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Abstract

The goal of this Note is to give a rigorous justification of the compressible Reynolds model for gas lubrication, via asymptotic
analysis. We start from the equations of motion of compressible viscous fluid in a thin domain and study the limit as the domain
thickness tends to zero. At the limit we find the known engineering model. The key of the proof is the strong convergence for
the pressure obtained by its decompositiimcite this article: E. Marus¢-Paloka, M. Stacevig, C. R. Mecanique 333 (2005).
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Résumé

Justification rigoureuse d’équation de Reynolds pour lubrification par gaz.Le but de cette Note est de donner une
justification de modéle de Reynolds compressible via une analyse asymptotique. A partir des équations de mouvement d’un
fluide visqueux compressible dans un domaine mince nous étudions la limite lorsque I'épaisseur du domaine tend vers 0. A la
limite nous trouvons un modéle de Reynolds compressible. La clé de la preuve est la convergence forte de la pression obtenue
par la décompositiorPour citer cet article : E. Marus¢-Paloka, M. Stacevic, C. R. Mecanique 333 (2005).
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Version francaise abrégée

Un coussinet est un appareil consistant des deux surfaces en mouvement relatif et une échappée entre eu
remplis par un fluide visqueux (lubrifiant). Les différences principales des coussinets lubrifiés par un fluide com-
pressible (un gaz) par rapport a ceux lubrifiés par un fluide incompressible (un liquide) sont la viscosité et I'écarte
entre des deux surfaces en question, qui sont tout les deux, en général, beaucoup plus petits. Les exemples le plL
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communs des appareils lubrifiés par un fluide compressible sont des disques durs dans des ordinateurs ou de
bandes magnétiques des magnétophones, ou le fluide est I'air pure. Dans cette Note nous cherchons des équatiol
macroscopiques gouvernant I'écoulement de cette couche mince de fluide visqueux et compressible, lubrifiant un
coussinet, par une analyse asymptotique rigoureuse.

A partir des équations de Navier—Stokes compressibles, isothermiques et linearisés dans un domaine mince

Qo={x=0" x) €eR" ;X' =(x1,...,xp-1) €O, 0 < x, <eh(x)} 0O c R"~1 est un domaine borné
—uwAuf — (A 4+ pw)Vdivu®) + Vp® =0, div(p’u®) =0 dans2, Q)
u®*=0 pourx,=¢eh(x’), u®*=V pourx,=0, u®=w, pourx €dO 2

pourw, vérifiant des conditions de compatibilité décrit dans la version anglaise. Nous cherchons la limitedorsque
I'épaisseur de la couch@, tends vers 0. A la limite nous trouvons des équations de Reynolds compressible :

_ 1 In
U—_ZYn(h_Yn)vx’P_'_ <1_ h(x/))v 3)
h(x") h(x")
divx/<P / U(x’,é)d&) =0 dansO, P( / U(x/,g)dfg) -n=0 surdO 4)
0 0

ce qui donne leur justification rigoureuse.
Nous écrivons, tout d’abord, le probleme (1), (2) sur un domaine fixe

={&, ) eR" X' =(x1,..., x-1) €O, 0 <y, < h(x)}
en utilisant une variable dilatég = x,,/¢. Nous désignons par
US(x', yn) =u® (X eyn), PO, yn) = P (X', &, )
et (1) prends la forme suivante

92U 92U I P*
—u( @ 4 2A Ug)—(k+u)<8—”+ Z—dlvx U5>+82 =0, a=1...,n—-1 (5)

dy2 0y, 0xg 0xy 0xy
82U‘° ) d2U¢ 3 3P
— AgUS ) — (A div, U® =0 6
u<82+e ) (+u)<82+88 )+88y,, (6)
o(PeU? . .
G +edivy (PEUS) =0 inf2 (7)
dYyn
uAU =TT Tl dive U= Yot e etV P =Y i,

Le résultat prmmpal de cette Note peut s’écrire sous la forme suivante :

Théoréme 0.1.

aU*® N oU
dyn dyn
&?p® — P dansL?($2) fort

Ut —~U, dansL?(2) faible

ou (U, P) est une solution unique du problérf8).

Pour la preuve nous dérivons d’abord des éstimations a priori (13) ce qui donne la convergence faible de une
sous-suite d&U*?, €2 P?). Ca ne suffit pas de passer a la limite dans I'équation de continuité. La clé de la preuve
est la convergence forte @éP¢ obtenue dans les Lemmes 4.2 et 4.3 par la décomposition (17).
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1. Introduction

Fluid film bearings are the machine elements consisting of two (in our case rigid) surfaces in relative motion
and a thin gap between them filled by a fluid (lubricant). We are interested in studying the equations governing
that thin fluid film. In our model, one of those surfaces is rough and the shape of its asperities plays an important
role in our study. Another important feature are the physical properties of the fluid. In this paper we are interested
in case when the fluid is not a liquid but a gas, in most applications, a clean dry air. There are several differences
in qualitative behavior of gases compared to liquids, mainly: compressibility and small viscosities. In general, gas
bearing operates with higher velocity and smaller clearance ratio than the liquid one. Although the gas viscosity is
small (typically of order 10°) we rarely have to consider the turbulence. In fact, due to the small typical length (gap
thickness smaller than 1 um is not uncommon) the Reynolds numbers are usually smaller than 100 (see e.qg. [1]).
The most common examples where the gas lubrication appears are computer hard discs, magnetic tapes and son
high precision measuring devices. To fix the ideas we give some details in case of magnetic hard disc. The model
describing such situation was formally derived in [2]. Two surfaces, in that case are the disc and the magnetic head.
The hard disc surface is artificially roughened in order to control the interfacial static force. In order to get higher
recording density and, therefore, improve the performance of the recording device, the gap between two surfaces
(flying height) is very small. For a present hard-disc the distance between the disc and the head ranges betweer
5 and 20 nanometefsThe typical speed of such device is between 5000 and 10000 rounds per minute (usually
smaller for notebooks then for desktop computers). With disc radius of 5-10 cm it gives the characteristic velocity
between 20 and 100 . Hard discs have a small pressure-equalization port keeping the internal pressure equal
to the external so that the characteristic pressure is between 1000 and 1020 m bar. The typical dry air density is
1.2 kg/m?3. Dry air viscosity equals.8 x 10~° kg/ms. Recommended operating temperature, for most drives, is
from 35 to 40 Celsius. In the above situation the Reynolds nufiveuld be of order 102, i.e., deeply in the
laminar regime. In fact, in such circumstances it would not be unreasonable to neglect the effects of inertia.

As in the case of incompressible fluids, the lower dimensional model for describing the process of lubrication by
compressible fluid, called the compressible Reynolds equation, has been first derived in the engineering literature,
as for instance [3,2,4,1].

The obtained heuristic model has been extensively studied in the mathematical literature [5].

The rigorous justification, by asymptotic analysis of the Navier—Stokes system, for the Reynolds model for
incompressible fluids (liquids) has been done almost 20 years ago in [6]. However, no results of that kind for
compressible fluids are known to us. The basic difference is that the weak convergence method used in [6] does
not pass directly here due to the nonlinearity of the continuity equation.

The goal of this Note is to derive the isothermal Reynolds model for gas lubrication using the rigorous as-
ymptotic analysis. We were inspired by methods from [7] where the asymptotic analysis of the compressible flow
through a periodic porous medium was performed.

2. Position of the problem
To derive the model we start from the equations of motion governing the compressible, stationary flow through
a thin domain with thickness described by the shape functién
2, ={x="x) eR"; X' =(x1,...,x,-1) €O, 0<x, <h(x)}

where® c R"~1 is a bounded smooth domain ahd® — R is a smooth function such that there exist two
constantsiyy, h,, > 0 satisfyingh,, <h(x") <hy.Letl,={x = (', x,) €eR"; x' = (x1,...,x,.1) €00, 0<
x, < eh(x")} be the lateral boundary. We shall also need rescaled domain and it's lateral boundary

11000 to 5000 times thinner than a human hair.
2 that obtained by taking the flying height as a characteristic distance
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Q={(" y)eR"; x'=(x1,...,x,-1) €0, 0< y, <h(x"}
F={&"y)eR" x'=(x1,...,x-1) €90, 0< y, <h(x"}

The unknowns in the model aré — the velocity,p® — the pressurey® — the density. We suppose that the fluid is
viscous and compressible and that the flow is stationary. As usual, we use the ideal gas IﬁwwhereT is

the temperature [K] and is the gas constant [#g K] (equal to 287.05 for dry air). Typically, in the engineering
literature, the temperature variations in the thin film are treated as negligible (see e.g. [3,4,1]) and the temperature
is supposed to be constant, i.e. equal to the ambient temperature. Thus, we suppose that the flow is isotherma
and, consequently, verifying the simple pressure—density relatica a. p*, wherea, = T, R > 0 is a constant.

To get an idea, at the room temperature (between 20 an@R&nd typical atmospheric pressure between 1000

and 1020 mm bar, the value of would be of order 12 We also neglect the inertial term, i.e. we assume that

the Reynolds numbdRe « 1. The total quantity of the fluid in the domain is prescribed and equadto- O,

i.e. M, = st pf(x)dx. For the two constants, and M, we assume that limsup g e2a, M, /|R2,| < oo. In case

of magnetic hard disc, described in the introduction, the above condition is fulfilled, sineefa0—° we have
e%a, M, /82| = 10713, The velocity of the relative motion of two surfaces is denoted/hy H}(O)". Of course,
we assume that | e, withe, = (0, ..., 0, 1). Our system can then be expressed:

—uAu® — (A +p)Vdivu®) +Vp? =0, div(p’u®)=0 ing2, (8)
u®=0 forx,=¢ch(x’), u*=V forx,=0 u®=w, onrl} 9)

On the lateral boundary we have prescribed the value of the velogityWe suppose, for simplicity of this Note,
that the normal componemt- w, = 0 on I';. We assume in addition that it has the form(x) = w(x’, x,,/¢),
wherew is an H! function on$2 satisfying the compatibility conditiom(x’, 0) = V, w(x’, h(x’)) = 0 and that
dive = Y57 Jhe + 3 =
The problem is solvable and admits a solutishe H1(£2,)", p¢, p¢ € L?(£2,) such thatp® > 0 and
fg p¢ = M,. The existence theorem for (8), (9) can be found in [8], Section 6.10, page 162 (except for the
non-homogeneous boundary condition and non-smoothness of the domain, but that is easy to handle in the absenc
of inertial term, due to the a priori estimate from Theorem 3.1).

3. A priori bounds

Theorem 3.1.There exists a constagt > 0 such that

|20,y < Ce|Vu'l 2o, < Cye (10)
M
e aeMe < Ce 32 (11)
1821 122,

Proof. As usual, we assume that the solutignis smooth and we use€ — w® as a test function in (8). We obtain

,u,/|Vu8|2+(k+u)/|diVuS|2+/Vp£u£=M/Vu6Vw£
Q2 ¢

2 2

To eliminate the pressure term we use the standard ;F;;kVp fg V(log p®)uf p? = —fg log p¢ x
div(p®u®) = 0. The integral on the right-hand side can be estimated d|rectly using the farm ©hat |mpI|es (10).
To prove (11), we define a functian € H}(£2,) such that

a:M.

|§2¢1

We can prove (see e.g. [9]) that there exists at leastpsatisfying the estimate

divz, = p°® — in £2,, ze=0 0nas,
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asM,
[£2¢ |

&

Pt —

IVze |L2(_QS) < cet

L2(£2)
Using such, as a test function in (8) and applying (10) proves the pressure estimate (11).

4. Asymptotic analysis

We first rewrite the problem on the fixed domahby change of variables. We define
U(x', yn) =u® (X', eyn), PE(x", yn) = p*(x', eyn) (12)

We can then write Eq. (8) in the form (5), (7).
We deduce from Theorem 3.1 and hypothesiaaW,, the following estimates fob/¢ and P¢

oU®
A

<C, |VoUflpag) <Ce™ €%|Pfl 20 < C (13)

|U€|L2(_Q) <C, ‘
L2(82)

4.1. Passing to the limit

Using the estimates (13), we conclude that there eiist Y (2) = (W e L2(22)"; ¥ ¢ L2(£2)"} and

dyn
P € L?(0) and a subsequences, denoted for simplicity by the same sy#ibRl o, { P*}.~0 such that

aU¢ oU .
Ut —~U, —~ —, 2P~ P weaklyinL?) (14)
dyn oyn
Furthermore
Ux',00=V, U(x/,h(x/)) =0 (15)

We can now prove that

Proposition 4.1.The limit functiond/ and P satisfy the Reynolds equation

1 Yn
U=——y,(h—y)VuP+[1— Vv 16
onth = ¥ep o+ (1= 2 ) (16)
FurthermoreP € H1(0).

Proof. Multiplying (6) by ¢ and taking the limit implies thaP does not depend oy,. To prove (16) we use (14)
to pass to the limitin (5). Le¢ € C3°(£2)" be such thaty,, = 0. Then

/Pdivxm/f <—/82P5divxxl/f
22

22
oU?® o oU®
ZM/ w+M/Vx/USVX/1//‘~I—8()\.+M)/( yn
2 2 2 "

div, U? ) divy
Oyn Oyn 0 ey ) i

N [ AU 3y
o 0yn Oyn
2
Thus—u%{ + V. P = 0. Taking into account boundary conditions (15), we prove (16)UAs L2($2) we have
Jr U, £)ds € L(O) and we geV P € L2(O).
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The estimates (10) and (11) imply the weak convergence (14) of (sub)sequences of solitiarfs?) per-
mitting the passage to the limit in the momentum equation (5). However, that is not enough to pass to the limit in
the continuity equation (7) since we have there a product of two weakly convergent sequences. The idea is to prove
the strongL?(£2) convergence for the pressure. To do so, we decompose it in two parts:

h
FE:%/’”(xZé)ds, n°*=p°-pP° O (17)
0

Lemma 4.2.There exists a constadt > 0, depending o2 but not one, such that

82/(1”8 — P*)p| < C(ell 2o + 83|Vx’§0|L2(9))
2

foranyp € H3(£2).

Proof. Using (6) we have

2<8P8 ¢>‘<c< ov” + 2|V U?| >‘a¢ + Ce3|V, U?) Vool
& NS I & ’ 2 —_— & ’ 2 ’ 2
dyn n L2(02) TEE@D ] gy, L2(2) T eI
3
<Ce| 2| VBl
IWnlr2(2)

We now putp (x', y,) = [3" ¢(x',s) ds so that
&
82<8P ¢>=—82f(P8—F8)¢
2

Oy
implying the claim. O

It remains to prove:

Lemma 4.3.Let {P?}.~0 be the weakly converging subsequence from Propositiband letP € H(O) be the
Reynolds pressure satisfyift). Let P¢ be defined by17). Thens2P? — P strongly inL?(0).

Proof. We prove that for any weakly converging sequefgg}.~o, ¥. — ¥ in L2(0), we have
/82F81/f8 — f Py.
o o

In fact, we may assume, without loosing generality, thay = |©O|~1 Joo ¥e(x") dx” = 0. That will imply the claim.
So, let{y.}.~0 be an arbitrary sequence lrg((’)), where the subscript 0 stands for the zero mean vajue 0,
such that

Ye = weakly inL3(0)

For eache > 0 there existsv, € H&((’)) such that
divw, =¥,

and that the following estimate holds (see e.g. [9])

|sz|L2((9) < C|1/fs|L2((9)
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Thus, up to a subsequence,
Vw, — Vw weakly inL?(0), we — w strongly inL2(O)

wherew € H3(0)"~1is such that diw = . Lety € C1(2), p(x’, 0) = p(x", h(x")) = 0. Usingw, (x" )¢ (x', y»)
as a test function in (5), (6) (assuming that its last component equals zero), we obtain

&

aU?¢ 0
2y f Vo UV (wep) + f w 4
2

e +e%(h+ ) / div, U divy (we9)
A dyn Oyn P

d d
—8(k+M)/U,fwsa(p —s<x+u>/U,fwsvx/ay“’ =82fP8w8¢+82fP8w5vx/w
2 2

Yn n
2

The left-hand side tends to

h h
AU 3¢ 92U
2 w=—p | wp—=— [ VyPwep= [ Py [ o]+ [ Pw| [ Vve
0yn dyn ayg
2 2 2 O 0 O 0

Thus, we conclude that

h

EZfPSwEngPw(/w) 18)
@

2 0

Let 25 = O x 10,8[, 25 ={(x", y») €R"; x' € O, h(x) — 8 < y, < h(x")} and let2; = 2" U ;. We choose
ns € C1(82) such thatys <1 0ons2, ns =1 0n2\2s, ns =0 on.Qg;z U £2;,,. Now

2
S &P L2y Vel L2gay) + P12y ¥ |12y

‘/(SZP’E% — PY)(L—ns)
2

Since
8 h
|1/f8|i2(95) :fws(x/)2</ dy, + / dyn> <25|1/fs|L2((9) <C$§
o 0 h—38
we obtain

<CV8

/ (e2PEyre — PY)(1— ns)
2

That estimate is uniform ia so that

/ (e2PFy, — Pvf)' < / (2P* e — Py )s| + €5
2 2

Sinces is an arbitrary positive number, using (18) we conclude that

/(gzpﬂ/fe —Py)|=0

2

Finally we concludef, e2P*hyy® — [, Phy so thate? P; — P strongly inL?(0). O

lim

e—0
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Theorem 4.4.Let (u%, p®) be the solution of the equations of moti@), (9) and letU*?, P¢ be defined from it by
change of variable§l2). Then

(U®,e2P®) — (U, P) weakly inY (£2) x L%(£2) (19)
where(U, P) is a unique solution of the compressible Reynolds equations
Uz—iyn(h—yn)VX/P+<1— e )v (20)
2u h(x")
div, (PU)=0 inQO, PU-n=0 onaO (21)

andU () = [i* U, &) de.

Proof. It remains only to pass to the limit through the continuity equation. That will prove that the(limiP)
is a solution to (20). Since (20) has a unique solution (see [5]), the whole sequences converge and not only the
subsequences. Using (19) we obtaingos C3°(O)

0:/82P£U8-Vx/¢=/52F5U£-VX/(p—i—/Vx/(p(sng —e?PoHUF
2 2 2

where the first integral on the right-hand side convergegt®U - V¢ and the second to zero, since, due to
Lemma 4.2

/Vx/(pSZ(PE — Fg)l]‘E é C8|U£|L2(_Q) + C83|VX/U8|L2(_Q) -0
2
Thus div (PU)=0. O
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