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Abstract

Boundary integral equations are well suitable for the analysis of seismic waves propagation in unbounded domains. Formulations
in elastodynamics are well developed. In contrast, for the dynamic analysis of viscoelastic media, there are very seldom formu-
lations by boundary integral equations. In this Note, we propose a new and simple formulation of time harmonic viscoelasticity
with the Zener model, which reduces to classical elastodynamics if a compatibility condition is satisfied by boundary conditions.
Intermediate variables which satisfy the classical elastodynamic equations are introduced. It makes it possible to utilize existing
numerical tools of time harmonic elastodynamics. To cite this article: S. Chaillat, H.D. Bui, C. R. Mecanique 335 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Résolution des équations de la viscoélasticité linéaire en régime harmonique à l’aide des équations intégrales de frontière
de Helmholtz réelles. Les équations intégrales de frontière sont bien adaptées à l’étude de la propagation des ondes sismiques
notamment pour les domaines non bornés. Les formulations pour l’élastodynamique sont très développées. Par contre, pour la
dynamique des corps viscoélastiques modélisant le sol, peu de formulations par équations intégrales de frontière existent. On
propose dans cette Note une nouvelle formulation simple de la viscoélasticité en domaine fréquentiel par un modèle de Zener qui
se ramène à la formulation classique de l’élastodynamique, si les conditions à la frontière respectent une condition de compatibilité.
Des variables intermédiaires qui respectent les équations de l’élastodynamique classique sont introduites. Il est alors possible de
réutiliser les outils numériques existant pour l’élastodynamique harmonique. Pour citer cet article : S. Chaillat, H.D. Bui, C. R.
Mecanique 335 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Les équations intégrales de frontière sont bien adaptées à l’étude de la propagation des ondes sismiques dans
les domaines non bornés. Les formulations en élastodynamique sont bien développées [1]. D’un autre côté, il y a très
peu de formulations équations intégrales de frontière pour l’étude dynamique des milieux viscoélastiques. La méthode
classique consiste à utiliser des coefficients de Lamé complexes [9]. Dans cette Note, on propose une nouvelle méthode
simple pour la viscoélasticité en domaine fréquentiel, qui se ramène à l’élastodynamique classique par un simple
changement de variables. Le principal avantage de cette méthode est de conserver des constantes élastiques réelles et
donc de permettre de réutiliser les outils numériques existant pour l’élastodynamique en domain fréquentiel [12].

Le modèle rhéologique utilisé dans cette Note est un modèle de Zener (Fig. 1). L’idée principale est de chercher
le déplacement sous la forme découplée mais restrictive (1). Ensuite, les notations introduites dans [11] sont utili-
sées (2). Ces variables intermédiaires vérifient les lois de l’élasticité. En introduisant l’angle ψ tel que tanψ = αω,
on montre (3) que les variables u∗ et u sont déphasées de ψ mais ont la même pulsation ω.

On note de la même manière l’angle φ tel que tanφ = βω. En utilisant le fait que les variables u∗ et σ ∗ doivent
être en phase, on montre que u et σ doivent être déphasées de θ = ψ − φ (4). De plus, pour que u∗ et σ ∗ puissent
satisfaire l’équation de la dynamique (5), θ doit être petit. Ceci revient à ajouter l’hypothèse ω � ω1 = 1/|α − β|.

Supposons que les données ud sur ∂Ω1 et σ d .n sur ∂Ω2 soient compatibles sur la frontière (afin de pouvoir noter
u sous la forme (1), donc déphasées de θ = ψ − φ). Par exemple, les données suivantes sont compatibles :

(i) ud �= 0 sur ∂Ω1 et σ d .n = 0 sur ∂Ω2.
(ii) ud = 0 sur ∂Ω1 et σ d .n �= 0 sur ∂Ω2.

Ainsi les variables u∗ et σ ∗ qui s’en déduisent sont en phase. La solution du problème visco-élastique linéaire est
alors obtenue en résolvant l’équation intégrale classique de l’élastodynamique pour u∗ et σ ∗. Connaissant la solution
u∗ (resp. σ ∗), on peut calculer sans difficulté u (resp. σ ). En effet, les solutions du problème élastodynamique u∗ et σ ∗
ont respectivement une amplitude égale à v(x)

cosψ
et w(x)

cosφ
(d’après (3) et (4)). Pour connaître l’amplitude de u (resp. σ ),

il faut donc multiplier l’amplitude de u∗ (resp. σ ∗) par cosψ (resp. cosφ) où ψ = tan−1 αω et φ = tan−1 βω.
En pratique, la résolution numérique de cette formulation peut être effectuée en utilisant les travaux effectués en

élastodynamique [13].

1. Introduction

The main advantage of boundary element method (BEM) is that only the domain boundary is discretized. As
a result, the method is well suitable for the study of problems in unbounded domains. So, the boundary integral
formulation of linear elasticity is used to study seismic wave propagation [1].

But, the ideal model of a linear elastic soil is not adapted in many cases. It is necessary to take into account the soil
damping factor and so to use a formulation for dynamic viscoelasticity.

In time domain, various methods have been proposed for BEM formulation of viscoelasticity [2]. They are sorted
into three kinds. The first formulation is developed by applying the elastic–viscoelastic correspondence principle. An
integral transform (according to time) is performed on the boundary integral equation of elastodynamics. Generally,
the Laplace transform is considered, for example in the works of Rizzo [3] or Kusama [4]. Then, the viscoelastic
fundamental solutions are obtained by applying the elastic–viscoelastic correspondence principle to elastodynamic
solutions. Various works deal with the reduction of the last step: the back transform to time domain.

The second class of methods uses the fundamental solutions of elastodynamics in time domain. Once the convolu-
tion with time shape functions is integrated analytically, the equation is transformed in the Laplace domain where the
correspondence principle is applied. Then, a numerical inverse transformation is required [5] to lead to a time domain
boundary element formulation. Various works use the ‘convolution quadrature method’ developed by Lubich [6] to
evaluate the convolution [7].

The last class of methods directly requires the knowledge of the viscoelastic fundamental solutions in time domain.
Using differential systems of Kelvin and Boltzmann models, Mesquita [8] determines integral formulations adapted
to each model. With those methods, only for the simplest viscoelastic models, the fundamental solutions are available
analytically and one does not consider works in elastodynamics.
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Fig. 1. Zener model.

In frequency domain, the usual method is to replace the Lamé’s constants by complex values [9].
In this Note, a simple method to formulate the boundary integral equations for viscoelasticity, with a Zener model,

is presented. This method, based on the introduction of new intermediate variables, reuses the classical formulation
of elastodynamics and presents the advantage to keep real values of Lamé’s constants. To the authors knowledge,
a formulation similar to ours does not exist in the literature.

2. Rheological model

Various rheological models exist to model the viscoelastic behavior of a material [10]. The Kelvin–Voigt model is
well adapted to model solids. The Maxwell model is in general used to model fluids. The rheological model used in
this Note is a Zener with a dashpot impedance η and elastic constants k0 and k1 (Fig. 1).

In this model, if ε̇ = 0, so the dashpot has not effect, it is called a ‘delayed modulus’. The model is equivalent to
two springs connected in series. On the other hand, if ε̇ = ∞, the dashpot does not have time to react, it is called an
‘instantaneous modulus’.

3. Formulation of the problem

In the following, usual typeface letters denote scalar quantities while boldface letters denote vectors, matrices or
tensors. The partial derivate is denoted using a comma ( ∂f

∂x
= f,x ).

The study is made in the frequency domain. The main idea is to not define the displacement in the classical form
u(x, t) = u(x)eiωt (ω denoting the circular frequency) but under the restrictive condition:

u(x, t) = v(x) cosωt (1)

where v(x) is a real. As a result, the variables x and t are uncoupled.
The three-dimensional generalization of the Zener constitutive law has been proposed by I. Goriacheva in [11] and

is used in the present Note, denoting σ the stress tensor and ε the strain tensor:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

σ ∗ = σ + β
∂σ

∂t

ε∗ = ε + α
∂ε

∂t

u∗ = u + α
∂u

∂t

(2)

The coefficients α and β (α > β) are determined by:

α = η

k1
, β = η

k0 + k1

The tensors σ ∗ and ε∗ are linked by the constitutive equation of isotropic linear elasticity, with the Lamé’s coeffi-
cients λ and μ of the delayed modulus, σ ∗ = Lε∗.

With notation (1), we note that u(x, t) and u̇(x, t) are dephased of π/2. Using notation (2), we obtain u∗(x, t) =
v(x)[cosωt − αω sinωt]. Noting the angle ψ such that tanψ = αω (0 � ψ < π/2, i.e. cosψ �= 0), it follows:

u∗(x, t) = v(x)
cos(ωt + ψ) (3)
cosψ
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It is now clear that the variables u∗ and u are dephased of ψ but have the same circular frequency ω.
Then, noting σ (x, t) = w(x) cos(ωt + θ), we obtain σ ∗(x, t) = w(x)[cos(ωt + θ) − βω sin(ωt + θ)]. Defining in

the same way that for u, the angle φ such that tanφ = βω (0 � φ < π/2, i.e. cosφ �= 0), it follows:

σ ∗(x, t) = w(x)

cosφ
cos(ωt + φ + θ) (4)

But, the variables σ ∗ and u∗ are known to satisfy the linear elasticity equations, as a result they have to be in phase.
It follows that ψ = φ + θ . Finally, σ and u have to be dephased of θ = ψ − φ.

4. Boundary integral formulation

The boundary integral equation method for this formulation of viscoelasticity is now defined using the well-known
method for elastodynamics. In fact, the main advantage of this formulation is that only a simple change of variables
is introduced.

4.1. Boundary integral equation

The quantities σ ∗ and u∗ which are linked by the elastic law, are now shown to satisfy the dynamic equation. σ

and u can satisfy the dynamic equation divσ − ρü ∼= 0 if and only if σ and u are almost in phase, that is to say if and
only if the angle θ is small. The difference introduced by the dephasing between σ and u, in the dynamic equation, is
proportional to ρω2θ . It can be easily proved that θ ∼= |α − β|ω. As a result, ρω2θ is proportional to ρω3|α − β| and
we remark that we have divσ − ρü ∼= 0 to order O(ω3). It follows that:

divσ ∗ − ρü∗ ≡ (divσ − ρü) + β(div σ̇ − ρ
...
u ) + (β − α)ρ

...
u ∼= (β − α)ρ

...
u (5)

Using the definition of u (1), we obtain that divσ ∗ − ρü∗ ∼= 0 and that the difference introduced in this dynamic
equation is equally proportional to ρω3|α − β| if and only if:

|α − β|ω � 1 that is to say |θ | � 1. (6)

As a result, if ω is much less than the limit frequency ω1 = 1/|α − β|, the notation (1) is compatible with elastody-
namics.

Since |α − β| is proportional to the viscosity coefficient η (for a given set of elastic constant k0 and k1), the lower
the coefficient η, the higher the limit frequency ω1 (in soil mechanics η is small so that ω1 is very large). Thus the
hypothesis of “low” frequency ω � ω1 (including the quasi-static case ω = 0), which we suppose in the following, is
satisfied in soil mechanics, for a large frequency range. This leads to the boundary integral formulation which is the
same that for elastodynamics: divσ ∗ + ρω2u∗ = 0, σ ∗ = Lε∗.

This formulation is now recalled [12]. The stress vector T nu on a plane of normal n is defined by the operator
(λ and μ representing the Lamé’s constants):

T n = 2μ
∂

∂n
+ λn.div+μn ∧ rot

Noting Ω the region of space occupied by an elastic solid with isotropic constitutive properties, the displacement
u at an interior point x ∈ Ω is given by:

uk(x) =
∫

∂Ω

[(
T nu(y)

)
i
Uk

i (x,y;ω) − ui(y)
(
T nUk(x,y;ω)

)
i

]
dSy (x ∈ Ω) (7)

where Uk
i (x,y;ω) denotes the ith component of the elastodynamic fundamental solution, in the frequency domain,

for an infinite space.
When x ∈ ∂Ω , a singularity occurs in y = x. With the help of a well-documented limiting process, Eq. (7) yields

the integral equation:

cik(x)ui(x) = (P.V.)
∫ [(

T nu(y)
)
i
Uk

i (x,y;ω) − ui(y)
(
T nUk(x,y;ω)

)
i

]
dSy (x ∈ ∂Ω) (8)
∂Ω



750 S. Chaillat, H.D. Bui / C. R. Mecanique 335 (2007) 746–750
where (P.V.)
∫

indicates a Cauchy principal value (CPV) singular integral and the free term cik(x) is equal to 0.5δik

in the usual case where ∂Ω is smooth at x.

4.2. Boundary conditions

We consider a domain Ω , of boundary ∂Ω on which mixed but independent boundary conditions are imposed
(∂Ω = ∂Ω1 + ∂Ω2 and ∂Ω1 ∩ ∂Ω2 = ∅). On ∂Ω1, the imposed displacement is noted as in (1):

ud(x, t) = ud(x) cosωt

on ∂Ω2, the stress vector is written in the same manner:

td(x, t) = wd(x) cos(ωt + θ)

Assume that the data ud on ∂Ω1 and σ d .n on ∂Ω2 are compatible (if u can be defined in form (1) so the variables
are dephased of θ = ψ − φ). For example, the following data are compatible:

(i) ud �= 0 (circular frequency ω) on ∂Ω1 and σ d .n = 0 on ∂Ω2.
(ii) ud = 0 on ∂Ω1 and σ d .n �= 0 (circular frequency ω) on ∂Ω2.

As a result, the intermediate variables u∗ and σ ∗, are necessary in phase. The problem in u∗ and σ ∗ is solved
using the well-known boundary integral formulation of elastodynamics in the frequency domain. Having the solution
u∗ (resp. σ ∗), u (resp. σ ) is easily computed. Indeed, the solutions of the elastodynamic problem u∗ and σ ∗ have
respectively an amplitude equal to v(x)

cosψ
and w(x)

cosφ
((3) and (4)). So, to compute the amplitude of u (resp. σ ), one only

has to multiply the amplitude of u∗ (resp. σ ∗) by cosψ (resp. cosφ) where ψ = tan−1 αω and φ = tan−1 βω.

5. Conclusion

A new and simple formulation of time harmonic viscoelasticity (including the quasi-static case) has been presented.
Hence, it has been shown that this problem reduces to a classical elastic problem by a simple change of variables if
the boundary conditions respect a restrictive condition. It makes possible to reuse existing numerical tools of time
harmonic elastodynamics. An increase in the speed of the computation can be performed using the Fast multipole
method [13].
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