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Abstract

The slow migration ofN spherical bubbles under combinedoyancy and thermocapillarity effects is investigated by ap-
pealing solely to & + 1 boundary-integral equations. In addition to the tiyeand the associated implementation strategy,
preliminary numerical results are both presented and discussed for a few clusters involving 2, 3, 4 or 5 bubbles with a special
attention paid to the case of rigid configuratioms cite thisarticle: A. Sellier, C. R. Mecanique 333 (2005).
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Résumé

Sur la migration d’un ensemble de bulles sous I’action conjuguée de la pesanteur et d’effets thermocapillaires. On
détermine la migration d& bulles sphériques sous I'action combinée de la pesanteur et d’effets thermocapillaires par la seule
résolution de & + 1 équations de frontiére. Outre la théorie et sa mise en oeuvre numérique on présente les premiers résultats
obtenus pour quelques situations a 2, 3, 4 ou 5 bulles avec une attention particuliere pour les configuratiorRorigiclés.
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1. Introduction

At least for experimental applications [1] it is worthtdemining the migration of small spherical bubbles under
the combined action of gravity and thermocapillarity. Unfortunately, the available studies [2,3] only address the
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Fig. 1. (a) A 2-bubble and (b) 3-bubble sker immersed in a Newtonian liquid.
Fig. 1. Cas de (a) deux ou (b) trois bdlplongées dans un liquide Newtonien.

case of two bubbles. This work thus presents a new procedure valid for arbtrbapbles clusters and resorting
to 3N + 1 boundary-integral equations. It achieves andstédst numerical implemeation of a recent general

(arbitrary non-necessarily rigid cliss) theory [4] and pays a special atien to a few rigid falling or ascending

clusters of equal or inequal bubbles.

2. Assumptions and gover ning equations

We consider (see Fig. Iy > 1 spherical bubble(s),) with radiusa,), centerO,, and surfaces,, immersed
in a Newtonian liquid of uniform viscosity and densityp.

The surface tensiop,) on S, high enough to kee@,, spherical, depends on the temperatlireith y(/n) =
dy(n)/ dT < 0 uniform. Cartesian coordinat¢®, x1, x2, x3) with x; = OM - g are used and the bubbles subject
to the uniform gravity fieldg = —ges (with ¢ > 0) and ambient temperature gradient,, translate without
rotating. ThereforeP,) experiences an unknown (translational) velotlty with scaleV(,y. Assuming [5,6] non-
conducting surfaceS,) and negligible inertial effectéRe = p Max(a ) Vin)) /1 < 1), the fluid has temperature
Too + T', pressure + pgx3 and velocityu such that

V2T'=V.u=0 and uV?u=Vp inL; (YT, u,p)— (0,0,0) asr=|0OM|— o (1)
VT -N=-VTs-n, u-n=U®.n, o-n—[n-o-nin=—y,,Vs[Too + T'] 0NS, (2)

with £2 the unbounded liquid domain,the unit outward normal of,), Vs[f1=V f — (V f -n)n ande the stress
tensor associated tol, p). Neglecting inertial effects we determidd®, ..., U™) by supplementing (1) and (2)
with the relations

F(")=/a~ndS=4naf’n)pg/3 forn=1,...,N (3)

Sn)

Fori=1,2,3andn=1,..., N let usintroduce & Stokes flows(uf”), pf”)) with stress tensor«sf”) obeying the
same equations (1) &8, p) and the boundary conditions

(n)

u”-n=48,,&-n and ™. n—m-¢™ .nin=0 onSuy form=1,....,N 4)

i i
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with § the Kronecker symbol. Using the usual tensummation converdn, the unknoquuantitiesU,(.’”) =
yom . e; are then governed [4] by the\3equation linear system

N 3 N
4
Yoy Ay =3 / Vi Gnme — W) - V[ Too + T'1dS — :—))na?n) 0883 (5)
m=1;=1 m:lS(m)
where the occurring coefficienzé;?)’(’") are defined as follows
A = / (ej -n)(n-o™ . n)ds (6)

S(m)

Since we knowv 7o, andu™ -non§ = (JN_, ., the unique [4] solutionU®, ..., UM) to (5) and (6) is readily
obtained by solely evaluating dhthe vectorsv,T’, af”) = uf”) - (uf”) -n)n and the functioml.(”) =n-. af”) n/u.
Such a key task is detailed in Sections 3 and 4.

3. Relevant boundary-integral equations

The second Green’s identity for the harmonic functirsuch thatvT’ - n = —VT4 - n on S easily yields the
well-posed Fredholm boundary-integral equation of the second kind

—anro0+ [ [T -] L ey [ oL asy
Sy S\Sm)
=— w dS(y) for M onSgy )

Note that (7) provides o5 not only 7’ but also the required vectdr; T’ by tangential differentiation. When

seeking the other desired surface quantiﬁiﬁ% and af”) it is fruitful to introduce the Oseen—Burgers free-space
Green’s tensoG(y, X) = Gk (Y, X)&; ® € and its associated stress ten3ay, xX) = T (Y, X)& ® €; ® & such
that

8k Ok — x1)(yj — x;) 6Ok —x)(yj — xj) (i — x1)
X =y x—yI3 X —y°
Indeed, it can be established starting with the material in [7] that any Stokegulow') with stress tensos’
subject to (1) admits o surface quantitiegd, a = ax€, a andd = d;e;, defined as

Gjk(y.X) = : Tiji(y.X) = (8)

d=u-n, a=u-W-mn, a=n-¢-n/u, d=[c’-n—(-¢"-Mnj/u (9)
that satisfy the following conditionred coupled boundaryategral equations

a-n=0 onS and L,la,al(M)=Dyld, dl(M) forMonSu,, m=1,...,N (10)
with, for M on S,y andx = OM = x €&, the following definitions

Lula,al(M) = {87”!]‘ (X) — / [ak()’) — ak(x)]Tkjl(Yv X)n(y) dS(y)
S(m)

- / ap (V) Tiji(y, X)ni (y) dS(y) + / G,,'k(y,X)nk(y)a(y)dS(y)}e; (11)
S\S(m) S
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Dnld, d](M)={—8ﬂ[dnj](X)+/{[dnk](y)—[dnk](X)}Tkjl(y, X)n(y) dS(y)
S(m)

+ / [dne (V) Tiju(y, X)ni (y) dS(y) — / ij(y,X)dk(y)dS(y)}e; (12)
S\S(m) S

Hence, we obtainl.(") anda}”) on S by solving (10)—(12) fod = §,,€ - n on Sy, andd =0on S. In summary,

the velocitiedU™ are gained by inverting only the4 3N above-mentioned boundary-integral equations (7) and
(10)—(12) on the cluster’s surface

4. Numerical method and results

We define on eacli,) a N(,)-node mesh of 6-node isoparametric curvilinear triangular boundary elements
[7,8] and a unit vectoc, such that the tangential vectdfis= n A ¢,y andt, = n A t1 are non-zero at any nodal
point. Thus,S admitsN;, = Y-_, N, nodes at which we seif”) = al.(")’ltl + al.(")’ztz (therefore ensuring the
conditionq(") -n = 0) with unknown functionszf”)’l, al.(”)’z. Each discretized boundary-integral equation is a lin-
ear system, of dense and non-symmefticx N, influence matrixN; = N; for (7) andN; = 3N; for ((10)—(12)),
which is solved by a LU factorization. The numerical implementation is tested both for a single ypbées-
cending(VTs = 0) at the Ve|OCitya(21)pguS/;,Leg with [9] u; = 1/3 and two bubble® 1y andP(y) translating for
VT parallel toes in absence of gravity at the velocitie? andU@. If 01,0y, is aligned with or normal te;
there exist [5,6] four coefficient®11, M12, M21 and M»2 depending on. = (a1 + a2)/ 0102 such that

U(l) - _

la)y{yyM11+ a@)y(pM121V Teo U — la)yy(yyM21+ a@)y(pM221V Teo
2u ’ - 2u

As shown by Tables 1 and 2 fayz) = 2a(1y andO(1)O2) A €3 = 0 (see Fig. 1(a)), the use of 242 collocation points

on each bubble yields a quite sufficient pséen of order of 0.1% both for distatt = 3/23) or close(x = 10/11)

bubbles.

HenceforthV 7o, = —aezwitha > 0, ) = y" < 0 andN,) = 242 First we consider equal bubblesg,) = a)
located at the vertices of a regular horizontal polygon Wity = d(Cosu )€1+ Sina(,)€2), o) = 2r(n—1)/N
andd large enough so that bubbles do not touch. For symmetry reaf®hs a2pgu/(3u)es with u the velocity
normalized by the settling velocity of a single bubble.

As shown in Fig. 2(a)u is in absence of capillary effecid’/To, = 0) positive and, due to bubble—bubble
interactions, increases witN anda/d. For exampleyu ~ 1.8 for five very close bubblegV =5, d/a = 1.75).
When VT, = —ae3 is non-zero and strong enough a given cluste¥, d) prescribed) fall. This occurs if the
‘dynamic Bond numberG ) = au)pg/(3y’«) [3] is smaller than a critical valu€ . plotted in Fig. 2(b) versus
d/a for N =2,...,5. The rigid cluster is at rest fo (1) = G. and falls or ascends (1) < G. or G(1) > G,

(13)

Table 1

Computed value af; for different surfaceV;)-node meshing of a single settling bubble
Pa

Tableau 1

Estimations numériques dg pour différents nombre#/(;) de points de collocation sur
la surface d’'une bullé>(1) soumise a la seule pesanteur

Ny 74 242 1058 Analytical
Us 0.33183 033301 033331 0.33333
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Table 2
Effect of mesh refinement for the coefficientf 1, M1o, Mp1 and Moy if a(p) = 2a(1).
The results obtained in [5,6] are listed for comparisons

Tableau 2

Influence du choix du maillage sur [I'évaluation numérique des coefficients
My, M1p, M1 et Moy pour deux bulles différente§: o) = 2a(y)). Les résultats obte-
nus dans [5,6] sont fournis a titre de comparaison

Nwy A M1y Mio Ma1 Moo
74 3/23 097201 000116 000015 097203
242 323 099535 000074 000012 099592
1058 323 099903 000067 000008 099960
[5] 3/23 099934 000066 000008 099992
74 1011 059198 015698 008536 095447
242 1011 073274 025997 004577 095183
1058 1011 073099 026856 004699 095266
[6] 10/11 073136 026864 004700 095300
[5] 10/11 073106 026894 004650 095350
1.8 0.5
u Gc
0.45 |-
16
04 F
14
0.35 |
12
03
1 0.25
0 0

Fig. 2. (a) Normalized velocity for VT, = 0; and (b) critical parametet . versusd/a for N =2 (e), N =3 (A), N =4 (H) andN =5 ().

Fig. 2. (a) Vitesse adimensionnégour VT, = 0; et (b) parametre critiqué . en fonction def/a pour N =24 (s), N =3 (A), N =4 (W)
etN =5 (0).

respectively. We recover [3] fav = 2 and, in full agreement with Fig. 2(aj;. tends to }¥2 (case of a single
bubble) ford /a large and decreases both withanda/d.

Let us now consider (see Fig. 1(b)) a big bubBlg) located above two smaller bubbl&,) and P, with
apy =ap) = a(]_)/z, OO(l) = hez and 00(3) = —OO(Z) =dey. This time um = a(zz)pgu(n)/(3u)83 with U@ =
u(3). As shown in Fig. 3(a) foh/a) =5, uc1y andu ) deeply depend o (1) = ac1ypg/(3y’'a) andd/a) : uy
andu ) are different and positive (negative)df/a) < 15 for Gy = 0.6 (G(1) = 0.3) butu 1y — u(2) changes
sign and vanishes @/ a) ~ 8.18 if G(1y = 0.45. Other critical setting$h, d) ensuring: (1) = u(p) existforG i) €
[Gi, G,]. Requiring equal veldties for distant bubblesd — oo) easily yieldsG; = 1/3 for a(y)/a@) =2 and a
Newton—Raphson procedure for close bublggs: o) = 1.1) gives G, and the critical tripletsd/a), d/h, G.)
for which u1y = u2) = 0. As depicted in Fig. 3(b), the obtained rigid configuratigng,, = u(2)) are falling
(W@ =up <0 for h/ap) > 8.20 and either fallingu(l) =up <0 if G €1G;i,GeD), atrest(u@y =up) =0
if G(]_) =G.)or ascendingu(l) =Uup > oif G(]_) €1G., Gs)) for h/a(z) < 8.20.
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Fig. 3. (a) Normalized velocitiea ;) for /a2y =5 and G(1) = 0.30 (u(1) (0) andup) (4)), G(1) = 0.45 (u(y) (o) anduy) (o)) and
G(1) =0.60 (u(1) (O) andu(py (M)); (b) Values ofG; (e), G5 (o) and G (dashed line). The solid line plots verskiga ) the critical ratio
d/(2h) for which the cluster is rigid and motionlesg1y = u2) = 0) whenG 1) = Gc.

Fig. 3. (a) Vitesses adimensionnégspour’/az) =5 etG 1y =0, 30 (u (1) (O) etu) (#)), G1) = 0,45 (u(y) (o) €tu(p) (o)) €tG (1) = 0,60
(uqyy (O) etup) (M)); (b) Paramétress; (o), G5 (o) et G, (pointillés). La courbe en trait plein trace en fonction/dte ) le rapport critique
d/(2h) pour lequel le nuage de bulles est indéformable et au repes= u(2) = 0) lorsqueG 1) = G..

5. Concluding remarks

For arbitrary clusters, the velocity™ of Py 1s, in general, not necessarily parallel to the gravity directjon
whenV T, Ag= 0. Such challenging cases, occurring for instance as time evolves for the addressed 3-bubble clus-
ter whenu (1) # u(2), are currently investigated by exploiting tadvocated method. For exple, steady 3-bubble
configurations translating like a rigid-body at a velocity non-aligned gilne expected to be found when allowing
for this time bubbles of non-equal coefficielj}ﬁ).
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