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Abstract

An adaptive mesh procedure controlled by an error estimate for the Navier–Stokes equations is developed. The me
refined but also coarsened by the mean of an agglomeration algorithm. The error estimation is based on an equati
discretization error with a source term approximated by the use of a higher order discretized operator. The whole pro
applied to a turbulent flow around a square-cross section cylinder. The efficiency of the method, evaluated in terms of C
and number of cells, shows interesting gains compared to single mesh computations.To cite this article: A. Hay, M. Visonneau,
C. R. Mecanique 333 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Adaptation de maillage appliqué aux écoulements turbulents.Une procédure d’adaptation de maillage guidée pa
estimateur d’erreur pour les équations de Navier–Stokes est développée. L’outil permet de raffiner le maillage et de le déraffi
par un algorithme d’agglomération de cellules. L’estimateur d’erreur est basée sur la résolution d’une équation pour l’
discrétisation dont le terme source est approché en utilisant un schéma de discrétisation d’ordre élevé. La méthode est appliqu
à un écoulement turbulent autour d’un cylindre de section carrée. On quantifie les gains obtenus par l’utilisation de la p
adaptative en terme de temps et de nombre de points de calcul.Pour citer cet article : A. Hay, M. Visonneau, C. R. Mecanique
333 (2005).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

Les techniques de maillage adaptatif ont pour objectif d’obtenir une solution numérique de précision prédé
minée pour un coût de calcul minimum en adaptant le maillage au problème considéré.
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Les régions du maillage à modifier doivent être sélectionnées avec soin pour quele processus d’adaptation so
efficace. Ainsi, il est nécessaire d’estimer avec précision l’erreur de discrétisation attachée à la solution numér
sur un maillage donné pour être en mesure de la réduire en effectuant la sélection de manière fine. Pour réal
cette estimation pour des méthodes numériques de type volumes finis, on forme une équation de transport p
l’erreur. Celle-ci présente un terme source dont on va réaliser une approximation parl’utilisation d’un schéma
discret d’ordre élevé. Une description plus détaillée de cette méthode et de son utilisation est présentée dans [9]

La procédure adaptative guidée par le terme source de l’erreur permet de réduire l’erreur de discrétisation
raffinant le maillage. Le schéma de la procédure est illustré sur la Fig. 1. Le maillage peut également être
par le biais d’un algorithme d’agglomération de cellules aboutissant à des volumes de contrôle de forme qu
(Fig. 2).

L’ensemble de l’outil d’adaptation est finalement appliqué à un écoulement turbulent (Re= 22 000) autour d’un
cylindre de section carrée au voisinage d’une plaque plane comme illustré sur la Fig. 3. De manière à é
qualité de la solution sur le maillage adapté, des calculs sur des grilles uniformes de finesse croissant
effectués (Tableau 1). On peut observer sur les Figs. 7 et 8 que la solution adaptée est proche de celle d
fine uniforme 5. Le Tableau 1 indique que la grille adaptée comporte près de quatre fois moins de po
la grille 5 et son coût de calcul est plus de dix fois moins élevé pour obtenir une solution numérique de qua
équivalente.

1. Introduction

The goal of CFD research is to find solutions free from numerical error or at least of a desired pre
accuracy for the lowest computational and human costs.Adaptive h-refinement techniques have been desig
for reaching such a solution by dynamically refining and coarsening meshes until the error is under a prescr
value. The number of computationalpoints is thus adapted to the asked accuracy and human effort is limited
procedure is designed to be automatic.

The error estimate, designed in the framework of finite-volume methods, is based on an equation for t
which allows to take into account the known transport properties of the error. The equation presents a sou
which is approximated by the difference between the discretized operator considered in the flow solver and a hig
order operator.

This a posteriori error estimate applied to the velocity component and to the turbulent kinetic energy
for guiding an adaptive mesh refinement/unrefinement included in a flow solver that can deal with discre
elements of arbitrary topology.

The whole procedure is applied to a complex turbulent flow around a square-cross section cylinder m
close to a flat plate atRe= 22 000 in order to evaluate the gains made by the use of an adaptive mesh s
compared to single mesh computation.

2. Flow solver

The ISIS flow solver, developed in our laboratory, uses the incompressible Reynolds-Averaged Navier
equations. The solver is based on the finite-volume method to build the spatial discretization of the transpo
tions on unstructured grids. The face-based method is generalized to unstructured meshes composed of ar
volume shapes (they are bounded by an arbitrary number of constitutive faces). The velocity field is obtained fro
the momentum conservation equation and the pressure field is extracted from the mass conservation c
transformed in a pressure equation. The whole discretization is fully implicit in space and time and is fo
second order accurate. Several near-wall low-Reynolds number turbulence models, ranging from one-equatio
Spalart–Allmaras model [1], two-equationk–ω closures [2], to a full Reynolds stress transportRij –ω [3] model
are implemented in the code.
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3. A posteriori error estimation

The error considered here is often called discretization error. It involves the discretization of the equation
are to be solved as well as the discretization of the geometry and the boundary conditions which create an e
due to incomplete grid convergence and imperfect grid generation (grid aspect ratio, skewness, non orthogona
A posteriori error estimation is considered since a priori estimation is not possible for nontrivial problem
Little work has been done on such techniques in the framework of finite-volume methods. Much of the methods
are based on the use of the information on the derivatives of the variables treated. Furthermore, the tra
the error over the computational domain is not taken into account as only local information is consider
present method is based on an equation for the discretization error in order to take into account the known
properties of this quantity [5]. The local error is thus potentially influenced by the whole computational dom

Considering the exact solutionφ which satisfies the differential operatorL representing the PDE governing th
conserved variable, and a gridGh of sizeh from which a numerical solutionφh is computed with the ISIS code
then the discretized error is defined as:

eh = φ − φh

An equation for the error is derived by applying the exact operatorL of the PDE that governsφ to eh [6]. For a
linear operator the following equation can be derived:

L(eh) = L(φ) −L(φh) = 0−L(φh) = −L(φh) = Sh

From this equation, it can be observed that the error is driven bythe same transport rulesthan the solutionφ itself
and the extra source term comes fromthe truncation of functionsthat appeared inL.

For a nonlinear operator the same analysis is not possible but similar features are expected [7]. Thus, t
tor L of the Navier–Stokes equations is linearized as it was already done [8].

The source term of the resulting equation cannot be computed exactly as it involves the exact operator of
PDE. A higher order discretized operatorL∗

h is considered in order to obtain an approximationS∗
h of Sh. For this

approximation to be reliable,L∗
h must be more accurate than the discretized operatorLh of the flow solver. The

higher order finite-volume discretized operator is obtained by a cubic reconstruction ofφh and its derivatives a
nodes and center of faces of the control volume and by integration over faces by the Simpson’s rule. The wh
discretization is formally fourth order accurate. And, asL∗

h is fourth order accurate andLh is at most second orde
accurate, a good approximation of this source term is thus expected. It can be noted that as it is an evaluation
the differential residual, the distribution and the magnitude of the source term share no similarity with the e

Concerning the resolution of the equation for the error,we have shown a posteriori that it is not necessary to
the higher order operator. BothL∗

h andLh have been considered for solving the equation and close results
been obtained for the error field. Consequently, the error can be computed with the same method (and on
grid) used for solving the PDE ofφ [6]. Finally, the equation that leads to an estimation ofeh is:

Lh(eh) = −L∗
h(φh) = S∗

h

More information on the developments of this method and its results can be found in [9].

4. Adaptive techniques

The goal of the adaptive procedure is clearly to reduce the discretization error forreaching a solution of pre
scribed accuracy for a low computational cost. However, onealso wishes to equidistribute the error over the whol
computational domain for the solution to be of similar accuracy everywhere. In order to do so, each control volu
marked for grid refinement is subdivided into several smaller ones ofthe same topology. As the initial mesh can
possibly be too fine in some region for the desired accuracy, it can be coarsened by anagglomeration algorithm.
The adaptive procedure is completely included in the ISIS code making it an automatic single numerical to
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Fig. 1. Adaptive procedure. Fig. 2. Agglomerated cells.

4.1. Adaptive procedure

The adaptive procedure is summarized on Fig. 1. It starts with the computation of a first numerical s
on an initial uniform grid with an arbitrary number of cells. The numerical error is then estimated by the m
described previously and the information from its source term is used to decide which changes should be
the current mesh. The criteria of selection of a celli on the currentGridj are the following:

Refinement: ErrGridj (i) > TolR ∗ ‖ErrGrid1‖L1

Unrefinement: ErrGridj (i) < TolD ∗ ‖ErrGrid1‖L1

The parametersTolR andTolD control the intensity of the procedure during one adaptive step for the refineme
the unrefinement process respectively. The numerical solution is then ‘mapped’ on the new adapted mes
computation is resumed on this grid. This procedure is repeated until the error estimate is below a desired value. I
practice a reduction of a factorRed of theL1 norm of the error over the domain is asked for handling the accu
of the numerical solution. Thus, the procedure ends when the currentGridj satisfies:

‖ErrGridj
‖L1 <

‖ErrGrid1‖L1

Red

4.2. Grid alteration

During the refinement process, each control volume to be refined is split into several smaller ones of the s
topology. The refinement process can occur with a possible directional sensitivity for flows with simple fe
A non-refined neighbor of a refined cell presents a so calledhanging nodewhich is accounted for naturally by ou
face-based finite-volume method: a face with a hanging node is simply seen as several smaller faces.

The agglomeration algorithm permits to coarse the selected parts of the mesh by grouping neighbor
marked for unrefinement. The different groups are then merged into a bigger cell. The agglomeration can re
from a fusion of a face or of a node as illustrated on Fig. 2.

All these possible grid alterations can be canceled as the initial mesh can be recovered by the use of connec
ities between the different generations of meshes. Thus, the regions of the mesh that must be adapted a
to change during the computation as it is the case for unsteady computation.

5. Numerical application

5.1. Definition of the problem

The problem consists in simulating the flow of air for a Reynolds number of 22 000 around a squar
section cylinder located in the vicinity of a solid wall as measured using Laser Doppler Velocimetry by W
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Fig. 3. Computational domain.

Martinuzzi [10]. The experimental geometry is described on Fig. 3. With a gap between the plate and the
square-cross section cylinder ofS/D = 0.25, the flow is stationary.

The RANS equation are considered for simulating this turbulent flow. The closure of the equations is d
the two-equationk–ω turbulence model of Menter [2] which is a good compromise between computational
and an accurate physical modelling. Details on the computational domain and boundary conditions can be foun
in [11].

For this nonlinear problem, the exact solution is not known. In order to evaluate the quality of the a
solutions, a uniform grid refinement study has been performed. Six uniform grids of increasing fineness ha
considered for making single mesh computations. Their numbers of cells range from 4288 up to 550 000
uniform Grid 6 (see Table 1). The different solutions obtained from the considered grids converge to a pra
mesh independent solution which will be used as a reference for evaluating the quality of the adapted solu

5.2. Results

Any of the uniform grids can be used as the initial grid of the adaptive procedure since this initial mesh
refined but also coarsened if it appears too fine in some regions for the desired accuracy. However, the coarse
first grid is and the less time consuming the adaptive computation is. Thus, the coarsest uniform mesh (G
used as the starting point of the present computation.

The norm of the error vector of the velocity, defined byErr(‖ �U‖) = √
Err(U)2 + Err(V )2, and the error for

the kinetic turbulent energyk were considered in the adaptive process. The turbulence model plays an imp
role on all the variables that are to be solved in this problem and therefore the accuracyof its resolution influence
the quality of the whole solution. It is believed a priori that taking into account the error fork allows one to
resolve accurately the turbulent properties of the flow sincethe kinetic turbulent energy is linked to the intensity o
turbulence. Consequently, three additional equations have to be solved at each adaptive step (one for each ve
component and one fork). Fortunately, these equations are linear (see Section 3) so that the computational o
for solving them is negligible.

The parameters that control the adaptive procedure areTolR = 0.4,TolD = 0.08 andRed = 5. The same toleranc
of refinementTolR is applied for the treatment of�U andk. For reaching the chosen criterion of reduction of
L1 norm of the errors considered, three adaptive steps of isotropic refinement were performed and the
final adapted mesh has 35 314 computational points. The initial uniform mesh and the final adapted mesh
after the three cycles of adaptation are presented in Fig. 4. The regions that were refined or coarsened can cle
be seen along with the agglomerated cells created by unrefinement of the initial mesh. The unrefinemen
was not intense since the starting grid is already coarse. A closer view around the square cylinder of the
meshes generated during the adaptive procedure is also presented in Fig. 5 with the corresponding error fie
of �U normalized by theL1 norm of its quantity on the initial mesh (‖ErrGrid1(

�U)‖L1). The evolution of these
estimated error fields shows that the goal of this adaptive procedure is achieved as the error is both red
equidistributed over the whole computational domain. It also can be seen that the adaptive procedure c
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Fig. 4. Global view of the meshes. (a) Initial uniform mesh (4288 cells), (b) final adapted mesh (35 314 cells – 3 adaptive steps

Fig. 5. Inside view of the adaptedprocedure near the square cylinder.

Table 1
Informations on computations

Nb of cells CPU time

Grid 1 4288 1
Grid 2 8355 3.27
Grid 3 16733 13.89
Grid 4 68293 138.06
Grid 5 135436 709.65
Grid 6 550609 7162.86
Adaptive 35314 69.77

Table 2
Computed recirculation length

Lrec Errrel(Lrec) (%)

Grid 1 5.9385 14.5
Grid 2 5.6576 9.1
Grid 3 5.9208 14.1
Grid 4 5.4766 5.6
Grid 5 5.3428 3.0
Grid 6 5.1872 –
Adaptive 5.1734 0.3

since the refined areas are smaller and smaller during the adaptive procedure. Fig. 6 presents the streamlin
the square-cross section cylinder for the velocity fields computed on the initial uniform grid, the final adapt
and the finest uniform grid respectively. It can be observed that the adapted grid velocity field is in close agreem
with the reference finest grid solution. The small recirculation located below the bottom face of the square
is not captured on the coarse uniform grid but well simulated on the adapted grid. Fig. 7 presents a com
of the profiles of the normalized streamwise component of the mean flowU/U∞, for the all the grids considered
extracted atX/D = 0, i.e. on the middle top face of the square cylinder. The profiles of the normalized
component of the Reynolds stress are also given. Firstly, one can remark that the uniform grids effectively c
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Fig. 6. Streamlines around the square cylinder. (a) Uniform Grid 1, (b) final adapted grid, (c) Uniform Grid 6.

Fig. 7. Profiles extracted atX/D = 0. Fig. 8. Profiles extracted atX/D = 2.

to a practically mesh independent solution as announced in the previous section. Secondly, it can be concluded f
these profiles that the solution of the adaptive procedure has reached the fine grid solution. This is especially tru
for the turbulent correlation. More precisely, the adapted solution profiles are close to the ones obtaine
uniform Grid 5 so that the two computations can be considered as comparablein terms of accuracy. In Fig. 8, th
same profiles are extracted atX/D = 2, i.e. in the wake of the square cylinder. Once again, these profiles indica
that the solution of the adaptive computation is comparable to the uniform Grid 5 solution.

Finally, Table 2 gives the recirculation length along the planey = 0 for the different uniform meshes used
the grid refinement study and for the final adapted meshes. It can be seen from the values of the relati
(Err rel(Lrec)) with respect to the finest uniform grid (Grid 6) that the recirculation length computed by the ad
procedure is very good since it is located between the ones of Grid 5 and Grid 6. From all these result



110 A. Hay, M. Visonneau / C. R. Mecanique 333 (2005) 103–110

5

esh
ed in this
.
to the

rated of
0

the dis-
term

l mesh can
atic sin-

g
d to

AA

er

round

er

s,

n-

ids

ical
be concluded that the adapted grid solution is at least of comparable accuracy to the one of the uniform Grid
solution.

In order to quantify the gains obtained by the use of theadaptive procedure compared to single uniform m
computation, Table 1 presents also the number of computational points of the different meshes consider
study and the CPU time (relative to the one of the coarsest uniform grid) needed for reaching a converged solution
The CPU time for the adaptive computation referred to the whole adaptive procedure from the initial grid
final adapted grid including error estimations. Compared to the uniform Grid 5, which has been demonst
the same accuracy, the adaptive computation requires almost 4 times less computational points and more than 1
times less CPU time.

6. Conclusions

An error estimate designed in the framework of finite-volume methods and based on an equation for
cretization error has been presented. An adaptive h-refinement procedure guided by the normalized source
considered in the error estimate has also been described. It has been shown to be general since the initia
be both refined and coarsened. The adaptive procedure included in the ISIS flow solver is a complete autom
gle tool for reaching solutions with a desired accuracy for a low computational cost. This tool has shown interestin
gains for a complex two-dimensional turbulent flow in term of CPU time and memory requirement compare
single mesh computations.
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