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Abstract

The instability of ablation fronts strongly accelerated toward the dense medium under the conditions of inertial confi
fusion (ICF) is addressed in the limit of an infinitely large density ratio. The analysis serves to demonstrate that
is irrotational to first order, reducing the nonlinear analysis to solve a two-potential flows problem. Vorticity appear
following orders in the perturbation analysis. This result simplifies greatly the analysis. The possibility for using bo
integral methods opens new perspectives in the nonlinear theory of the ablative RT instability in ICF. A few examples a
at the end of the Note.To cite this article: P. Clavin, C. Almarcha, C. R. Mecanique 333 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Instabilité de Rayleigh–Taylor d’un front d’ablation dans la limite d’un rapport de densité infini. Dans les conditions
de la fusion par confinement inertiel (FCI), on montre que l’écoulement associé à un front d’ablation fortement acc
direction du milieu dense est potentiel à l’ordre dominant de la limite infini du rapport de densité. La vorticité app
l’ordre suivant de l’analyse en perturbation et l’étude non linéaire se réduit à celle d’un problème à deux potentiels de
Ce résultat simplifie grandement l’analyse et met l’étude des instabilités hydrodynamiques du front d’ablation en FC
nouvelles bases en permettant l’utilisation de méthodes intégrales de frontières. Quelques exemples sont données
cette Note.Pour citer cet article : P. Clavin, C. Almarcha, C. R. Mecanique 333 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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L’objectif du confinement inertiel en fusion nucléaire (FCI) est d’atteindre au centre de l’implosion d’un
sule sphérique creuse de deuterium-tritium cryogénique remplie d’un mélange gazeux (rayon≈ 2 mm, épaisseu
≈ 0,4 mm) les conditions extrêmes de densité (≈ 300 g/cm3) et température(≈ 108 K), voisines de celles à l’in
térieur des étoiles, et qui sont nécessaires à l’initiation des réactions thermonucléaires [1]. En attaque d
capsule est soumise pendant une dizaine de nanosecondes à un intense rayonnement laser(1015 W/cm2) qui, en
ablatant sa face externe, produit une violente augmentation de pression(≈ 100 MBar) et provoque l’implosion.
Dans les conditions envisagées pour un usage civil, les instabilités hydrodynamiques du front d’ablation fo
accéléré(≈ 1011 m/s2) sont susceptibles de compromettre la formation du point chaud et donc l’initiatio
réactions nucléaires [1]. Ces instabilités font l’objet depuis plus d’une trentaine d’années d’intenses rec
théoriques et numériques. La théorie linéaire est maintenant à peu près bien comprise [2] et les études
s’orientent vers l’aspect non linéaire [3,4], dans le but de déterminer la géométrie de l’interface juste avan
mage. Les expériences étant lourdes et peu nombreuses [1,5], le phénomène complet est simulé par de
codes numériques développés au Lawrence Livermore Laboratory et au CEA/DIF. En parallèle, l’instab
Rayleigh–Taylor en présence de l’ablation est étudiée systématiquement sur des modèles simplifiés [2–
présentons dans cette Note une nouvelle étape de ce développement. Sans ablation ni tension de surface
entre un fluide non visqueux et le vide (nombre d’Atwood unité,A = 1), soumise à l’instabilité de Rayleigh–Tayl
(RT), prend la forme de bulles ascendantes et de d’aiguilles descendantes. Pour une solution périodique,
de la bulle tend vers une constante voisine de

√
g/3k où g et k sont respectivement l’accélération et le nom

d’onde, alors que l’accélération de l’aiguille tend versg. La formulation de ce problème est simple, l’écoulem
est potentiel et la condition de pression sur l’interface facilement applicable grâce au théorème de Berno
étude analytique et numérique vient de faire l’objet de progrès récents [6,7] qui déterminent l’évolution
totique du rayon de courbure à la pointe de l’aiguille ainsi que la manière dont son accélération approchg. Ces
résultats reposent sur le caractère potentiel de l’écoulement qui se prête à l’utilisation de méthodes inté
frontières. En FCI le rapport de densité est très grand. Nous montrons dans cette Note que le problème a
tion se simplifie grandement dans la limite d’un rapport de densité tendant vers l’infini, pour pouvoir êtr
par les mêmes méthodes intégrales de frontières que celles utilisées pour l’instabilité de RT avecA = 1 [6,7].
Le modèle de départ a été développé précédemment [2,4], il est constitué d’un front d’ablation d’épaisse
geable soumis à un flux thermique fixé à l’infini aval et fortement accéléré dans la direction de ce flux. La
de propagation du front plan dans le milieu denseū− est nettement subsonique et l’écoulement au voisinag
front d’ablation est à faible nombre de Mach. Le front est assimilé à une isotherme et les effets hydrodyn
sont décrits en supposant la densité constante de part et d’autre du front dans les équations d’Euler,ρ+ � ρ−. Les
conditions de sauts appliquées sur le front traduisent la conservation de la masse, de l’impulsion et de l’én
pertinence du modèle pour la FCI repose sur les trois points suivants : (i) l’absorption de l’énergie laser s’
à très haute température (faible densité fixée par l’égalité de la fréquence plasma et de celle du faisceau
donc loin du front d’ablation ; (ii) la dépendance en température de la conductivité thermique de Spitzerλ ∝ T 5/2

conduit à une séparation d’échelles ; lorsque la variation de température est grande, l’essentiel du saut d
(ρ− − ρ)/ρ− ≈ 1 se produit sur une distance petite devant l’épaisseur totale de l’onde thermique,d− � d+, voir
Fig 1 ; (iii). Pour des nombres de Froude d’ordre unité rencontrés en FCI,ū2−/gd− = O(1), l’effet stabilisant de
l’ablation aux petites échelles introduit une longueur d’onde marginaleΛm = ρ−ū2−/ρ+g dont l’ordre de grandeu
est intermédiaire,d− � Λm � d+ [2–4]. Dans ces conditions, une simplification importante apparaît : le prob
thermique qui contrôle le flux de chaleur sur le front plissé, et donc la modification du taux d’ablation, se
à résoudre une équation de Laplace [2–4]. Ce point est délicat mais essentiel pour la suite. Une justific
modèle ainsi qu’une démonstration de l’équation proposée par Sanz et al. [3] sont données au paragra
difficulté majeure qui subsiste dans l’étude du régime non linéaire provient de la création de vorticité à la tr
du front d’ablation. Nous montrons dans cette Note que, dans la limiteρ−/ρ+ → ∞(ε ≡ ρ+/ρ− → 0), la partie
rotationnelle de l’écoulement est d’ordre inférieur à la partie potentielle. L’ordre dominant de l’écoulement a
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potentiel, comme l’écoulement amont. En effet, dans la limiteε → 0, la vitesse de l’écoulement des produits ab
tés est normale au front, et, le front étant une surface isotherme, on démontre que, comme pour le cas pla
dominant de l’écoulement ablaté se déduit directement de la solution du problème thermique. Le problèm
néaire complet se met alors sous une forme faisant intervenir deux potentiels, l’un dans le fluide dense, l’a
les produits ablatés, reliés par un saut de pression sur le front obtenue aisément en utilisant l’équation de B
Le problème se prête alors à un traitement numérique par la méthode intégrales de frontières utilisée ré
avec succès pour l’instabilité de Rayleigh–Taylor dans le cas d’un nombre d’Atwood unité [6,7] (Figs. 2 et
démontre que, contrairement à la morphologie de la partie descendante, la vitesse de la bulle n’est pas
par l’ablation. Quelques résultats numériques sont présentés, l’étude numérique systématique faisant l’ob
autre publication [8].

1. Introduction

A major challenge facing inertial confinement fusion is how to control the instability of the imploding
sule [1]. Large efforts have been undertaken over the three last decades to study the ablative Rayleigh–Ta
instability. The linear theory is now well developed [2], but the nonlinear growth of bubbles and spikes is stil
investigation [3,4]. As in flame theory, a major difficulty in studying the nonlinear growth comes from the vo
generated in the flow when crossing the ablation front. On the other hand, advances have been recently
the long time evolution of the pure RT instability (inviscid, incompressible fluid without surface tension, bo
by a vacuum), thanks to boundary integral methods for potential flow models [6,7]. In this Note, we sho
the ablative RT instability simplifies drastically in the limit of an infinitely large density ratio which is an acc
approximation in ICF. To first order, the nonlinear analysis reduces to solve two potential flows. The rot
part of the downstream flow may be taken into account at the second order in the perturbation analysis. N
results of ablative RT instabilities in ICF may then be obtained by boundary integral methods. We limit the
tation in this Note to a few examples of periodic solutions in two dimensional geometry compared with th
RT instability. Detailed numerical analysis will be published elsewhere [8].

2. The model

The model is the same as in references [2] and [4]. The ablation front is an isotherm of the downstrea
θ+( r, t) = θf 	 1 whereθ ≡ T/T− is the nondimensional temperature reduced by its upstream valueT−. The
temperature is uniform on the cold sideθ− = 1, and the ablation front corresponds to a temperature jump,θf 	 1.
Density is set constant in the Euler equations on both sides of the ablation front,ρ+ � ρ−. The relevance of such
piecewise constant density in the presence of a thermal gradient is discussed in this section. An intuitive exp
rests on the fact that most of the density variation ((ρ− − ρ)/ρ− ≈ 1) is concentrated on the cold side across a
region of extensiond− which is small compared with the total thickness of the thermal waved− � d+, d+ denoting
the distance between the ablation front and the critical surface where the laser energy is absorbed, see F
is due to a large temperature variation across the thermal wave together with a temperature dependence
conductivity in the formλ ∝ θν with ν > 1. The incompressible flow satisfies the Euler equations,

ρ±Du±/Dt = −∇(p± + ρ±gx), ∇ · u± = 0 (1a)

with the following boundary conditions at infinity,

x → −∞: lim
x→−∞u− → ū−i, and x → +∞: boundedness condition (1b

wherei is the unitary vector of thex-axis, ū− the absolute value of mean velocity of the ablation front relativ
the cold medium,u ( r, t) andu ( r, t) are the upstream (dense and cold) and downstream (light and hot
− +
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Fig. 1. Sketch of temperature and density profiles along the distancex across the unperturbed planar wave.

Fig. 1. Profils de température et de densité au sein de l’onde plane non perturbée.

velocities in the reference frame of the unperturbed wave,p denotes the pressure andg the acceleration. We assum
a low Mach number approximation. The jump conditions across the ablation front refer to conservation o
momentum and energy. Conservation of mass yields

ρ−(u− · n − u
(f )
n )r=rf

= ρ+(u+ · n − u
(f )
n )r=rf

≡ m (2a)

whererf is the position of the front,n the unitary vector (oriented toward the hot side) normal to the front, andu
(f )
n

is the normal velocity of the front in the reference frame of the unperturbed wave. Conservation of longitudi
transverse momentum gives

p−|r=rf
− p+|r=rf

ρ−ū2−
=

(
ρ−
ρ+

− 1

)
m2

ρ2−ū2−
(2b)

u− · t = u+ · t (2c)

wheret is any tangent vector to the front. Conservation of energy at low Mach number gives

(θf − 1)m/ρ−ū− = lf θν
f n · ∇θ+|r=rf

(2d)

wherelf ≡ λ−/Cpρ−ū− is a reference length of the same order of magnitude asd−. In the thick layer delimited
by the ablation front and the critical surface the equation for the temperatureθ+( r, t) is obtained from the energ
conservation,

∂(ρ+θ+)/∂t + ∇ · [ρ+u+θ+ − ρ−ū−lf θν+∇θ+] = 0 (3)

Eq. (2d) results from a spatial integration of Eq. (3) across the thin ablation front.
A constant density approximation in Eq. (3) is not compatible with a quasi-isobaric approximation. The v

of the piecewise constant density model is tricky. The model consists in neglecting the flow velocity distur
induced by the density gradient in the hot region (downstream the ablation front) in front of those triggered
deflection of the stream lines across the ablation front. Their ratio is of orderΛm/d+ � 1 as explained in [4]. This
leads to neglecting the density variation in the Euler equations (1a) but not in the energy equation (3).
quasi-isobaric approximation,ρ+θ+ = ρ− (Low Mach number and perfect gas law), Eq. (3) leads to the same
as proposed by Sanz et al. [3]

�θν = 0 (4a)
+
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as discussed now. Energy equation (3) subject to the quasi-isobaric approximation is written as∇ · [ρ+u+θ+ −
ρ−ū−lf θν+∇θ+] = 0. Considering periodic solution in the transverse direction and a volume delimited b
ablation frontsf and any downstream isotherm surfaces+ located upstream to the critical surface, Eq. (3) lead

θ+
∫ ∫
s+

[ρ+u+ − ρ−ū−lf θν−1+ ∇θ+] · nd2s =
∫ ∫
sf

[
θf ρ+u+ · n − (θf − 1)m

]
d2s

where (2d) has been used. Anticipating that the front velocity is smaller than the downstream flow
ity u

(f )
n /u+ · n � 1, approximation valid whenρ+/ρ− � 1 see Eq. (12c), one has, according to Eq. (2

m ≈ ρ+n · u+|r=rf
, so that

θ+
∫ ∫
s+

[ρ+u+ − ρ−ū−lf θν−1+ ∇θ+] · nd2s ≈
∫ ∫
sf

ρ+u+ · nd2s

For large temperature,θ+ = ρ−/ρ+ 	 1, the term in the right-hand side is negligible in front of the first term
the left-hand side. The approximation

∫∫
s+ ρ−ū−lf (θν−1+ ∇θ+) · nd2s ≈ ∫∫

s+ ρ+u+ · nd2s is then valid along any
isotherm at first order in the limitρ+/ρ− → 0. This leads to Eq. (4a) when∇ · (ρ+u+) ≈ 0. The validity of such a
quasi-steady state approximation for the density in the hot region∂ρ+/∂τ ≈ 0 is explained now. Ablation stabilize
perturbations of short wavelengths and the marginal wavelengthΛm = 2πρ−ū2−/ρ+g lies in an intermediate range
d− � Λm � d+ when the Froude number is of order unity,F−1

r ≡ glf /ū2− = O(1), see Section 3. For suc
wrinkles, the relaxation time by transverse heat diffusion in the hot region is faster than the evolution
the ablation front controlled by convection–diffusion balance,∂/∂t � u+ · ∇ ≈ ū+lf ∇ · (θν+∇). Temperature and
density in the hot region then reach a quasi-steady state approximation. To summarize, Eq. (4a) is val
conditionsθ+ 	 1(ρ+/ρ− → 0) and ∇ · (ρ+u+) ≈ 0. Notice also that Eq. (4a) is compatible with the ste
planar solution of Eq. (3)ρ+u+ = ρ−ū−i, (θ+ − 1) − lf θν+ dθ+/dx = 0,⇒ d2θν+/dx2 ≈ 0 for θ+ 	 1.

The temperature disturbances generated by the wrinkles of the ablation front die out exponentially
over a distance of orderΛ toward the hot side. The critical surface is not perturbed in the first approximatio
Λ � d+, [2–4]. In the reference frame moving with the mean position of the ablation front, the boundary con
at infinity to be used with Eq. (4a) is

x → +∞: θν+( r, t) → θ̄ ν(x) (4b)

whereθ̄ ν(x) is the steady state solution (unperturbed planar wave) which may be written as

x � x̄f : θ̄ ν(x) ≡ ν(x − x̄f )(1− 1/θf ) + θν
f (4c)

valid up to the first order in a powers expansion in 1/θf for θf 	 1 and 0� (x− x̄f )ν � θν
f . IntroducingΨ ′( r, t) ≡

[θν+( r, t) − θ̄ ν(x)]/(1− θ−1
f )ν, one obtains, according to (4a–c),

�Ψ ′ = 0 with Ψ ′( r = rf , t) = −[
xf (t) − x̄f

]
and x → +∞: Ψ ′ = 0 (4d)

3. Nondimensional equations

From now on we will use nondimensional variables,

u±/ū− → u±, (p± + ρ±gx)/ρ−ū2− → π±, m/ρ−ū− → µ, r/lf → r, t ū−/lf → t (5)

The model defined by Eqs. (1a,b) (2a–d) and (4a–) introduces two parametersF−1
r ≡ glf /ū2− andε ≡ ρ+/ρ−.

Within the quasi-isobaric approximation the reduced temperature at the front isθf = 1/ε. After introducing the
splitting a = ā + a′ whereā represents the steady planar solution, Eqs. (1a,b), (4d) and (2a–d) can be wr
nondimensional form as,
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∂u′−
∂t

+ ∂u′−
∂x

+ (u′− · ∇)u′− = −∇π ′−,
ε∂u′+
∂t

+ ∂u′+
∂x

+ ε(u′+ · ∇)u′+ = −∇π ′+, ∇ · u′± = 0 (6a)

with

x → −∞: u′− → 0 and x → +∞: boundedness condition (6b

�Ψ ′ = 0 with x → +∞ :Ψ ′ = 0 (6c)

r = rf :
(
u′− · n − u

′(f )
n

) = ε
(
u′+ · n − u

′(f )
n

) ≡ (1− i · n) + µ′, µ̄ = 1 (7a)

u− · t = u+ · t ⇒ (u′− · t − u′+ · t) = (1− ε)i · t/ε (7b)

π− − π+ = (1− ε)(1+ µ′)2/ε − F−1
r (1− ε)xf (7c)

Ψ ′ = −(xf − x̄f ), and 1+ µ′ = n · ( i + ∇Ψ ′) (7d)

the last equation (7d) is the nondimensional form of Eq. (2d).

4. Ordering and scaling laws in the limit ε → 0

The linear stability analysis provides us with the ordering in the limitε → 0 [4]. Considering 2D perturbation
for simplicity and choosing the origin of thex-axis at the unperturbed front, the equation of the perturbed abl
front is expressed asx = xf (y, t). Using a normal modes decompositionxf = x̃f (k)eik·y+σ t with k ≡ |k|, any
perturbed field can be written asa′(x, y, t) = ã(x, k)x̃f (k)eik·y+σ t , µ′ = µ̃(k)x̃f (k)eik·y+σ t . The solution of the
linearized equations (6a–b) can be expressed in terms of three constants of integrationŨ−, Ũp+ andŨr+ as,

ũ− = Ũ− ekx, π̃− = −σ + k

k
Ũ− ekx (8a)

ũ+ = Ũp+ e−kx + Ũr+ e−εσx, π̃+ = εσ − k

k
Ũp+e−kx, ik · v± = −∂u±/∂x (8b)

whereŨp+ andŨr+ represent respectively the potential and rotational part of the downstream flow. The s
of Eqs. (6c) and (7d) yields

µ̃(k) = k wherek ≡ √
k · k (9a)

The constants are obtained from Eqs. (7a–b),

Ũ− = k + σ, (k − εσ )Ũr+ = +2k(σ + k), (k − εσ )Ũp+ = 1− ε

ε
k2 − 2kσ − (εσ 2 + k2) (9b)

Finally, by using Eq. (9b) and substituting Eqs. (8a–b) and (9a) forπ± andµ′ into Eq. (7c), the following dispersio
relation is obtained,

(1+ ε)σ 2 + 4kσ −
[
F−1

r (1− εk) − 1+ ε

ε
k2

]
= 0 (10a)

For smallε, the reduced marginal wave number and the reduced maximal growth rate are of orderεF−1
r and

ε1/2F−1
r respectively. Introducing two quantities of order unityκ ands,

k ≡ εF−1
r κ, κ = O(1), σ = ε1/2F−1

r s, s = O(1) (10b)

the dispersion relation (10a) takes the simple forms2 − [κ − κ2] = 0 at the first approximation in the limitε → 0.
The order of magnitude of the nondimensional flow fields, expressed in terms of the nondimensional am

of the perturbed ablation frontx , are obtained from (8a,b) and (9a,b),
f
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µ̄ = 1, µ′/xf = O
(
εF−1

r

)
, u′−/xf = O

(
ε1/2F−1

r

)
, π ′−/xf = O

(
F−1

r

)
(11a)

u′+/xf = O
(
F−1

r

)
, π ′+/xf = O

(
F−1

r

)
(11b)

Notice that, according to Eqs. (9b) and (10b), the rotational part of the downstream flow is smaller than the p
part by a factorε1/2. We show in the next section that this is also true in the nonlinear case.

5. Nonlinear theory in the limit ε → 0

Considering length and time scales of the same order of magnitude as the most linearly amplified wa
(and its linear growth time), the nondimensional coordinates useful for solving the nonlinear problem are, ac
to Eqs. (5) and (10b),

ξ ≡ (
εF−1

r

)
r/ lf , τ ≡ (

ε1/2F−1
r

)
ū−t/ lf (12a)

In this system of coordinates,τ andξ = (ξ, η) whereξ andη are the longitudinal and transverse coordinates,
coordinates of the ablation front will be denoted byξ

f
, solution of the unknown equation of the frontf ( ξ

f
, τ ) = 0.

Considering corrugations of the ablation front with amplitude of the same order of magnitude as the most
amplified wavelength, nondimensional quantities of order unity in the limitε → 0 are introduced from Eqs. (5
(11a,b) and (12a),

m/ρ−ū− = µ(ξ
f
, τ ), u′−/ū− = ε−1/2U ′−( ξ , τ ), π ′− = ε−1Π ′−( ξ , τ ) (12b)

u
(f )
n /ū− = ε−1/2U

(f )
n , u′+/ū− = ε−1U ′+( ξ , τ ), π ′+ = ε−1Π ′+( ξ , τ ) (12c)

The Euler equations (1a) and (6a) yield[
∂

∂τ
+ ε1/2 ∂

∂ξ

]
U ′− + (U ′− · ∇̃ )U ′− = −∇̃Π ′−, ∇̃ · U ′− = 0 (12d)[

ε1/2 ∂

∂τ
+ ∂

∂ξ

]
U ′+ + (U ′+ · ∇̃ )U ′+ = −∇̃Π ′+, ∇̃ · U ′+ = 0 (12e)

where∇̃ denotes the spatial derivative with respect toξ = (ξ, η). Eqs. (12d) express that the unperturbed flow
negligible upstream and the perturbed flow is quasi-steady downstream in the first approximation.

According to Eqs. (11a,b), the normal velocity of the perturbed frontu
(f )
n and the perturbations of the upstrea

flow velocity u′− are larger than the ablation velocityū− by a factorε−1/2, but smaller than the perturbations
the downstream flow velocityu′+ by a factorε1/2.

From now on, we will consider only the leading order term in the limitε → 0. According to Eqs. (7a) mas
conservation across the ablation front leads to,

n · U ′−|ξ=ξ
f

= U
f
n , n · ( i + U ′+)|ξ=ξ

f
= 1+ µ′ (13a)

The first equation is the same kinematics condition as in the RT problem; to first order, the ablation vel
negligible in front of the upstream flow velocity. Together with the second equation (7d) (conservation of
at the front) the last equation (13a) yields,

n · U ′+|ξ=ξ
f

= n · ∇̃Ψ |ξ=ξ
f

(13b)

whereΨ = εF−1
r Ψ ′ so that∇Ψ ′|r=rf

= ∇̃Ψ |ξ=ξ
f
.

On the other hand, according to the first equation (7d),t · ∇̃Ψ |ξ=ξ
f

= −i · t , together with the second equ

tion (7b),t · U ′+|ξ=ξ
f

= −i · t , one gets,

t · U ′ | = t · ∇̃Ψ | (13c)
+ ξ=ξ
f

ξ=ξ
f
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Eqs. (13b–c) then show that the downstream flow is potential at the ablation front,

U ′+|ξ=ξ
f

= ∇̃Ψ |ξ=ξ
f

(14a)

Since, according to the Euler equations (12e) for constant density, vorticity is simply convected downstre
cannot be created elsewhere than across the ablation front, Eq. (14a) shows that the downstream flow is p

U ′+ = ∇̃Ψ (14b)

The flow is slaved by the thermal problem, in a way similar to the planar wave in the quasi-isobaric approxi
Without perturbations atξ = −∞, the upstream flow is also potential,

U ′− = ∇̃Φ. (14c)

The Euler equations (12d,e) may then be written in the simple form

∂

∂τ
U ′− = −∇̃[

Π ′− + |U ′−|2/2
]
, ∇̃ · U ′− = 0,

∂

∂ξ
U ′+ = −∇̃[

Π ′+ + |U ′+|2/2
]
, ∇̃ · U ′+ = 0 (15a)

leading to the following Bernoulli equations,

Π ′− = −∂Φ/∂τ − |∇̃Φ|2/2, Π ′+ = −∂Ψ/∂ξ − |∇̃Ψ |2/2 (15b)

where two functions of time have been omitted and are incorporated in the definition of the potentialsΦ andΨ .
According to Eq. (7c), the leading order of the pressure jump may be written as,

[Π ′− − Π ′+]ξ=ξ
f

= (1+ µ′)2 − 1− (ξf − ξ̄f ) (15c)

6. Final result

To first order, the nonlinear problem reduces to a free boundary problem,f ( ξ
f
, τ ) = 0, consisting in solving

two potential flows with a boundary condition (15c) at the front written, according to Eqs. (15b) and the s
equation (13a), as[

−∂Φ

∂τ
+ ∂Ψ

∂ξ
− |∇̃Φ|2

2
+ |∇̃Ψ |2

2

]
ξ=ξ

f

= [
n · ( i + ∇̃Ψ )|ξ=ξ

f

]2 − 1− ( ξ
f

− ξ̄
f
) · i (16a)

wherei is the unitary vector in the direction of the acceleration (opposite direction to the energy flux prescr
downstream infinity). According to Eqs. (7) and (15a) the two velocity potentials are solutions of

�̃Ψ = 0 with ξ → +∞: Ψ = 0 and Ψ |ξ=ξ
f

= −( ξ
f

− ξ̄
f
) · i (16b)

�̃Φ = 0 with ξ → −∞: Φ = 0 and n · ∇̃Φ|ξ=ξ
f

= U
f
n (16c)

whereU
f
n is the normal velocity of the front. The last equation (16c) is a purely kinematical condition in w

the ablation velocity is negligible in the limitε → 0.
When the equation of the front may be written in the formξ = ξf (η, τ ), the reduced normal velocity is defined

U
(f )
n = (∂ξf /∂τ)[1+(∂ξf /∂η)−2]−1/2, and the relationn ·( i+∇̃Ψ )|ξ=ξ

f
= [1+∂Ψ/∂ξ |ξ=ξf

][1+(∂ξf /∂η)2]1/2

is obtained by using the second equation (13c). The linear solution is then recovered from Eq. (16a), b
∂ξ /∂τ ≈ ∂Φ/∂ξ | andn · ( i + ∇̃Ψ )| ≈ 1+ ∂Ψ/∂ξ | .
f ξ=0 ξ=0 ξ=0
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Fig. 2. Two-dimensional solutions of Eqs. (16) at various times.
The initial condition isΦ(ξ,η, τ = 0) = 0 and a sine-mode for
ξ(η, τ = 0) corresponding to the most linearly instable wave
numberk = 0.5εg/ū2−(κ = 0.5) with amplitude 0.01/k. At time

t = 12.5ε−1/2ū−/g(τ = 12.5), a singularity of the slope ap-
pears at the inflexion point on the side of the spike.

Fig. 2. Évolution de la surface d’ablation au cours du temps à
partir d’une perturbation initiale sinusoïdale dont la longueur
d’onde est linéairement la plus instablek = 0,5εg/ū2−(κ = 0,5)

et dont l’amplitude vaut 0,01/k. On observe une singularité de
pente qui se développe au point d’inflexion sur le côté de l’ai-
guille au tempst = 12,5ε−1/2ū−/g(τ = 12,5).

Fig. 3. Two-dimensional solutions of Eqs. (16) at various times. The
tial condition isΦ(ξ,η, τ = 0) = 0 and a sine-mode forξ(η, τ = 0) cor-
responding to the wave numberk = 0.1εg/ū2−(κ = 0.1) with amplitude

0.01/k. At time t = 21.5ε−1/2ū−/g−(τ = 21.5), a singularity of the slope
appears at the inflexion point on the side of the spike.

Fig. 3. Évolution de la surface d’ablation au cours du temps à
tir d’une perturbation initiale sinusoïdale dont la longueur d’onde
k = 0,1εg/ū2−(κ = 0,1) et dont l’amplitude vaut 0,01/k. On observe une
singularité de pente qui se développe au point d’inflexion sur le côt
l’aiguille au tempst = 21,5ε−1/2ū−/g−(τ = 21,5).

7. Discussion and perspectives

The only parameter left in Eqs. (16) is the sizeL of the box, or in nondimensional form, the inverse o
Froude number,(ρ+/ρ−)gL/2πū2−, which measures the number of linearly unstable modes. We present
preliminary numerical results for two-dimensional periodic solutions of Eqs. (16) obtained thanks to the bo
integral method used recently for the Rayleigh–Taylor instability with a unity Atwood number [7]. The r
concern two wave numbersκ = 0.5 (the most linearly amplified one with the reduced growth rates = 0.5) in
Fig. 2 andκ = 0.1 (s = 0.3) in Fig. 3. We start with a sine-mode whose amplitude equals wavelength/(200π). The
formation of bubbles and spikes is exhibited soon after few characteristic linear growth times, typically six.
time aboutτ = 15 forκ = 0.5 andτ = 30 forκ = 0.1, the bubble velocity reaches the same value as for the clas
Rayleigh–Taylor instability with a unity Atwood number (without ablation). Using a Layzer-type approach
may be easily shown directly from Eqs. (16) that the asymptotic velocity of the bubble is effectively

√
g/3k.

A singularity in the slope appears in the numerical simulations atτ = 12.5 for κ = 0.5 andτ = 21.7 for κ = 0.1.
The overall shape looks similar to the one obtained by Sanz et al. [3]. It is not yet clear that the following
in theε expansion and/or additional curvature terms could regularize the singularity. However, as shown in
and 3, the numerical simulations have been carried out beyond the occurrence of the singularity witho
trouble by smoothing out the cusp. The tip of the spike is strongly affected by ablation. Its acceleration in
and seems to approachg after a time delay longer than in the Rayleigh–Taylor case. Except in the neighbo
of this tip, the shape of the front is similar to the solution of the classical Rayleigh–Taylor instability with a
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Atwood number. The relevance of the model and of the numerical results for such large amplitude of the
in Figs. 2 and 3 is questionable. Further studies are under investigations to clarify the situation [8].

It is worth recalling that in real experiments in ICF the duration of implosion is typically 10 times the char
istic growth time of the most amplified wavelength. This corresponds here toτ ≈ 20. Concerning real experiment
reliable predictions require further investigations. There are two competitive geometrical effects that are
cluded in the present analysis; ablation consumes the spike while implosion amplifies the disturbances (Bel
effect). The first one may be taken into account by pushing the analysis to the following order, and the sec
is not difficult to be included provided that the wavelength remains small compare to the radius, which is
tively the case. The present work will be extended to include these effects in the near future. Another pro
be addressed with our approach is the wavelength selection when starting with a distributed spectrum
disturbances.
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