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Abstract

The thermocapillary motion of two bubbles near a plane solid wall at uniform temperature is investigated by solv
boundary integral-equations. Preliminary computations show that wall–bubble interactions dictate the migration of eq
bles with line of centers parallel to the wall.To cite this article: A. Sellier, C. R. Mecanique 333 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur la migration thermocapillaire d’une paire de bulles en présence d’une paroi plane rigide. Le mouvement ther
mocapillaire de deux bulles au voisinage d’un plan solide isotherme est obtenu par résolution de cinq équations inté
frontière. Les calculs présentés montrent que les interactions paroi–bulle pilotent en première approximation le mouv
deux bulles de mêmes rayons placées à des distances identiques du plan.Pour citer cet article : A. Sellier, C. R. Mecanique
333 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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1. Introduction

A single spherical bubble with radiusa and temperature-dependent surface tensionγ (T ) of constant slope
γ ′ = dγ /dT migrates [1] when freely suspended in a Newtonian fluid of uniform viscosityµ and subject to a
uniform temperature gradient∇T∞ at the velocityU = −aγ ′∇T∞/[2µ]. This velocity is affected in presence
other bubbles or boundaries and pure bubble–bubble and wall–bubble interactions have been thus invest
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Fig. 1. A two-bubble cluster near the hot(∇T∞ · e2 < 0) x2 = 0 plane solid wallΣ : (a) an arbitrary cluster withO1O2 · e3 = 0; (b) the case o
two equal bubbles(a = a1 = a2) with O1O2 ∧ e1 = 0.

Fig. 1. Paire de bulles au voisinage d’un plan solideΣ (x2 = 0) chaud (∇T∞ · e2 < 0) : (a) cas d’une configuration arbitraire av
O1O2 · e3 = 0 ; (b) cas de deux bulles identiques(a = a1 = a2) telles queO1O2 ∧ e1 = 0.

several bubbles in absence of boundary [2–5] and one bubble near a plane wall [6–8]. In addition, [9] ad
combined wall–bubble and bubble–bubble interactions for two equal bubbles assumed to move parallel t
close wall. This work deals with the general case of a 2-bubble cluster in the vicinity of a plane solid
uniform temperature, i.e. when the velocity of each bubble is allowed to be non-tangent to the wall.

2. Advocated boundary-integral approach

We adopt Cartesian coordinates(O,x1, x2, x3) with x = OM, xk = x · ek (see Fig. 1(a)) and consider tw
spherical bubblesPn (n = 1,2) with centerOn, radiusan and surfaceSn, freely suspended in a Newtonian liqu
of uniform viscosityµ above thex2 = 0 plane solid wallΣ and subject to a uniform ambient temperature grad
∇T∞ normal toΣ .

The non-conducting surfaceSn has normaln = OnM/an and temperature-dependent surface tensionγn with
γ ′
n = dγn/dT uniform. The bubblePn translates, with respect toΣ , at the unknown velocityU(n) and the liquid ex-

periences in the fluid domainΩ velocity, pressure and disturbed temperature fieldsu,p andT∞ +T ′, respectively.
For vanishing Reynolds and Marangoni numbers,T ′ and the flow(u,p) with stress tensorσ obey [6]

∇2T ′ = ∇ · u = 0 and µ∇2u = ∇p in Ω; (∇T ′,u,p) → (0,0,0) as|OM| → ∞ (1)

∇T ′ · n = −∇T∞ · n, u · n = U(n) · n, σ · n − [n · σ · n]n = −γ ′
n∇[T∞ + T ′] onSn (2)

u = 0 and T ′ = 0 onΣ,

∫
Sn

σ · n dS = 0 for n = 1,2 (3)

Note that∇[T∞ + T ′] ∧ n = 0 on eachSn whereas the integral conditions in (3) hold because the bubble
freely suspended. SettingU(n)

k = U(n) · ek and selectingO1O2 · e3 = 0 yields U
(1)
3 = U

(2)
3 = 0 for symmetry

reasons. Mimicking [4], we introduce forn = 1,2 andi = 1,2 four Stokes flows(u(n)
i , p

(n)
i ) with stress tensorσ (n)

i

subject to (1) and the conditions

u(n)
i = 0 onΣ, σ

(n)
i · n = [

n · σ (n)
i · n

]
n and u(n)

i · n = δnmei · n onSm (4)

with δnm the Kronecker Delta, and (forn,m, i andj in {1,2}) the associated coefficients

A
(n),(m)
ij =

∫
Sm

(ej · n)
(
n · σ (n)

i · n
)
dS (5)

Extending the treatment advocated in [4], (1)–(3) then yield for the unknown generalized velocityX = (U
(1)
1 ,

U
(1)

,U
(2)

,U
(2)

) the following key linear 4-equation system
2 1 2



638 A. Sellier / C. R. Mecanique 333 (2005) 636–641

tted) and

.
s

al

)
ith
2∑
m=1

2∑
j=1

A
(n),(m)
ij U

(m)
j =

2∑
m=1

∫
Sm

γ ′
m

(
δnmei − u(n)

i

) · ∇[T∞ + T ′]dS, n = 1,2; i = 1,2 (6)

The system (6) has a real-valued, symmetric and negative-definite matrix (for conciseness the proof is omi
therefore admits a unique solutionX readily obtained by solely evaluating∇[T∞ + T ′],u(n)

i andn · σ
(n)
i · n on

S = S1 ∪S2. In order to calculate such quantities we first use the second Green identity forT ′ governed by (1)–(3)
Denoting byx′(x1,−x2, x3) the symmetric of a pointx(x1, x2, x3) in Ω with respect toΣ one thus easily obtain
the following boundary-integral equation of the second kind

−4πT ′(x) +
∫

S\Sm

T ′(y)
(x − y) · n(y)

|x − y|3 dS(y) +
∫
Sm

[
T ′(y) − T ′(x)

] (x − y) · n(y)

|x − y|3 dS(y)

−
∫
S

T ′(y)
(x′ − y) · n(y)

|x′ − y|3 dS(y) =
∫
S

[∇T∞ · n](y)

[
1

|x′ − y| − 1

|x − y|
]

dS(y) for x onSm (7)

Inverting (7) providesT ′ onS and the vector∇[T∞ +T ′] is evaluated on eachSm by computing there the tangenti
derivatives ofT∞ + T ′. For any pair(n, i) we also look onS, whered = u(n)

i · n is given, ata = n · σ (n)
i · n/µ and

the tangential velocitya = u(n)
i − dn. Adopting henceforth the tensor summation convention for indicesk, l andp

in {1,2,3}, the Green tensorG′(y,x) = G′
kl(y,x)ek ⊗ el vanishing onΣ (i.e.G′

kl(y,x) = 0 for y · e2 = 0) and the
associated stress tensorT′(y,x) = T ′

klp(y,x)ek ⊗ el ⊗ ep are given by [10]

G′
kl(y,x) = δkl

|x − y| + [(x − y) · ek][(x − y) · el]
|x − y|3 −

{
δkl

|x′ − y| + [(x′ − y) · ek][(x′ − y) · el]
|x′ − y|3

}

− 2cl(x · e2)

|x′ − y|3
{
δk2(x′ − y) · el − δl2(x′ − y) · ek + (y · e2)

[
δkl − 3[(x′ − y) · ek][(x′ − y) · el]

|x′ − y|2
]}

(8)

T ′
klq(y,x) = 6[(x − y) · ek][(x − y) · el][(x − y) · eq ]

|x − y|5 − 6[(x′ − y) · ek][(x′ − y) · el][(x′ − y) · eq ]
|x′ − y|5

− 12cl(x · e2)

|x′ − y|5
{
δkq

[
(x′ − y) · el

][
(x′ − y) · e2

] − δl2
[
(x′ − y) · ek

][
(x′ − y) · eq

]

− (y · e2)

(
δkq

[
(x′ − y) · el

] + δkl

[
(x′ − y) · eq

] + δlq

[
(x′ − y) · ek

]

+ 5[(x′ − y) · ek][(x′ − y) · el][(x′ − y) · eq ]
|x′ − y|5

)}
(9)

with c1 = c3 = 1 andc2 = −1. Using the material in [11], the propertyσ (n)
i ∧ n = 0 on S and the conditions (4

then makes it possible to prove thata andak = a · ek (for k = 1,2,3) obey the boundary-integral equation (w
summations over indicesk, l andp){

8πal(x) −
∫
Sm

[
ak(y) − ak(x)

]
T ′

klp(y,x)np(y)dS(y) −
∫

S\Sm

ak(y)T ′
klp(y,x)np(y)dS(y)

+
∫
S

G′
kl(y,x)nk(y)a(y)dS(y)

}
el =

{
−8π[dnl](x) +

∫
S\Sm

[dnk](y)T ′
klp(y,x)np(y)dS(y)

+
∫ {[dnk](y) − [dnk](x)

}
T ′

klp(y,x)np(y)dS(y)

}
el for x onSm (m = 1,2) (10)
Sm
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Table 1
Comparisons with [6] (forM if λ = 0) and [2] (for(M,N) if δ = 0) using increasing numbersN1 = N2 of nodal points on each bubble. He
λ3 = 1/1.0811

Tableau 1
Comparaisons pourM si λ = 0 avec [6] et pour(M,N) si δ = 0 avec [2] en utilisant différents nombresN1 = N2 de points de collocation su
les bulles. Ici,λ3 = 1/1.0811

(M,N) (λ, δ) N1 = 74 N1 = 242 N1 = 530 N1 = 1058 [6,2]

M (0,0.2) 0.9664 0.9909 0.9943 0.9947 0.9950
M (0,2/3) 0.7724 0.7914 0.7943 0.7945 0.7948
M (0, λ3) 0.3388 0.3197 0.3139 0.3139 0.3145
M (0.2,0) 0.9726 0.9965 0.9998 1.0002 1.0005
N (0.2,0) −0.0002 −0.0005 −0.0005 −0.0005 −0.0005
M (0.6,0) 0.9852 1.0096 1.0130 1.0134 1.0137
N (0.6,0) −0.0124 −0.0135 −0.0137 −0.0137 −0.0137
M (0.9,0) 1.0194 1.0441 1.0479 1.0483 1.0486
N (0.9,0) −0.0464 −0.0485 −0.0485 −0.0486 −0.0486

In summary, the velocity(U(1)
1 ,U

(1)
2 ,U

(2)
1 ,U

(2)
2 ) is gained from (6) by solving five boundary-integral equatio

(7) and (10) forn = 1,2 andi = 1,2. As in [5], the numerical implementation uses 6-node isoparametric boun
elements onS with Nm nodes onSm and the linear systems resulting from (7) and (10) are solved by Gau
elimination.

3. Preliminary numerical results and discussion

This section presents numerical comparisons and new results for two equal bubbles(a1 = a2 = a) with γ ′
n <

0, η = γ ′
2/γ

′
1 andO1O2 · e2 = 0 (see Fig. 1(b)). This geometry is characterized by the positive wall–bubble

bubble–bubble separation parametersδ = a/OO1 · e2 < 1 andλ = 2a/O1O2 < 1. In addition, by linearity and fo
symmetry reasons, the normalized velocitiesv(n) = −2µU(n)/[γ ′

nan∇T∞ · e2] can be written:

v(1) = [M ′ + ηN ′]e1 + [M + ηN ]e2, v(2) = −[M ′ + N ′/η]e1 + [M + N/η]e2 (11)

with mobility coefficientsM,N,M ′ andN ′ depending upon(λ, δ). Forλδ = 0 bubbles move normal toΣ (M ′ =
N ′ = 0) and the computed values ofM for distant bubbles(λ = 0) and of(M,N) in absence of wall(δ = 0) are
compared with [6,2] forN1 = N2 nodal points in Table 1. Note that [6,2] resort to a quite different approach u
bipolar coordinates.

Clearly, using 530-node meshes yields a nice accuracy of order of 0.1%. Accordingly, we selectN = 530
when investigating combined wall–bubble and bubble–bubble interactions forδλ �= 0. The computed coefficien
M,N,M ′ andN ′ are plotted in Fig. 2.

As depicted in Fig. 2(a),M is positive, deeply sensitive to the wall positionδ and much less sensitive to th
bubble–bubble separationλ. Other coefficientsN,M ′ andN ′ are small in magnitude compared toM , negligible
for λ � 0.2 whateverδ and either positive or negative forλ > 0.2. Near the wall (forδ � 0.8) M is nearly constan
andM ′ andN ′ (not N) increase in magnitude withλ large enough. By virtue of (11) and Fig. 2(a) and (b),
velocitiesv

(n)
2 = v(n) · e2 are positive forη = O(1). By contrast, sinceM ′ and N ′ of comparable magnitude

satisfyM ′N ′ < 0 for δ large enough, as seen in Fig. 2(c) and (d), velocity componentsv
(n)
1 = v(n) · e1 will exhibit

a more subtle behaviour versus(λ, δ) and η. We illustrate this feature for two identical bubbles(a2 = a1 and
η = γ ′

2/γ
′
1 = 1) in Fig. 3.

As expected,v(1)
2 = v

(2)
2 weakly depends onλ (wall–bubble interactions are dominant for the motion norm

to Σ) and the velocity componentv(1) = −v
(2) parallel toΣ deeply depends on(λ, δ): it is negative far enough
1 1
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Fig. 2. CoefficientsM,N,M ′ andN ′ for δ = 0 (solid curves),δ = 0.4 (!), δ = 0.6 ("), δ = 0.8 (1) andδ = 0.9 (2). (a) M . (b) N . (c) M ′.
(d) N ′.
Fig. 2. CoefficientsM,N,M ′ et N ′ pourδ = 0 (courbes en traits pleins),δ = 0.4 (!), δ = 0.6 ("), δ = 0.8 (1) et δ = 0.9 (2). (a)M . (b) N .
(c) M ′. (d) N ′.

from Σ (δ = 0.4), positive close enough toΣ (δ = 0.9) and either zero at a critical spacingλc, positive for
distant bubbles(λ < λc) and negative for close bubbles(λ > λc) if δ = 0.6 or δ = 0.8. Forδ = 0.9 the monotonic
plot (dashed curve in Fig. 3(b)) ofv1, obtained as in [9], is due to quite different conditions:U

(n)
2 = 0 and (only)

[∫
Sn

σ ·n dS]∧ e2 = 0. Finally, note that two identical bubbles withδ � 0.4 at initial time will successively separa
each other and then approach as time evolves when moving toward a hot wall(∇T∞ · e2 < 0 with O1O2 · e2 = 0).
This behavior agrees with experiments [9].

4. Conclusions

For two equal bubbles(a1 = a2) with O1O2 · e2 = 0 it is found that combined wall–bubble and bubble–bub
interactions induce a weak velocity component parallel to the wall and that forγ ′ = O(γ ′) the migration is dictated
2 1
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Fig. 3. Normalized velocitiesvi = v(1)
i

for identical bubbles(a2 = a1, η = 1) with i = 1,2 andδ = 0 (solid curves),δ = 0.4 (!), δ = 0.6 ("),
δ = 0.8 (1), δ = 0.9 (2). (a)v2. (b) v1 with results obtained as in [9] forδ = 0.9 indicated by a long-dashed curve.

Fig. 3. Vitesses adimensionnéesvi = v(1)
i

pour des bulles identiques(a2 = a1, η = 1) si i = 1,2 etδ = 0 (solid curves),δ = 0.4 (!), δ = 0.6
("), δ = 0.8 (1), δ = 0.9 (2). (a)v2. (b) v1 avec aussi pourδ = 0.9 des résultats obtenus comme dans [9] et indiqués en traits pointillés.

by wall–bubble interactions: a bubble nearly moves as if alone near the wall. This latter property might h
breakdown not only ifa1 �= a2 or O1O2 · e2 �= 0 but also when∇T∞ is parallel to the wall. Such cases are theref
under current analysis.
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