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Abstract

We study the initial-boundary value problems for a system of operator-differential equations describing Ishlinskii type vis-
coelastoplastic body longitudinal vibrations with rapidly oscillating nonsmooth coefficients and initial data. The main feature is
an presence of hysteresis Prandtl–Ishlinskii operator. We rigorously justify the passage to the corresponding limit initial-boundary
value problems for a system of two-scale homogenized operator-integro-differential equations, including the existence theorem for
the limit problems. The results are global with respect to the time interval and the data. To cite this article: A. Amosov, I. Goshev,
C. R. Mecanique 334 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur les équations homogénéisées des oscillations longitudinales du viscoélastoplastique matériau d’Ishlinskii avec don-
nées non régulières rapidement oscillantes à deux échelles. Nous étudions l’homogénéisation du système d’équations décrivant
les oscillations longitudinales du matériau viscoélastoplastique d’Ishlinskii, avec des données rapidement oscillantes. La propriété
principale est la présence de l’operateur de l’hystérèse de Prandl–Ishlinskii. Nous justifions rigoureusement la convergence vers
un problème limite pour un système d’équations operateur-intégro-différentielles homogéneisées à deux échelles, pour lequel nous
prouvons un théorème d’existence. Les résultats sont globaux par rapport au temps et aux données. Pour citer cet article : A. Amo-
sov, I. Goshev, C. R. Mecanique 334 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Version française abrégée

Nous étudions l’homogénéisation du système d’équations décrivant les oscillations longitudinales du matériau
viscoélastoplastique d’Ishlinskii, avec des données rapidement oscillantes (voir les Éqs. (3)–(5) de la version anglaise).
Dans ces équations, e(x, t), u(x, t), σ(x, t) représentent la déformation, la vitesse et les contraintes, ρ(x) est la densité
du corps indéformé, g(x, t) est la densité des forces de masse, ν est le coefficient de la viscosité, σel correspond à la
composante élastique des contraintes, F est l’operateur hystérésique de Prandl–Ishlinskii, utilisé pour la description de
la propriété de la élastoplasticité. Nous utiliserons les notations suivantes : Ω = (0,X), Q = Ω × (0, T ), D = ∂/∂x,
Dt = ∂/∂t , ainsi que : νε[ηε](x, t) = ν(ηε(x, t), ξ, x)|ξ=xε , σel,ε[eε](x, t) = σel(eε(x, t), ξ, x)|ξ=xε où on pose xε

étant la partie fractionnaire de x/ε−aε , ε étant un paramètre positif tendant vers zéro. Le système (3)–(5) est complété
par l’une des conditions aux limites (7m) et par des conditions initiales e0

ε(x) = e0(ξ, x)|ξ=xε , u0
ε(x) = u0(ξ, x)|ξ=xε .

Nous montrons, que le problème limite correspondant à (3)–(7m) est un problème aux limites d’évolution pour
le système d’équations quasi linéaire operateur-intégro-différentiel homogénéisé à deux échelles (12)–(14). Dans ces
équations, J = (0,1) est l’intervalle de périodicité, 〈ψ〉 = ∫J ψ(ξ)dξ . En se basant sur le théorème d’existence
globale des solutions faibles du problème (3)–(7m) avec des estimations uniformes en ε, nous montrons un résultat
analogue pour le problème (12)–(15), (7m), et un théorème précisant la relation entre ces deux problèmes, incluant
la convergence forte eε − eε → 0 (où eε(x, t) = e(ξ, x, t)|ξ=xε ), uε → u, σε → σ dans les espaces de Lebesgue. Ces
résultats sont obtenus sous des conditions trés générales sur les données (elles ne sont pas supposées petites et peuvent
être discontinues en x et en ξ ).

1. We consider the homogenization problem [1,2] for a system of quasilinear operator-differential equations
describing Ishlinskii type viscoelastoplastic body longitudinal vibrations with rapidly oscillating data. The formal
homogenization was accomplished in [3] (see also [1]). We rigorously justify the passage to the corresponding limit
system of two-scale homogenized [4] operator-integro-differential equations, including the existence theorem for the
limit system, in the case of nonsmooth data. The results are global with respect to the time interval as well as the
data. A similar problems were already studied for the equations of a viscous barotropic medium [5] (see also [6]), of
a viscous heat-conducting gas [7] and of a nonlinear thermoviscoelastic body of Voight type [8,9].

The homogenization problem for the system of equations describing longitudinal vibrations of an elastoplastic rod
(without viscosity) with more smooth data was considered in [10].

If B is a Banach space, M ⊂ B and E is a measurable set then by L∞(E;M) we denote the set of functions
f :E → M such that f ∈ L∞(E;B).

Let J = (0,1), Ω = (0,X), Q = Ω × (0, T ), R
+ = (0,+∞), R

+ = [0,+∞). We will write D = ∂/∂x, Dt = ∂/∂t

and Itw(x, t) = ∫ t

0 w(x, t ′)dt ′.
We introduce the class N−1(Q) of functions e ∈ C([0, T ];L∞(Ω)) such that Dte ∈ L2(Q) and ess inf(x,t)∈Qe(x, t)

> −1. Let N 〈〉
−1(J ×Q) be a similar class of functions e ∈ C([0, T ];L∞(Ω;L∞(J ))) such that Dte ∈ L2(Q;L∞(J ))

and ess inf(ξ,x,t)∈J×Qe(ξ, x, t) > −1. We also use the Banach spaces W(Q) and V
〈1,1/2〉
2 (Q) with norms

‖w‖W(Q) = ‖w‖L2(Q) + ‖Dtw‖L2(Q) + ‖Dw‖L∞(0,T ;L2(Ω))

‖w‖
V

〈1,1/2〉
2 (Q)

= ‖w‖L∞(0,T ;L2(Ω)) + ‖Dw‖L2(Q) + sup
0<τ<T

τ−1/2
∥∥�(τ)w

∥∥
L2(QT −τ )

where �(τ)w(x, t) = w(x, t + τ) − w(x, t). Let C(R+) be the Banach space of bounded continuous functions
s0 : R+ → R with a norm ‖s0‖C(R+) = supr∈R+ |s0(r)| and

Lip1

(
R

+) = {
s0 ∈ C

(
R

+) | s0(0) = 0,
∣∣s0(r1) − s0(r2)

∣∣ � |r1 − r2| ∀r1, r2 ∈ R
+}

Let M1(R
+) be a set of nondecreasing right-continuous functions μ : R+ → R such that μ ∈ L1(R+) and

M1,N

(
R

+) = {
μ ∈ M1

(
R

+) | ∣∣μ(0)
∣∣ � N, ‖μ‖L1(R+) � N

}
Let BV[0, T ] be the space of functions of bounded variation.

2. We shall use the classical concept of an approximate limit. For functions ϕ :J → R
m, see Section 1.7.2 in [11].

This concept remains valid for functions ϕ :J → B if one replaces ‖ · ‖Rm by ‖ · ‖B .
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Let xε be the fractional part of x/ε − aε , where aε is an arbitrary function of the parameter ε > 0 (for instance,
aε ≡ 0). The following result allows us to consider a widely using in homogenization theory composite function
f ε(x) = f (xε, x) in the sense of formula

f ε(x) = lim ap
ξ→xε

f (ξ, x) (1)

Theorem 1. Assume that f :J × Ω → B , f ∈ Lq(Ω;L∞(J ;B)) with some q ∈ [1,∞] and ε > 0. Then the function
f ε :Ω → B may be defined by formula (1) for almost all x ∈ Ω and f ε ∈ Lq(Ω;B).

This result follows from [9] (in the case B = R, it was proved in [12,7]).
The following result concerning weak convergence of f ε(x) defined by formula (1) to 〈f 〉(x) ≡ ∫

J
f (ξ, x)dξ is

valid (in fact, it was proved in [12,7]).

Theorem 2. Assume that f :J × Ω → R, f ∈ Lq(Ω;L∞(J )) with some q ∈ [1,∞]. Then f ε → 〈f 〉 weakly in
Lq(Ω) if q ∈ [1,∞) or weakly-star in L∞(Ω) if q = ∞.

3. Let r ∈ R
+ be a fixed parameter, value s0 ∈ [−r, r] and function e ∈ W 1

1 (0, T ) are given. Consider the following
problem: to find a function s : [0, T ] → [−r, r], s ∈ W 1

1 (0, T ) satisfying the conditions(
s′(t) − e′(t)

)(
φ − s(t)

)
� 0 ∀φ ∈ [−r, r] for almost all t ∈ (0, T ), s(0) = s0

It is known (see [13–16]) that this problem has unique solution s. So there exists operator Sr : [−r, r] × W 1
1 (0, T ) →

W 1
1 (0, T ) such that s = Sr [s0, e]. Operator Sr is known as stop-operator. It is one of the basic elements of hys-

teresis operators theory and describes the relation σ = ESr [s0, e] between strain e and stress σ in Prandtl model
of elastoplastic element. Here E is the Young module, r is a yield point, and s0 is an initial residual stress. This
model was introduced by Prandtl [17]. It is known also (see [13–16]) that stop-operator may be extended as operator
Sr : [−r, r] × C[0, T ] → C[0, T ].

The following model was offered by Prandtl [17] and Ishlinskii [18] for describing strain-stress relation in real
elastoplastic materials:

σ = E∞e +
n∑

i=1

EiSri

[
s0
i , e

]
(2)

where 0 < r1 < · · · < rn and 0 � E∞, 0 < Ei , |s0
i | � ri , 1 � i � n.

Operator F : Lip1(R
+) × C[0, T ] × M1(R

+) → C[0, T ], defined by the Stieltjes integral

F
[
s0, e,μ

]
(t) =

∞∫
0

Sr

[
s0(r), e

]
(t)dμ(r) for t ∈ [0, T ]

extends the second summand of formula (2). It is called a Prandtl–Ishlinskii operator of stop-type.

4. We study the following system of equations describing longitudinal vibrations of Ishlinskii type viscoelasto-
plastic body with rapidly oscillating data:

Dteε = Duε in Q (3)

ρεDtuε = Dσε + ρεg in Q (4)

σε = νε[ηε]
ηε

Duε + σel,ε[eε] +F
[
s0
ε , eε,με

]
, ηε = eε + 1 in Q (5)

where ε ∈ (0,1] is a parameter. The triple zε(x, t) = (eε(x, t), uε(x, t), σε(x, t)) of unknown functions is defined for
(x, t) ∈ Q. We write νε[ηε](x, t) = νε(ηε(x, t), x), σel,ε[eε](x, t) = σel,ε(eε(x, t), x).

Recall the physical meaning of the values included into the equations: x is Lagrange coordinate, t is time, ρε

is density of strainless material, eε is strain (by physical meaning eε > −1), uε is velocity, σε is stress, σel,ε[eε] and
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F[s0
ε , eε,με] describe elastic and plastic components of stress, respectively; νε is viscosity coefficient and g is density

of external forces.
We supplement the system (3)–(5) with initial conditions

eε|t=0 = e0
ε(x), uε|t=0 = u0

ε(x) in Ω (6)

and one of pairs of boundary conditions

uε|x=0 = u0(t), uε|x=X = uX(t) on (0, T ) (71)

σε|x=0 = σ0(t), uε|x=X = uX(t) on (0, T ) (72)

σε|x=0 = σ0(t), σε|x=X = σX(t) on (0, T ) (73)

Problem (3)–(6), (7m) will be denoted by Pε
m, m = 1,2,3.

A triple zε = (eε, uε, σε) ∈N−1(Q) × V2(Q) × L2(Q) of functions will be called a weak solution to problem Pε
m

if the following properties are valid: (a) Eqs. (3) and (5) are satisfied in L2(Q); (b) the integral identity

−
∫
Q

ρεuεDtϕ dx dt +
∫
Q

σεDϕ dx dt =
∫
Ω

ρεu
0
εϕ|t=0 dx +

∫
Q

ρεgϕ dx dt +
T∫

0

σXϕ|x=X dt −
T∫

0

σ0ϕ|x=0 dt

holds for all ϕ ∈ C1(Q̄) such that ϕ|t=T = 0 and ϕ|x=0,X = 0 if m = 1, ϕ|x=X = 0 if m = 2; (c) initial condition
eε|t=0 = e0

ε is satisfied in the sense of the space C([0, T ];L∞(Ω)); (d) boundary conditions uε|x=0 = u0 if m = 1
and uε|x=X = uX if m = 1,2 are satisfied in the sense of the space C(Ω;L2(0, T )).

Let us state conditions on the data. All the properties in conditions C1, C2 are supposed to be valid for any a > 1,
for almost all ξ ∈ J and almost all x ∈ Ω . Here 1 < N is an arbitrary large parameter, c1, c2 are positive constants,
c0, c1, c2 are some positive functions of the parameter a.

C1: The functions ν : R+ × J × Ω → R
+ and σel : (−1,+∞) × J × Ω → R satisfy the properties ν ∈

L∞(Ω;L∞(J ;C[a−1, a])), σel ∈ L∞(Ω;L∞(J ;C[−1 + a−1, a])) and the inequalities

0 < c0(a)−1 � ν(η, ξ, x) � c0(a) ∀η ∈ [
a−1, a

]
∣∣ν(η1, ξ, x) − ν(η2, ξ, x)

∣∣ � c1(a)|η1 − η2| ∀η1, η2 ∈ [
a−1, a

]

Λ(η) � Λ(η, ξ, x) ≡
η∫

1

ν(ζ, ξ, x)/ζ dζ � Λ(η) ∀η ∈ R
+

where limη→0+ Λ(η) = −∞ and limη→+∞ Λ(η) = +∞,

ν(η, ξ, x)η � c1
(
L2(η, ξ, x) + η + 1

) ∀η ∈ R
+ if m = 1

η/ν(η, ξ, x) � c1
(
L2(η, ξ, x) + 1

) ∀η ∈ R
+ if m = 2,3

σel(e, ξ, x) � 0 ∀e ∈ (−1,0], σel(e, ξ, x) � 0 ∀e ∈ [0,+∞)∣∣σel(e1, ξ, x) − σel(e2, ξ, x)
∣∣ � c2(a)|e1 − e2| ∀e1, e2 ∈ [−1 + a−1, a

]
∣∣σel(e, ξ, x)

∣∣(e + 1) � c2
(
E(e, ξ, x) + 1

)
where L(η, ξ, x) = ∫ η

1

√
ν(ζ, ξ, x)/ζ dζ , E(e, ξ, x) = ∫ e

0 σel(ζ, ξ, x)dζ .

C2: The functions

ρ ∈ L∞(
Ω;L∞(J )

)
, e0 ∈ L∞(

Ω;L∞(J )
)
, u0 ∈ L2(Ω;L∞(J )

)
and

u0, uX ∈ BV[0, T ], σ0, σX ∈ L2(0, T )
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satisfy the inequalities

N−1 � ρ(ξ, x) � N, N−1 � e0(ξ, x) + 1 � N∥∥u0
∥∥

L2(Ω;L∞(J ))
� N, ‖u0‖BV[0,T ] + ‖uX‖BV[0,T ] � N

‖σ0‖L2(0,T ) + ‖σX‖L2(0,T ) � N

In addition, N−1 � ‖〈e0〉 + 1‖L1(Ω)+ It (uX − u0) on (0, T ) if m = 1. The functions s0 :J × Ω × R
+ → R, μ :J ×

Ω × R
+ → R satisfy the properties

s0 ∈ L∞(
Ω;L∞(

J ;Lip1
(
R

+)))
, μ ∈ L∞(

Ω;L∞(
J ;M1,N

(
R

+)))
The free term satisfies g ∈ L1(0, T ;L2(Ω)) and ‖g‖L1(0,T ;L2(Ω)) � N .

By assumptions C1, C2 and Theorem 1 the following functions may be defined for all ε > 0:

νε(η, x) = lim ap
ξ→xε

ν(η, ξ, x), σel,ε(e, x) = lim ap
ξ→xε

σel(e, ξ, x), ρε(x) = lim ap
ξ→xε

ρ(ξ, x)

s0
ε (x, r) = lim ap

ξ→xε

s0(ξ, x, r), με(x, ·) = lim ap
ξ→xε

μ(ξ, x, ·) in L1
(
R

+)
(8)

e0
ε(x) = lim ap

ξ→xε

e0(ξ, x), u0
ε(x) = lim ap

ξ→xε

u0(ξ, x)

We base on the following global existence and uniqueness theorem for a weak solution to problem Pε
m with uniform

estimates with respect to ε (it follows from [19,20]).

Theorem 3. Suppose that conditions C1, C2 hold and functions νε, σel,ε, ρε, s
0
ε ,με, e

0
ε , u

0
ε are defined by (8). Then

problem Pε
m has an unique weak solution, and it satisfies the estimates

K(N)−1 � eε + 1 � K(N), ‖Dteε‖L2(Q) � K(N) (9)

‖uε‖V
〈1,1/2〉
2 (Q)

� K(N), ‖σε‖L2(Q) � K(N), ‖Itσε‖W(Q) � K(N) (10)

Here K(N) are some positive nondecreasing functions of N ; they may depend on X, T , ci , ci , Λ and Λ.

5. Consider the Bakhvalov–Eglit type system of two-scaled homogenized equations

Dte = η

ν[η]
(
σ − σel[e] −F

[
s0, e,μ

])
, η = e + 1 in J × Q (11)

〈ρ〉Dtu = Dσ + 〈ρ〉g in Q (12)

σ =
〈

η

ν[η]
〉−1(

Du +
〈
σel[e]η
ν[η]

〉
+

〈F[s0, e,μ]η
ν[η]

〉)
in Q (13)

We write ν[η](ξ, x, t) = ν(η(ξ, x, t), ξ, x), σel[e](ξ, x, t) = σel(e(ξ, x, t), ξ, x). The unknown triple z(ξ, x, t) =
(e(ξ, x, t), u(x, t), σ (x, t)) of functions is defined for (ξ, x, t) ∈ J × Q. Remember that 〈f 〉(·) = ∫

J
f (ξ, ·)dξ .

We supplement system (11)–(13) with the initial conditions

e|t=0 = e0(ξ, x) in J × Ω, 〈ρ〉u|t=0 = 〈
ρu0〉(x) in Ω (14)

and one of the pairs of boundary conditions (71)–(73).
We denote problem (11)–(14), (7m) by P〈〉

m . The definition of weak solution to problem P〈〉
m is quite similar to that

for problem Pε
m, but now e ∈N 〈〉

−1(J × Q) and Eq. (13) is satisfied in L2(Q;L∞(J )).

Theorem 4. Suppose that conditions C1, C2 are valid. Then problem P〈〉
m has an unique weak solution and it satisfies

the estimates

K(N)−1 � e + 1 � K(N), ‖Dte‖L2(Q;L∞(J )) � K(N) (15)

‖u‖
V

〈1,1/2〉
2 (Q)

� K(N), ‖σ‖L2(Q) � K(N), ‖Itσ‖W(Q) � K(N) (16)
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6. The following theorem about the limit connection between problems Pε
m and problem P〈〉

m (m = 1,2,3) is the
main result of this Note.

Theorem 5. Suppose that conditions C1, C2 are valid. Then the weak solutions zε to problems Pε
m converge to the

weak solution z to problem P〈〉
m as ε → 0 in the following sense:

eε − eε → 0 strongly in L∞(
Ω;C[0, T ]), where eε(x, t) = lim ap

ξ→xε

e(ξ, x, t) (17)

uε → u strongly in Ls
(
0, T ;Lq(Ω)

) ∀q ∈ [1,∞], s ∈ [1,∞), (2q)−1 + s−1 > 1/4 (18)

uε → u weakly star in L∞(
0, T ;L2(Ω)

)
, Duε → Du weakly in L2(Q) (19)

σε → σ weakly in L2(Q), Itσε → Itσ strongly in C
(
Q

)
(20)

The proof comprises four steps. First, using Theorem 3 and compact embeddings of corresponding spaces we
ensure properties (18)–(20) and estimates (16) for some functions u, σ . Second, we construct the function e as the
unique solution in the class N 〈〉

−1(J × Q) to the Cauchy problem for Eq. (11) with the first of initial conditions (14).
For e we also prove the estimates (15) and property (17). Third, by passing to a weak limit (using Theorem 2) we
obtain that Eq. (13) holds. Finally, we prove that triple z = (e, u,σ ) is indeed a weak solution to problem P〈〉

m .
The full proofs are presented in [21] (under wider conditions on data); moreover Eulerian coordinate is included

into consideration.
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