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Abstract

Appropriate weighted norms in H Lare presented such that the Korn type inequality is asymptotically sharp with respect to
relative thickness and stiffness of the elastic plates. The weights depend crucially on the geometric structure of the plates’ junction.
To cite this article: O.V. Izotova et al., C. R. Mecanique 334 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Inégalités de Korn avec poids pour des structures élastiques de plaques minces. Des normes dans H 1 avec poids appro-
priés sont présentées tels que 1’inégalité du type Korn soit asymptotiquement exacte en ce qui concerne 1’épaisseur et la rigidité
des plaques élastiques. Les poids dépendent crucialement de la structure géométrique de la jonction des plaques. Pour citer cet

article : O.V. Izotova et al., C. R. Mecanique 334 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. A junction of thin plates

Let 17°, 1T, ..., IT’ be planes in R? and let w? C IT? be a Lipschitz domain with boundary dw” and compact
closure w?. Each plane we supply with its own system of Cartesian coordinates x” = (y”, z”) where y? = (yf7 , yé’ )
and the z”-axis is perpendicular to the plane I7”. We do not distinguish in notation between the two-dimensional sets
with the superscript p and their immersions into R3 on the plane I7”. We introduce the J + 1 thin plates of variable
thickness

2f = {x: P o, —hHP(y7) <27 <hH] (")} @
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where & € (0, 1] is a small parameter and HY are Lipschitz functions on @”. For j =1, ..., J the plate .Q,{ is rigidly
clamped over the part

th:{x: vyl ey, —hH/( )<zj<hH/( N} (2)
of its lateral surface where y/ stands for a non-empty open curve on dw/. Here and later p =0,...,J and j =
1,...,J. We assume that y/ N IT° = ¢ and hence, for a small kg > 0 and & € (0, ho], the sets (2) do not intersect the
plate QO which is not clamped at any part of its boundary. In other words, the fixed plates .Qé, cees .Q,{ support the

plate .Qg and they together compose the elastic junction & (k). We assume that the set g}jl' = .Q}]l N .Q,? contains the
cylinder

0 ={x: |y + ]2/ = nz} | < R, |y]| < L} (3)

with certain numbers R, L and z(; independent of A.

Let u(x) = (ul(x) ur(x), uz(x))" be a displacement vector at the a point x € & Z (h) written in the coordinate
system x = (y1 , yz, z%) T that is related to the supported plate QO. The elastic energy type functional that we consider

is
2
dx) 4

Here 1 € (0, 00) is the relative elastic stiffness of the fixed plates and 20(h), £27(h) are as follows:

3

Eu(u; E(h)) = Z( f

k=1

ouy 8u1 8l/lk 8”1

d
0x;] 0Xy r Z /

20(h) U 2im

3)61 Bxk

ifp<1 then.QO(h)qu;?, Qj(h)zg;{\ﬁg )
ifn>1 then 20h) =)\ 27, 2/ (h) ZQ;{ ©

In other words, the soft supporting plates must be glued to the surface of the supporting plate while the stiff supporting
plates must be inserted into the grooves g',’l. Of course no need to distinguish for u = 1.

2. The Korn inequality

Functional (4) vanishes if and only if the displacement field belongs to the 6-dimensional subspace of rigid motions
= {u: u(x) =d(x)a, a € R®), where

0 —X2 0 0 —X3
x1 |0 —=x3 O 7

1
d(x):(d’(x),d”(x)): 0 1
00 0|1 x X1

Since the plates (o] .Q,{ are clamped on the boundaries (2), we deal with the subspace H! (Eh); T'(h))? of
vector-valued u in H' (& (h))? satisfying the boundary condition

u(x)=0, xel(h):=I}u---ury N
It is well-known (see, e.g., [8,2,3]), due to the Dirichlet condition (8), the Korn inequality
= 2 ~ .
Jus ' (2w) > < (2 m)é (u: 5 (w) N

is valid with a constant independent of the vector function u € H\(& (h); ' (h))3. At the same time, there is in general
no proof of inequality (9) that allows one to find the dependence of Korn’s constant C (= (h)) on the shape of the
domain & (h) and, in particular, on the small parameter 4. From our further results, it follows in the case u =1 that
C (& (h)) < ch~2. However, inequality (9) cannot be recognized as an asymptotically sharp one because, in particular,
it does not reflect a distinguishing feature of thin elastic objects, namely, an anisotropic property: it is much easier to
bend a plate than to stretch it.

The main goal of this Note is to derive an appropriate form of such Korn type inequalities that indicates how the
estimates of the displacements and their derivatives are influenced by the parameters #, n and the general structure
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of the elastic junction. Indeed, we will present appropriately defined weighted anisotropic norms ||| --- ||| g» for the
left-hand side of the inequality
2 4 ;
16 0|0 + 1 |llu?s 27 @[3 < e (s & (k) (10)
j=1

such that the constant ¢ depends on neither the parameters i € (0, ko] and p > 0, nor on the vector field u €
HY(E (h); I"(h))3. Here u? stands for the restriction of u on .Q;:’

It is known due to [10] (see also [1,9,5]) that, for the clamped plate .{2}: in the norm

2 P2 P2 p
ou: ou ou dub
uf; 27| gr = f i ‘ 3| 4+ g2, 2 + Ul
Il 21 { [Z |+ o] a5 |55 z_1| |
2
2 P2 P2 172
ou: ou
14 2 i 3 P2
+ Bz (h, wh <§1< 22 —ayip >+|”3| )}dx} (1T)
i=

the weight factors
By (o) = 7 (h p) =1 (12)
are optimal so that the following inequality becomes asymptotically sharp:

s 2|15 < c;é1(h: ). i e BN (@) )) (13)
3. Geometric and algebraic conditions and the weighted norm

Let us introduce conditions for several configurations. Take i, j, k > 0 and set AY = [T N IT/:

1° There exist three different planes IT', IT/ and IT* such that AV is a line and AV N ITF = @.
2° There exist planes IT', IT with A a line and such that AY c IT°.

3° There exists a plane I/ that coincides with IT°.

4° There exist planes IT" # I17 that are both perpendicular to IT°.

The main result reads as follows:

Theorem 3.1. The Korn inequality (10) is valid with the constant ¢ independent on the parameters h € (0, hol, 1 €
(0, 00) and the field u € H'(E (h); I" (h))3, “ .Qf llgr are of the form (11) with the weight factors
forj=1,...,J asin(12) and

By(h, ) =min{1,h?u},  B(h, p) = min{l, 11} (14)

Moreover, if one of the special configurations holds, the weight factors enlarge as follows:

(1) if 4° is met, then

ﬂ?(h, w) = min{l, h_2u} (15)
(i) if 2° or 3° is met, then
By (h, ) = min{1, u} (16)

(iii) if 1° is met, then both factors in (15) and (16) are allowed.

The geometric conditions 1° to 4° can be reformulated as algebraic ones dealing with the matrix (7) or with its
3 x 3 blocks. Let the symbol £ further on denote the linear hull of a set of vectors.
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Lemma 3.2.

(1) Condition 1° is satisfied if and only if
Rﬁzﬁ{d(y,O)bWewjﬁa)o, beR? lies on I/, j=1,...,]}
(ii) If condition 1° is satisfied then
R? = £{d'(y,0) (b1,52,0)" |y €’ N’ (b1,b2)" €R* lieson TV NIT°, j=1,...,J}
(iii) In the cases ITY N IT™ C IT°, IT7 # IT™ and IT7 = IT° (cf. 2° and 3°, respectively) then it holds that
R =L{d'(y,0) (b1.52,0)" |y €/ N, (by,b2)" € R?}

(iv) Let the planes mnl, ..., !, but not 17“'1, e 17, be perpendicular to the plane I1°. Condition 4° is satisfied
if and only if

R?=£{d"(y,0) (0,0,b3)" |yew/ N’ b3eR, j=1,....1}

Variants of the conditions of ‘filling an Euclidian space’ in the lemma above have appeared as conditions to improve
the norms in the Korn inequalities for several types of junctions of thin and massive elastic bodies (see [4,6,7]).

4. Examples

Let us first suppose that the fixed plates are ‘very stiff”, i.e. u > h—2, and all factors in (14)—(16) become equal
to 1. Then the field u with the components #/ = 0 and
z 0ws
h 8y,~

w0 =htws(y), W) =wi(y) — ), i=1,2 (17)

where wy € C° (@°\ (0' U---Uw’)), satisfies the relations
£ @) =0, E(i2])=0. [[u": )] =0wm)

This shows that zero order for 4 in the weight factors cannot be diminished.
Let us consider the junction I" on Fig. 1 which does not meet any of the conditions 1° to 4°. We assume the fixed
plate to be ‘stiff” (0 < p < h~?) and introduce the field u on & (h) as follows:

u(x) = azer + hazes + h'ag(yre3 — ze2) (18)

0 0
u' (x) =az<€2X0(Z) - eayzaizo (z)) +h azesxo(z) + h " ay (ez)(l(z) - esyzai;(@) (19)

where a,, € R, ey is the unit vector of the xi-axis, x, € C*°(R) and x4 (z) = z9 forz > —=2/3, x4(z) =0forz < —1/3.
One readily gets

[1u”: 23|I = O(h(laal? + las | + laal?)) (20)
W’ 2)) =0, E@';2})=0al* +h~ " as* + hlas|?) @1

If ap # 0 and a3z = a4 = 0, then formulas (20)—(21) show that the factor ﬁg(h, w) = h%u in (14) cannot be improved.
The case a3 # 0 and a; = a4 = 0 in (20) prove that factor ,8? (h, w) = min{1, u} in (14) is optimal even for soft

AT | \ \
—
c —

Fig. 1. Junctions I'", [T, K, Y, F and a strictly 3D; the plate Q,? appears darker; the clamped edges are in black.
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supporting plates (i < 1). Both the examples indicate the necessity of the additional geometric conditions to get the
factors (15) and (16).

We emphasize that in the native coordinates (y1 ,zh = (»1, 2, y2) the field (18) keeps the structure of (17) with
the functions w% =0, w%(yzl) = a2x0(y21) + h_la4X1(y21) and wé (y21) = h_la3x0(y21) - z18y21 w%(yzl). The same
extension on the plate .Q,f works for the junction IT on Fig. 1 while the formulas (20)—(21) are preserved with /|ay|?
changed to 4! |as|? due to the addendum A~ (a3 + as) Xo(y%) in w%(yzl). This junction satisfies the condition 3° and
thus demonstrates that the factor (15) is exact.

The structure of the field in (19) is the following: a rigid motion u" is taken on the plate .{22 and it is extended to the
supporting plates as in formula (17). If a non-trivial vector #°(x) can be chosen perpendicular to each of the planes
IT', ..., IT7, then the extension makes the energy functional small, otherwise it gets an additional multiplier 4 ~2.
Hence, to verify the exactness of the factors found in Theorem 3.1 one has to select a proper rigid motion on .Q,?. This
way we use the junctions K (2°), ¥ (2° and 4°), F (2° and 3°) and the strictly three-dimensional junction (1°) on
Fig. 1, where the geometrical conditions that are satisfied for these junctions are indicated within brackets.

5. Sketch of the proof

Let u® be decomposed in the form u®(x) = ut(x) + d(x)a, where d is matrix (7), a € R® and where u*

to an appropriate family of 6 orthogonality conditions (see [6] and [5, §3.1]) which provide the relation

[l 20ll1F 1) < c &0t 2) = e &1 (% 20) < e Euus 5 ) (22)
Due to (22) it is sufficient to estimate the components ay, ..., ag of the column a and to use the following inequality
in order to choose ,B(y)(h, ©) and ,BS(h, Ww:

is subject

[|das 23||[30 < c(h B, ) (lar]® + a2l + 1> (laal” + las®) + las|)
+ 1B, W (jas® + las | + las|)) (23)

To simplify the presentation we assume that, under a proper choice of the coordinates x = (y, z), that the cylinder
in (3) can be described by

0 = {x: Iyl + 121> < R*%, || < L} (24)
By multiplying u® with d()c)T and integrating over Q;; we obtain a system of 6 linear algebraic equations

/ d(x) d(x)dxa = / d) T () — ut(x)) dx (25)

0} 0}

The right-hand side of (25) has to be estimated using (13), (23) and inequalities of Hardy type which give bounds for

the L2(Q£)-norms of u® = u/ and ut (cf. [7] and [5, §3.1]). In front of a in (25) stands the Gram matrix d(Q{;) of
size 6 x 6, which is positive definite and, due to the symmetry of the integration set (24), diagonal

, 1 1 1 1 1
d(Q]) =27 R*K’L diag{ 1,11, ZRW, 8L2 + gthz, 8L2 + gthz} (26)

All entries of the matrix in (26) are of order 42, except for the fourth one which is O(h*). This fact leads to a weaker
estimate for a4 than for other components of the column a and results in the weight factors in (15). Under additional
geometric conditions we can get a better estimate for a4 by using the algebraic system of type (25) that is produced
on the other cylinders Q}', m # j, and even to reduce the size of the algebraic systems so that only estimates of the
longitudinal components of the vectors u/ with certain indices j are employed that have no additional factor 42 in the
norm ||[u/; .Qé iy (cf. (11)).

Remark. Inequality (10) remains true in the cases u > 1, (5) and u < 1, (6) under the additional assumptions that
inequalities (13) and (22) are valid with Q,{ and .{22 replaced by £2/ (1) and 20(n), respectively. These inequalities for
plates with perturbed edges or grooves need certain geometric assumptions (see, e.g., [7] and [5, Chapter 3]) because
in general they can fail, for example due to peak type singularities on the boundary.
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