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Abstract

In this Note we present a justification of the kinematic assumptions for thin-walled rods with shallow profile. These assump-
tions are fundamental to writing the one-dimensional equilibrium equations for such structures. The obtained kinematics are
different from the Vlassov case, which is only valid for strongly curved profiles. They are also different from the that classically
used in shell theory. The justification given in this Note is based on an asymptotic appfoaitie.this article: L. Grillet et
al., C. R. Mecanique 333 (2005).
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Résumé

Justification des hypothéses cinématiques des poutres a paroi mince faiblement courbé@ans cette Note on présente
une justification des hypothéses cinématiques des poutres a paroi mince faiblement courbées. Ces hypotheses sont a la base
I'écriture des équations d’équilibre de ces structures. Le modéle cinématique obtenu est différent a la fois, de celui utilisé par
Vlassov et qui n'est valable que pour les poutres a paroi mince fortements courbées, et de celui utilisé en théorie des coques. Le
justification donnée ici utilise une approche asymptotidfoer citer cet article: L. Grillet et al., C. R. Mecanique 333 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abrégée

En théorie linéaire des poutres a paroi mince, le modéle de Vlassov [1] est devenu d’'usage classique. Ce mo-
dele s'obtient & partir d’hypoteses cinématiques sur les déplacements tridimensionnels et d’hypotheses sur les
contraintes. Ces hypothéses, ainsi que les équations d'équilibre qui s’en déduisent, ont été justifiées pour les poutre
voiles fortement courbées par une approche asymptotique dans [2—4]. Cependant les hypothéses cinématiques ¢
Vlassov ne sont pas suffisantes dans le cas d’'une poutre & paroi mince faiblement courbée comme I'a montré Gjels:
vik [5]. Ce dernier introduit des termes correctifs par analogie avec les hypothéses cinématiques de Kirchhof-Love
en théorie des plagues minces. Cependant, la cinématique ainsi obtenue ne correspond pas a celle de Vlassov qual
on fait tendre la courbure de la section droite de la poutre vers zéro. Nous proposons dans cette Note de justifier ce:
hypothéses cinématiques pour les poutres & paroi mince, faiblement courbées, a partir d’'une analyse asymptotiqu
des équations d’équilibre tridimensionnelles de la structure mince.

Pour une poutre a paroi mince, les nombres sans dimension caractérisant la géométrie de la structure sont
l'inverse de I'élancement (rapport du diamétre de la poutre sur sa longueur), la fingg¢sspport de I'épaisseur
de la poutre sur son diametre) et la coubure adimensionnéfleoduit de la courbure de référence de la section
droite de la poutre par son épaisseur). L'hypothése de poutre a paroi mince correspehd getit devant 1
mais du méme ordre de grandeuy = O(g). La poutre est dite faiblement courbée si I'ordre de grandeur de
est petit devant et 7, soitv = O(¢2). Les nombres sans dimension caractérisant les efforts subis par la structure
sont similaires a ceux introduit dans [7]. On considére ici des nombres sans dim&nsiwactérisant les efforts
extérieurs volumiques et des nombres sans dimergsitaractérisant les efforts extérieurs surfaciques.

Pour des efforts d’'un ordre de grandeur suffisamment faible, mais induisant un couple de torsion plus élevé
(voir Section 2 et les hypothéses de la Proposition 4.1), la forme générale du déplacement ainsi obtenu au pre-
mier ordre du développement asymptotique est donnée par les Egs. (2) a (4) de la Proposition 4.1. Ce champ de
déplacement vérifie la condition de non distorsion introduite par Vlassov [1] (résultat similaire au cas fortement
courbée [3]) ainsi que I'hypothése de Kirchhof-Love (qui n'est pas valide dans le cas fortement courbée). Ces
conditions s'écrivent :

0 0
% dug =0 (non distorsion)
as 0x3
et
grad u,? + (r;—\r/ =0 (Kirchhof-Love)

ou I'on notees le vecteur unitaire de I'axe de la poutke,n) la base de Frenet du profile de la section plane de la
poutre,(s, r, x3) les coordonnées curvilignes associées a la base orthonormée directg). De ces hypotheses
cinématiques se déduisent les équations unidimensionnelles de la structure.

1. Introduction

In linear theory of thin-walled rods, the Vlassov model [1] is the model classically used. It is generally obtained
from kinematic assumptions on the three-dimensional displacements and on the stresses as well. These kinemati
assumptions and the associated equilibrium equations have been justified by asymptotic methods in the case o
strongly curved profiles in [2—4]. However, for shallow profiles, Gjelsvik proved that the Vlassov kinematic as-
sumptions are not sufficient [5]. So that he introduced supplementary terms by analogy with the Kirchhoff-Love
assumptions in plate theory. However, the kinematics so obtained are not the limit of the Vlassov case when the
curvature of the cross section tends towards zero. In this Note, we propose to justify the kinematic assumptions
for thin-walled rods with shallow profile, from an asymptotic analysis of three-dimensional equations. Then the
equilibrium equations of the structure can be deduced from these kinematic assumptions.
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2. The three-dimensional problem

We recall here the notations of [3] where the reader can refer for more details. Let us consider a thin-walled rod
with open cross-section and ghickness, whose middle surfagé is an open cylindrical surface &°. We denote
L the length of the rod in the directian, d its diameter and 2 its thickness. Thus the thin-walled rod occupies
the set2* =@* x [—h. h] of R3 in its reference configuration. We cdll andI’;' the extreme faced;; and I’}
the lateral faces]} = w* x {£h} the upper and lower faces. On the other hand, we(talhe intersection curve
between the middle surfaee and the cross-section. The orthogonal projectignof a generic point of the rod
M* on the middle surface is located by its Cartesian coordinetes (x], x3) or by its curvilinear absciss€’
alongC*. The originsg of the curvilinear abscisse is an arbitrary chosen poirt*ofWe noten the unit normal
and: the unit tangent vector af*. Finally, x3 denotes the position of the cross-section contairiifigon the
axis (0x3).

It can be proved (see [3,4,6]) that the dimensionless numbers characterizing the elastic behavior of thin-walled
rods are the following:

h ar oar
/. Go =52 a={t.n,es) 1)
u

d h
e=z<<1, n=5=0(8), V=he, =0(e?), Fy=

The inverse of the shooting-pain(ratio of the diameter to the length), the relative thicknegsatio of the thick-
ness to the diameter) and the dimensionless curvatfproduct of the reference curvature with the thickness)
characterize the geometry of the rod. The thin-walled rod assumption correspendsi@ndn « 1, with e and
n of the same order of magnitude. Moreover for the shallow rods considered here, the dimensionless eu/ature
small with respect te andy, so that we have = hc¢, = O(£2).

The dimensionless numbers characterizing the forces are similar to those introducedindndg, charac-
terize respectively the level of applied body and surface forces in Frenet(basigs). We consider here levels
of applied forces such asF3 = Gz = €8, G, = F; = ¢’. The normal forces are split into two parts. The first
G9 = 70 = ¢8 induces a torque but has no resultant:

sq 1 Sd
/ fndrds+/[ g,g)_]dS=O
Sg—1 Sg

The second@j} = 7+ = 8 of higher order has a resultant different from zero.

3. Asymptotic expansion of equations

Using reference physical data of the problem, the three-dimensional equilibrium equations of linear elasticity
are decomposed in Frenet basis and written in a dimensional form. We obfain in

d d ad
Otn + (1 +&%rc+ (€2rc)2 +-- ) sﬂ - 282com +e2 913 —£7ﬁ
ar as 0x3
0 d d
Onn + (l + &2re + (szrc)2 +-- ) 8ﬂ + szca,, — 82ca,,n + 82% = —s6f”0 — ssfnl
or as 0x3
0 0 0
E+(1+82rc+(82rc)2+.__) . 0;3_826%3 4 520933 033 _86f3
ar as 0x3

where the variables without a star are dimensionless. The boundary conditions on the upper and lower faces can be
written forr = +1:

7 + 6 0+ 8 1+ 6 _+
Om=¢€ & » Opn =684, +&° &, , On3 =¢ g3
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Finally, the boundary conditions on the lateral facessfers, ands = s_ become:
1
o =0, om =0, /Ut3 dr=0
-1

whereo,g denotes the dimensionless components of the stresses whose expression depemisanthe com-
ponentu,, u,, uz) of U in Frenet basist, n, e3). The expression is rather complex and not given here.

With the order of magnitude of the applied forces considered here, and for the given geometry, we can prove
that the corresponding reference scales for the displacements are:

Upr =h, Uy = €h, Uz = e2h

Now we search the solutioli of the three-dimensional problem as a formal series with respect to
U=U%+eU+2U% 4 -

This implies as well an expansion @fwith respect te:
o =O’0+8O'l+8202+--~

The asymptotic expansion of the dimensionless equations enables us to determine the expression of the leading
term U9 of the expansion of the displacement. This constitutes the search kinematics for thin-walled rods with
shallow profile which is explained in the following result.

4. Three-dimensional kinematics for thin-walled rods with shallow profile

Proposition 4.1. For levels of applied forces such ag? = G0 = &6, F3 = G3 =¢85 F =G, =¢" and
Fl =Gt =¢8, the leading term?, u2, u3) of the expansion of the displacement verifies

uS:ftS—f—s@o @
u?:ﬁ?—i—(a—ao)ﬁg—i—a@)o—réo 3)
-0 -0 20 -0 0
ugzﬁg—sgxi;— gzg—a)z(;)—r(gz—z—i—s%(x)s) (4)
with
da dw d&
d—szsc, d—sza, gz(a—ao)

whereﬁ?, ﬁ,?, ﬁg denote the components of the displacement of the afigiof the curvilinear abscissa, «g the
angle (e, 1) aroundmg, and ®° the twist angle of a section arourg. The functions-) depend onz only.

Proof. We only give here the main steps of the proof.

— From(Pp), we deduce immediately thaf does not depend on So that we have? = 0, and the leading term
of the expansion of the stressesf$= 0.

— From(P1) we obtain:

Gl
as

wherei? andii! do not depend on. Once again, the stresses at order one are equal tozkso0.

i, uy =iy ®)

0_
Up=-—r n n



L. Grillet et al. / C. R. Mecanique 333 (2005) 493-498 497

— Now the problem(P2) leads to:

Utzn :Unzn = 1123:O
so that
8121 72 B 82120 B - aﬁO
1 -1 2 0, -2 0 -0
= asn+”” M”ZE,B+2 aszn_rﬁ+21/}"+u"’ ”3:_rax:+”3 ©
where we set:
- 0
0 -0
"=y T
Then we express the stressesando2, with respect tai® andy0. Using problem(Ps), we obtain:
2 B+1) 820 9 B 9%0
=_4 =_2 7
T Er a2t PRI T g a @
We then deduce that:
3-0 .2
3 B+10%u, r<—1 3 3
atn = 4'3 + 2 as?,n 2 ? Gnn = O’ 0113 = O (8)
— Problem(Py) leads to:
%)
3s2

so that we have
129, = 12,0, + 509
where®° andi® depend onxz only. In the last expressio®° characterizes the twist angle of the sections, and

9 the normal displacement of the origim for s = 0. Thus expression (2) of Proposition 4.1 is justified.
On the other hand, as a consequence of prolgiesh, we obtain:

which leads to
ul = i? + (@ — ag)it? + (a — r)&°

where we set

da o
ds s ds ¢
This corresponds to Eq. (3) of Proposition 4.1.

—To finish, let us expreag% with respect tad°, ﬁg andi. Replacing the obtained expression in problBmand
using the boundary condition
1
/0133 dr=0
-1
fors =s* ands =s~ , we obtain:
s 0x3

-0 (©)]
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This equation constitutes the non-distortion assumption introduced by VIg§sdhe integration of this equa-
tion then leads to:

o dip  da)  dO° r(dﬁg d@f’)

n

e T T PR E R
with

dg dw

& Yoo T

which ends the proof of Proposition 4.1.
Therefore, for a strongly curved profile [3], the displacement field of Proposition 4.1 verifies the non-distortion
assumption introduced by Vlassov [1]:
0

as 0x3
However, it verifies as well the Kirchhoff-Love assumptiarhich is not valid for strongly curved profiles

oV

grad u° + 5 =0
wheregrad denotes the gradient operator with respect to the coordiriates) of the middle surface of the
thin-walled rod, andv the tangential displacement whose components(:a?atg). Thus we have justified by
asymptotic expansion the three-dimensional kinematics of a thin-walled rod with shallow profile, which differs
from that of Vlassov. Such a justification does not seem to have any equivalent in the literature. Let us notice that
from these kinematics that we can deduce the one-dimensional equilibrium equations, by going on the asymptotic
expansion of equations up to order fivex
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