndS, =pV,0n0, A g (4)
Sn Sn

(b) |
Sl SQ
g - -
I
Fig. 1. A 2-sphere cluster in (a) axisymmetric or (b) asymmetames and (c) a cluster of 4 equivalent spheres and spheroids.

Fig. 1. Deux spheres disposées de fagon (a) axisymétrique ou (b) asymétrique et (c) un ensemble de 4 sphéres et ellipsoides de révolution
équivalents.
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When determinin fulfilling (1), (2) and (4) one may think aboutsing a Finite Element Method to calculate
the above net forceB™ and torqued™ ™ induced by(u, p) solution to (1), (2) for a given guess valdXg and

then iteratively modifyX, until (4) is satisfied. Unfortunately, for fully three-dimension&lparticle clusters this
strategy is tremendously cpu time consuming and yields a poor accuracy for the vldo#iyause one has to
numerically evaluate the tractiann on each boundary, for the computed flowu, p). The approach advocated

in this work is free from such drawbacks and appealsNosteady Stokes floweu(L”)’l, p(L”)’Z) with L € {T, R},
ie{l,3}andn €{1,..., N}. These flows, free from body force and quiescent far from the cluster, obey (1) and
the boundary conditions

ugl)’i = 8um€i, u%’)’i =8uml€& AOnM] onsS, (5)

with 8, the Kronecker symbol. The fIO\(\u(L’l)’i, pg””') has stress tensnr(L’”’i and thus applies the surface trac-

tion " = 'Y n on the entire cluster's boundasy=( J\_, S,. Noting that, sincgu, p) obeys (1), the usual
reciprocal theorem [7] yields

/u(L")’i.a.ndS=/u.a(L")’i.ndSzfu.fg’)’idS (6)
s s s

it is then straightforward, by exploiting the boundagnditions (2) and (5), to cast the conditions (4) under the
following 6N -equation linear system

AU + BOY 2 = 0V — My)gbia/n (7)
APIIU ™ + BT 2™ = pgV, (OnOf, A €3).6 /1 8)
if one sets/ (" = U™ ¢;, 2{" = @™ ¢; and makes use of the definitions
—pAGy = / e £ dS,,  —uBlYY = /(ej A OmM) £ ds,, )
S S

The key system (7), (8) admits avex 6N square, real-valued, symmetric and positive-definite matrix [8] and
therefore a unique solutiod for any N-particle cluster and setting,, p,, My, V,, Oy, O,. It also shows that

is sufficient to compute the very few surface tracticbﬁ’%” on the entire cluster's boundafyto obtain the re-
quired rigid-body motions of the particles. As nicely established in [9], the velocitylﬁ@fd admits both in the
unbounded fluid domaife and on the surfac8 the integral representation

l. Sk (PM.e))(PM.e) | [f"" e
[u® _ek](M)z_/{ﬁjL IJ’M3 l }[ L&ULJ}(P)dS fork=1,2,3 (10)

The proposed strategy then consists of the following steps:

(i) First, obtain each tractiofl('”’i by exploiting the representation (10) on S. One thus ends up with a Fredholm
boundary-integral equation of the first kind that adraitsolution defined up to an arbitrary constant multiple
of n on each subdomaisy, [9]. o .
(i) Solve the governing system (7)—(8) by computing the coefficieﬁ "/ and B((:;))’,li’ (which are readily
uniquely determined fdré")’l defined up to a multiple af on S,,,).
(i) If needed, evaluate the velocityin the unbounded domai2 by using (10) whereg”” andfz")” are replaced
with uandf =Y 53 (UMt 4+ ™Mt respectively.
Clearly, the advocated approach applies\tgarticle clusters made of arbitrarily-shaped and not necessarily

homogeneous particles. Moreover, the derived boundarydiation permits us in prdice to accurately compute
the rigid-body motions of the particles without determining the fluid flow (by only using the previous steps (i)—(ii)).
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3. Numerical implementaion and benchmarks

The &V boundary-integral equations encountered in step (i) are discretized by usﬂggadﬁég")-node mesh of
6-node isoparametric, curvilinear trianguladdrmoundary elements [10,9]. This results ivag-node mesh on the
cluster’s surfaceS and the obtained linear systems with dense and non-symmeljicc8BN,; matrix are solved
by Gaussian elimination. Henceforth, we confine the analysis to the case of homogedgeu®,,) spheres and
spheroids. Appealing to [8], a single spher@d of inequationx? + x2 + x2/A2 < a? is found to settle without
rotating at the velocityd® = ga2(p — p1)ves/n with v = 2/9 for a sphere and for # 1, under the notation
p=AraZ =172

LA Rl PP _P _ 2 EA
v—lz{( +1)Iog[p_1} 2p} ifa>1, U—6{p+(1 p)arctar(p ifa<l (11

Our numerical implementation ishchmarked against the above exact solution for a sphere and gbtatk/2)
or prolate(x = 2) spheroids. As shown in Table 1, the computed velogeitycely converges towards its analytical
value as the numbe}vg(ll) of collocation points or$; increases with an excellent relative precision of order. 2%
for Nzgl) =242 Even forNKSl) = 74, each computed angular velocity component is of order 0?10

The case of two identical spher@s; = A2 =1, a1 = a2 = a, p1 = p2) in axisymmetric and asymmetric con-
figurations (see Fig. 1(a), (b)) is also compared with [1] and [2], respectively. Following those works, we list in

Table 1

Computed, normalized velocity for a sphere and oblate or prolate
spheroids using different numbe’r/s[(ll) of collocation points

Tableau 1

Vitesse adimensionnéeobtenue pour une spheére ou des ellipsoids de
révolution en utilisant un maillagelﬁ{él) noeuds

N® v (.=1/2) V(=1 V(=2
74 0.123016 0.222682 0.370022
242 0.122767 0.222279 0.369245
1058 0.122736 0.222227 0.369164
exact 0.122733 0.222222 0.369158

Table 2

Computed non-zero normalized velocity compone«é’l‘% and wé”) of two identical spheresif = a» = a) settling in the (a) ax-
isymmetric and (b) asymmetric configurations sketched in Fig. 1 for two separation parametérsO,/(ay + a2)

Tableau 2

Vitesses adimensionnéed” et w;”) de deux spheres identiques; (= ap = a) dans les configurations (a) axisymétrique et
(b) asymétrique illustrées a la Fig. 1 pour deux valeurs de la sépafatio1 02/ (aq + a)

NP = N2 h @uy =uf O u =u? (b) wi = —w?
74 1.12763 1.51843 1.36702 0.13084
242 1.12763 1.51628 1.36506 0.13154
1058 1.12763 1.51601 1.36481 0.13142
exact[1,2] 1.12763 1.51599 1.36480 0.13141
74 2.35241 1.30458 1.16645 0.03358
242 2.35241 1.30272 1.16435 0.03380
1058 2.35241 1.30248 1.16413 0.03383

exact [1,2] 2.35241 1.30246 1.16410 0.03383
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Table 2 the non-zero Cartesian velocity components niirethby the settling velocity of an isolated sphere, i.e.
the quantities

9uU™ e wR™ e ,— 0102
2g(p — pn)a,%’ 2g(p — pn)ay? ' N ai+az
Again, using 242-node meshes yields a nice 4-digit accuracy evéin£dr.12763

u” (h) = wy (h) = (12)

4. Results for configurations of homogeneous equivalent spheres and spheroids

We present preliminary results for twé-particle cluster§N = 4, 5) consisting (see Fig. 1(c)) &f — 2 equal
spheresP,, arranged at the corners of a regular polygon in the horizontal 0 plane with 3<n < N,a, =
as, 00, = d and two identical spheroid8, andP; of inequationsc? + x2 + [x3 + (—1)"h]? < 22a? forn = 1,2
with (1, d, h) so that the particles do not touch. All the particles admit the same uniform depsityd settling
velocity when isolated (equivalent particles), ie/az = (v/2)~1/2 with v given by (11) and we resort to a 242-
node mesh on eac$,. Symmetries show that the only non-zero normalized Cartesian velocity components are
u® =u@ andu® = ... = u™ with 4™ =9U™ . eg/[Zgag(,o —ps)]forn=1,..., N.

These quantities are plotted in Fig. 2 versus the rafis > 2 ford/az =2, A = 0.5, 2 andN = 4, 5. Note that
each particle moves faster than if isolated” > 1) and the interactions become strong for d = 2a3 (with
u™ ~ 2). The velocities are bigger for five particled’ = 5) than for four particle$N = 4) and for a given value
of N it is found thatu? andu® weakly and strongly decrease with respectively. Finally, curves far)’ and
u® cross for a critical valué = k. at which the cluster keeps a steady configuration when falling, all particles
adopting the same velocity.

The critical settingi./d has been found by an iterative (bisection) scheme stopping as sgoftas u®| <
5x 10~ for 1.5 < d < 10 and both the computed ratte /d and the associated cluster’s settling veloaity=
u® =u® are displayed in Fig. 3. The curvés/d previously given in [4] for sphereg. = 1) are perfectly
recovered and asincrease#./d increases and asymptotes to a constaluevhecause particles behave like point
forces for large distancesandi. Moreover i /d increases both with and N for a given value ofi. As revealed
by Fig. 3(b),u. not only increases witld because interactions become strong but also withdnd N for a

25 . . : . . . . ; . 25 : . : : . . : . :
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Fig. 2. Normalized velocities ) (N = 4(0J) or N = 5()) andu® (N = 4(¢) or N = 5(#)) for d/az =2, (8)» = 0.5 and (b)r = 2.
Fig. 2. Vitesses adimensionnéed) (N = 4(0) ou N = 5()) etu® (N = 4(0) ou N =5(4)) pourd/az =2, (@) =0,5 et (b)A = 2.
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Fig. 3. (a) Critical ratioh./d, and (b) settling velocity:., of the steady configurations far=0.5 (N = 4(0J) or N =5(l)), A =1 (N = 4(o)

or N =5(e)) andr =2 (N =4(0) or N = 5(4)).

Fig. 3. (a) Rapport critiqué./d, et (b) vitesse de sédimentatiap, des configurations rigides por=0,5 (N =4(CJ) ouN =5(l)), A =1
(N =4(c) ouN =5(e)) etA =2 (N =4(0) ouN =5(4)).

given spacingl. For example, the criticaV-particle cluster with ratiel /a3 settles faster when involving prolate
spheroids than when consisting @fspheres.

5. Concluding remarks

The present method nicely recovers previous results for spheres and permits us to deal with non-spherical
particles. The exhibited critical steady configurationgvof 4, 5 spheres and spheroids are likely to be unstable
and the challenging stability analysis of such clustessuming a fluid flow of smidbut non-zero Reynolds number
as achieved in [11] for identical spheres lying in the same horizontal plane, is under current investigation.
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