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Abstract

In this Note, the generalized standard approach is proposed as a consistent gradient theory to include the gradients of the
temperature and of the internal parameter in the set of state variables. This theory is derived from a global point of view,
developing the basic ideas of continuum thermodynamics. It leads to the appropriate expressions of the entropy and of the
internal energy in terms of the free energy in the case of temperature gradient. The local governing equations of the proposed
thermodynamical approach are derived. The formalism of the dissipation potential can be applied in the same spirit as in the
classical description fra the dissipation analysi$o citethisarticle: Q.-S. Nguyen, S. Andrieux, C. R. Mecanique 333 (2005).
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Résumé

Lemodélestandard généralisé non local : unethéorie consistante du gradient. On propose dans cette Note une théorie du
gradient basée sur une formulation du modéle standard généralisé pour inclure d’'une maniére simple et consistante les gradients
de la température et des parameétres internes comme des variables d'état supplémentaires. Cette théorie est construite a partir
d’'une formulation globale des idées de base de la thermodigne des milieux continus. Onantre que la présence du gra-
dient de température conduit & des expressions appropriées de I'entropie et de I'énergie interne en fonction de I'énergie libre. Les
équations locales du modéle thermodynamique proposé sont ensuite données. Le formalisme du potentiel de dissipation s’ap-
pligue comme dans le cadre de la théorie classique a partir de I'analyse de la dissRmtiasiter cet article: Q.-S. Nguyen,

S. Andrieux, C. R. Mecanique 333 (2005).
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Version francaise abr égée

On propose dans cette Note une description thermodynamique incluant les gradients de température et de para-
meétre interne comme variables d’état additionnellesteddescription constitue une version non locale du modéle
des matériaux standard généralisés [10], adaptée a demré des gradients dans I'expression de I'énergie. Un
bref survol de la littérature permet de rappeler les résultats existant sur les théories du gradient. D’'une maniére
générale, presque tous les modéles discutés depsigpldeux décennies suggerent une modification soit du bilan
du premier principe, soit de I'expression du secoridgipe par des termes additionnels d'origine mécanique ou
thermique, cf. par exemple cf. [1,4,6,7,2,8,5,9]. Ce smsentiellement des discumss développant les approches
de Frémond cf. [1], et de Maugin [2], proposées initialengenir le traitement des paramétres internes. Le modéle
développé ici consiste a adapter I'apphe standard généralisée a la prise@mpte des gradients de température
et de parameétre interne. La présence de ces gradiansslés variables d'état conduit a raisonner d’'une maniere
globale, en termes de champs pour un solide avant de manipalgrandeurs locales. Ainsi, I'énergie libre d'un
solide de volumé/ est une fonctionelle dépendant des champsdgérature, de déplacement et de parameétre
interne. La force généralisée d’entropie est, au signe pres, la dérivée de I'énergie libre globale par rapport au champ
de température et représentée par une forme linéaire (8). Dans le méme esprit, I'expression globale de I'énergie
interne permet de définir la densité d’énergie internecerction de la densité d’énergie libre (11). Le cadre ther-
modynamique proposeé est enfin décrit d’une facon globale ou locale par les énoncés des deux principes avec les
expressions appropriées de la production d’entropie €édergie interne. Il conduit & des expressions associées
des dissipations intrinséque et thermique (18), (20). Dans le méme esprit, le parametre interne contribue a la dis-
sipation intrinséque d’un solide par une forme linéairecdamp de vitesse de parameétre interne. Son expression
s’obtient simplement et permet de nouveau d'appligeeiofmalisme des matériaux standard généralisés pour
I'écriture des lois complémentaires (26). En particulier, ces résultats permettent de mieux comprendre la signi-
fication physique des lois complémentaires, qui s’écrivent sous la forme des équations locales de volume et des
conditions aux limites naturelles comme par exemple dans les Egs. (27). En particulier, les équations locales pour
un solides2 sont données par (26) dans le cas d’'un potentiel de dissipation locale de labgémeéd).

1. Introduction

In the last two decades, many discussions have beertetbtm the problem of strain localization, especially
in the numerical computation of elastic-plastic softening or damaged weakening solids. A possibility to avoid thin
localization or mesh-dependence problems is to introduce the gradient of the plastic strain or the damage parameter
fields in order to penalize possible sharp localizations. The introduction of the gradient of these internal parameters
can be done in different ways, at the level of the plastic or damage yield values as well as at the expression of the
driving forces, cf. [1-3] and to the quoted references therein. In particular, the method proposed in [1] and in [4]
gives an original approach generalizing the classical second gradient theory of elasticity by an additional virtual
work equation. A different and interesting method consists of adding entropy fluxes ou sources in the entropy
production, cf. [2,5]. These methods have been applied in various applications such as in plasticity and in damage
mechanics [6,7,5]. They have been also adopted to include the thermal gradient, cf. [8,9].

A consistent gradient theory is presented here, in order to contribute to the discussions of the literature. The
proposed approach is a non-local version of the generalized standard model [10] and appears as a direct extension
of the classical formalism of continuum thermodynamics associated with the introduction of gradients.

2. Thenon-local generalized standar d approach

2.1. The classical framework of continuum thermodynamics

In classical thermodynamics and in a Lagrangian description, it is well known that the free anpegyunit
volume of a solid is related to the internal eneeggnd the entropy per unit volume by
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e=Ts+w(T,Vu,a), s=-—w,r Q)

whereT denotes the temperatutethe displacement and a set of internal parametdf], Vu, «) is a system of
state variable of the mateti For any material volum&, the first and second principles when taking account of
the dynamical equation, can be written as

EZPiﬂ'Pcal
Pentr=5+fv%'nda>0 (2
E=[,edV, Pi=[,B:VidV, Pa=—[,,q-nda, S=[,sdV

whereE is the internal energy o, P; the internal mechanical worlfg the heat supplys the entropy ofV, B
is the unsymmetric Lagrangian stress. These equations also lead to the local equations

ée+V-gq=B:Vu 3)
pentr=5+V -4 >0
If the free energy depends also on the tempeeadind internal parameter gradients i.e. if
w=w(T,VT,Vu,a, Va) 4)

it is already known from the existing digssions in the literature that some ofsE€LL), (3) cannot remain available.
2.2. The global point of view

For any material volum&, the associated free energy

W) = / w(T,VT,Vu,a, Va)dV (5)
Vv
is a functional of the field$, u, « and admits as derivative with respecfltdhe linear formwW,t [§T] defined by

W, [(ST]:/(w,T 8T +w,vr -VST)dV (6)
\4

The global point of vue consists of relating a globalrthedynamical force to the global energy as its functional
derivative, for exampl& = —W, 1 since from (1), this relationship also holds in classical thermodynamics.

2.3. The entropy

The definition of the associated entropy force in the global sense

S=-Wor @)
means that
SI8T1= [, 8T + 1’ - VST)dV ©
withn=—-w,7, n'=-w,vr

In this expressiony and n’ represent respectively the lociirce parameters associated withand VT. The
classical notion of a scalar entropy is replaced here by the(paif).

2.4. Theinternal energy

The internal energy of the solid, which can be agaiatesd to the free energy of the solid by the generalized
Legendre transform despite the lack of symmetry of the @&ir)

E=9T]+W() 9
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whereSandT are associated by (8), is also an additive function with respéétttnenT is continuous. IE=W(T)
is a convex function, theR(s) is a convex function. This statement follows from the fact ta&8) then satisfies

E(S = max S[T1+W(T) (10)

and is a convex function as a upper-envelope of linear functions. It is interesting to underline that the convexity of
—W(T) is ensured if the functiorw(T, VT, Vu, a, Va) is convex with respect to the variables, VT).
The local expression of the internal energy can be easily derived in termslofleed, since from (9)

E = /(_wsT T — w,vr -VT +w)dv :/edv
v 4
it is concluded that the following local equation holds

e=—-—w,7r T —w,yr-VT +w (11)

As expected, the internal energys obtained from the energyw by the local Legendre transform with respect to
the two independent variablé€g, VT), of dual variablesn, n'):

{e('?, n',Vu,a, Va)y =nT +n'-VT +w(T, VT, Vu,a, Va) (12)

/
n=-—-w,r, n=-w,vr, T:eﬂ’]v VT:esr]/

Under the assumption of convexity efw(T, VT, Vu, «, V) with respect to the variablg§’, VT), the convexity
of e(n, n’, Vu, a, Va) with respect to the variabl€g, ') is ensured.

2.5. The proposed framework

A particular and interesting model consists of extending the classical formalism of thermodynamics with some
new and global definitions. The following energy balance is thus assumed:

{E=Pi + Peal + Pe

E=STI+W (13)

for the first principle whereP. denotes an extra energy supply due to the neighbouring interaction following
Frémond’s ideas (cf. [1,4,11,8] for this and for the connecting discussions)

Pc:/n.(b.aJrc.T')da (14)
aVv

b andc denote two internal generalized forces generated by the energy exchange inside a volume and associated
respectively withr and7 in the similar way as the stress tengbwhich is associated with. For a given solid?,
the value ofp - n andc - n on its boundary must be zero when there is no extra energy supply from the external
world, for example on a free boundary or a surface separating the solid with a classical medium. For a volume
V C 2, the expression of these forces in terms of the state variables will be subsequently discussed.

The second principle is written as

Pentri= Pentr — Pentre
Pentr= fv pentrdV,  pentr= %(Tfl + VT -7) = %é(w,a) (15)
Pentre= — fgv Pentreda,  pentre= % -n

where the production entropent per unit reference volume identified from the variatioév, ) of the internal

energy at the present values of non-thermal variables,Ve, o, Vo) are maintained fixed. IW T disappears in
the expression of the free energy, then the classical description is recovered-with
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Since these equations are available foralfinally the proposed framework is also governed by the following
local equations

é4+V-q=B:Vi+V-(b-a@+c-T)
e=nT+n - VT +w, n=-w,r, n'=-wyvr (16)
Pentri=ﬁ+¥'ﬁ/+v'%20

where Pentrj = fv PentridV and pentrj denotes the internal entropy production per unit reference volume.
2.6. Thethermal and intrinsic dissipations

The following definition of thentrinsic dissipation of the solid is now introduced:
Dint = S[T] — Peal (17)

with the Helmholz condition that the system of state variatilles/T, Vu, «, Va) must be a normal system. This
means that the intrinsic dissipatidn, must be zero when the non-thermal variables are maintained fixed for all
(T, VT) and for allV. SinceDint = [, dintdV with

dine=Tn+VT -7 +V-q (18)
thus

{Pentri = %, d = dint + diher = 0

19
dther=—q - g (19)

By definition, dint is the intrinsic dissipation andiner the thermal dissipation per unit reference volume. From the
local equation of energy (16), the definition (18) leads to

dint=TH+VT -7 +V-g=B—w,vy): Vit —W,q @ —W,yq - Va&+V-(b-a+c-T) (20)
It follows that

/Tc-nda:O VT, VV thusc=0 (21)

A%

It is well known that the Fourier lawy = —kVT ensuresiiher > 0 and leads from (20) to the following thermal
equation:

Th+VT -7 —kAT =(B—w,vy): Vit —W,q & — w,vg - Vo + V- (b-c&) (22)
2.7. The dissipation potential
From (20) and (21), the intrinsic dissipation of a sdlids:
Dim=/B’R:vudv+/(—w,a.a— W,va V. + V- (b-&)dV
\% \%
In this expression, the first term is the dissipation due to the irreversible &féss B — BX, BRX =w,v,. The

remaining term, which is the dissipation due to the internal parameters, can also be written as the lindgdéform

A[d]:/(V~w,vq—w,a)'ddV+/ n-(b—w,vy) -ada (23)
% av

Again, the formalism of dissipation potential may be applied. For the sake of clarity, let us assume that the dis-
placement is not an irreversible mechanism, tB{i8 = 0 and the intrinsic dissipation is reducedAfi].
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2.7.1. Dissipative couplings
If a dissipation potentidD" (&) exists for a solidv then the following complementary laws hold:

A=D"(@).4 (24)

The particular case of a dissipation potential of the form

DV(&) = / D(a, Va)dv (25)
\%4
can be introduced in order discuss the case of volume dissipative mechanisms. From (24) the following local
complementary relationships hold:
V-w,vg —w,g=D,3—V-D,v4g VxeV
b—w,vg) n=D,yg-n YxedV
A system of partial differential equations with a setagipropriate natural boundacgnditions are thus obtained.

In particular, for a given solid2 submitted to a classical thermal and mechanical loading, the complementary
relationships gives the system of partiéferential equations with boundary conditions

(26)

V'W,Voz _w70[=DaC't _VD’VU V.XEQ (27)
(w,va +D,va) -n=(>b-n)?=0 Vxecdf
The system of Egs. (27) has been considered in various discussions, cf. [12,5,13].
2.7.2. Reversible couplings
In this case, there is no dissipation and the following governing equations are obtained
V- w,vg—wW,,=0 Vxef2
{w,w.nzo Vx edf2 (28)

Note that ifW is convex with respect to the field then
a=Arg rr)ginW(T, u, B)

2.7.3. Thermodynamic restrictions

For a volumeV, the global intrinsic dissipatioRjn; is non-negative if the potentidl¥ (¢) is a convex functional
and takes its minimum value far = 0. In order to ensure a positive intrinsic dissipation per unit volume, the
intrinsic dissipation must be positive for all volunie Thus Egs. (26) must be satisfied for ®ll Since the vector
n can be then chosen arlatily, it follows that

b=w,ve +D,vs (29)

From (26) and from this expression bin terms of the energy and of the dissipation potential, it is checked
that

Thusdint is non-negative if the local potentidl(¢, V&) is a convex function with respect to the pair of independent
variables(&, Va), and takes its minimum value @3, 0) since the right-hand side of (30) is then non-negative.

In this case, the system of complementary local land appropriate boundary conditions (27) for a given solid
£2 can also be obtained in a global way from the minimum principle

a =Arg main/(D(a,Va)—i—w,a'a—i—w,vqua)d.Q. (31)
Q
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2.8. Remarks

— It is interesting to compare the obtained results concerning the thermal gradient to Cardonna et al. discus-
sion [8]. They privileged the classical relatiea= T's + w while our approach preserves the duality (11). The final
expressions concerning the intrinsic and thermal dissipations are the same in both approaches.

— Our approach also works to include higher order gradients of temperature. For example, if the free energy is
w=w(T,VT,VVT, Vu,«a, Va), then the same method leads to

e=nT+n -VT +7n"-VVT +w
n=-w,r, n'=-wyvr, 7'=-wyvr

S[8T] = fv(n(ST +n' VST +n"-VVST)dV
pentr=7 (T + VT - i + V2T - ")

(32)

3. Conclusion

The proposed non-local generalized standard model is a new approach to include the gradients. It gives a natural
and consistent gradient theory. The model results from the basic ideas of continuum thermodynamics with some
proper assumptions in order to take into account the presence of the temperature gradient. It gives some new
suggestions on the subject and contribute to the existisgudsions in the literature. In particular, it proposes an
appropriate and original expression of théesirnal energy and of the entropy production.

For the modeling of the internal parameter gradient, the expression of the intrinsic dissipation as a linear form
of the rate of the internal parameter field in a solid gives the possibility to apply the formalism of the dissipation
potential. It offers also a firm thermodynamical basis for some existing gradient theories of damage and of plasticity,
which can be recast into the general formalism preposere but for which the question of thermodynamical
admissibility has not been addressed yet (see [13] or [3] for some examples).

Acknowledgements

The authors are greatly indebted to the referees for their valuable comments.

References

[1] M. Frémond, Contact unilatéral avec adhéenune théorie du premier gradient, in: G. D&rB, F. Maceri (Eds.), Unilateral Problems
in Structural Analysis, in: CISM Courseol. 304, Springer-Verlag, Wien, 1985, pp. 117-137.
[2] G.A. Maugin, Internal variables and dissipegistructures, J. Non-Equilib. Thermodyn. 15 (1990) 173-192.
[3] E. Lorentz, S. Andrieux, Analysis of non-local models throggtergetic formulations, Int. J. Solids Struct. 40 (2003) 2905-2936.
[4] G.A. Maugin, W. Muschik, Thermodynamics with internal \arles, part 1: General concepts, J. Non-Equilib. Thermodyn. 19 (1994)
217-249.
[5] P. Ireman, A. Klarbring, S. Straberg, A model of damage coupled to wear, Int. J. Solids Struct. 40 (2003) 2957-2974.
[6] M. Frémond, B. Nedjar, Damage, gradient of damage anttjpie of virtual power, Int. J. Solids Struct. 33 (1996) 1083—-1103.
[7] T. Svedberg, K. Runesson, A thermodynamicaliysistent theory of gradient-regularized pileiy coupled to damage, Int. J. Plasticity 13
(1997) 669-696.
[8] J.M. Cardona, S. Forest, R. Sievert, Towards a theoseobnd grade thermoeladtyc Extracta Math. 14 (1999) 127-140.
[9] P. Ireman, Q.-S. Nguyen, Using the gradients of temperatutéra@rnal parameters in continuum thermodynamics, C. R. Mecanique 332
(2004) 249-255.
[10] B. Halphen, Q.-S. Nguyen, Sur les matéxatandard généralisés, J. Mecanique 14 (1975) 1-37.
[11] C. Polizzotto, Unified thermodynamicamework of nonlocal/gradient continuutineories, Eur. J. Mech. A Solids 22 (2003) 651-668.
[12] M. Frémond, Damage theory. A macroscopic motion Vaessbut its effects remain, Comput. Appl. Math. 21 (2002) 499-512.
[13] E. Lorentz, S. Andrieux, A vartional formulation for nonlocal damagmodels, Int. J. Plasticity 15 (2003) 119-138.



