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Abstract

We derive various models of assemblies of thin linearly elastic plates by abutting or superposition through an asymptotic analysis
taking into account small parameters associated with the size and the stiffness of the adhesive. They correspond to the linkage of
two Kirchhoff-Love plates by a mechanical constraint which strongly depends on the magnitudes of the previous parameters.
To cite this article: C. Licht, C. R. Mecanique 335 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Modélisation asymptotique d’assemblages de plaques minces linéairement élastiques. On obtient divers modeles d” assem-
blages de plaques minces par aboutage ou superposition a partir d’une analyse asymptotique prenant en considération de petits
parametres associés a la taille et a la rigidité de I’adhésif. Ils correspondent au couplage de deux plaques de Kirchoff-Love par
une liaison mécanique dont la nature dépend fortement des ordres de grandeur des parametres précédents. Pour citer cet ar-
ticle: C. Licht, C. R. Mecanique 335 (2007).
© 2007 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Setting the problem

We consider the structure constituted by two linearly elastic thin plates linked by a soft elastic adhesive, the as-
sembly being done by abutting (case p = 1) or superposition (case p = 2). We make no difference between R3 and
the Euclidean physical space whose orthonormal basis is denoted by {e1, €2, €3}, Greek coordinate indexes will run
in {1, 2} and Latin ones in {1, 2, 3}; for all & = (&], &, &3) of R3, é stands for (&1, &). Let n and e two small positive
real numbers, @ a domain of R? with a Lipschitz-continuous boundary dw, and £2° := w x (—¢, €). We assume that
the intersection / of @ with {x, = 0} is of positive length. The reference configurations of the adhesive layer and of

the two plates are respectively B,'Z’g ={x e 2% |xp41l < neP~1} and .QZ’S =0°\ Bz’s. We denote the strain energy
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density of the adhesive layer and of the two plates by W*** and W¢ respectively. For almost all x in .Q,'Z’g, We(x,.)
is a positive-definite quadratic form of the linearized strain tensor e and W*+* corresponds to the homogeneous Hook
law: WhH(e) = )L/Z(tre)2 + u|e|2, A, it > 0. The structure, clamped on ¥ := yy x (—¢, ¢), is subjected to body
forces f* and surface forces g® on I'Y = 9£2° \ I'y; we assume that (f*, g°) € L2(£2¢)3 x Lz(l"f)3 and that the
length of the part yg of dw is positive. The plates being perfectly stuck to the adhesive layer, the problem of finding
an equilibrium configuration involves a quadruplet s = (¢, n, A, ;) and reads as:

(P3) Min{F() — L*(v); ve H'(2°)*, v=0o0nI}}

with

F[S,(v) = / Ws(x,e(v)(x))dx—i— / W)"”(x,e(v)(x))dx, L% (v) :=/f5~vdx+/g€'vda
QS

1"5

m.€ n.&
2, By 1

Clearly, (77[3,) has a unique solution #%, but determining numerical approximations of uf, may be tricky because of
the large number of degrees of freedom implied by the meshing of the very thin adhesive layer and the ill-conditioned
system due to the low stiffness of the glue. Thus, it is of interest to propose a simpler but accurate enough modeling
of this structure. For that purpose, we will consider s as a quadruplet of small parameters and derive our models (see
Section 3) through a rigorous mathematical study of the asymptotic behavior of u;, when s goes to zero.

2. A convergence result

Classically [1], we come down to a fixed open set §2 := w x (—1, 1) through the mapping x = (x1, x2, x3) € Q2+
x® =mf(x) = (x],x5,ex3) € 2¢. Let I'y, I'] the images by (m®)~! of Iy, I, 't = x {£1}, Nag = 0w x (=1, 1),

BZ’I ={xe2; Ixp41l <n}, .QZ’l = .Q\B"’l, Sp={x€82; xpy1 =0}, 2, =02\, .Q;f ={x € £2; £xp,41 > 0}.
In the sequel, for any open set G of R", Hg1 (G) denotes the subset of H'!(G) whose elements vanish on g C 3G.
The magnitude of the external loading is chosen as follows:

fi@) =efa(x),  f{mx) =€ f3(x), Vxe
8o (m°x) = e%ga(x),  g5(x) =edg3(x), Vae NI M
gh(mex) =ega(x), g5(mfx)=¢%g3(x), Vx el NIy

@e (f, g) is an element (independent of ¢) of L?(£2)3 x L2(I')? and there exists no > 0 such that support(f, g) N

BZU’I =¢. Let §” the space of symmetric n X n matrices, we denote the space of linear operators on S by £(S") and
& ®; ¢ stands for the symmetrized tensor product of £ € R" by ¢ € R". We assume that the bulk energy density W*
satisfies:

Jda € LOO(.Q, E(S")); Weé(méx,e) =W(x,e) Vee $3 ae.xef

2
da>0; W(x,e)> oz|e|2 Veec S3 ae.xef

Forall e € 3, é is the element of S2 such that éaﬂ = eqp, so that a strictly convex quadratic form Wy is well-defined
on S by:
WkL(x,q) =Min{W(x,e); e€ $’,é =g} VeeS’ ae.xe (3)
With any displacement v defined on §2° is associated a scaled displacement S(¢)v defined on £2 by:
S/(e)\v(x) = 0(7%x), (5(8)0)3()6) =uv3(nx), ae.xef ()]
then u(s)p, ;=S (S)M; is the unique solution of the problem:
(Pp(s)) Min{F,(s)(v) — L(v); ve Hf,(2)*}

with
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Fp(s)(v) i= f W (x. dee(v)(x)de ) dx + f W (dse(w)()d;) dx,  L(v) = / fvde+ / g-vdo
QZ,I Bz,l 2 I
and d, the diagonal element of S3 such that (d,);; = ™" (=50), o
Henceforth, we assume that (A, (tp, /) = (A /40 *P=D /20 eP=D 41 /4n £2) has a limit (%, L, /) in
[0, +00]® with, moreover, e*?P=3 3 /1 goes to zero if A p = +oo. Let X, defined by:

(i) limsupn?/u=0: X, = L*(£2)%,
(i) limsupn?/u < +oo: X1 =L9(2)3, X, = L9(2)> x L*(R2), q arbitrary in [1, 2),
(i) limsupn?/u =—+o0: X =, L>(£2"1)3:
— limsupn?et/pn=0: X, =, L*(2"1)? x L2(R),
— limsup n2e* /< 400 Xo = Un L2212 x L1(82), ¢ arbitrary in [1, 2),
— limsupn?e*/p = +oo: Xp =, L2(2"1)3.

Its topology t is the strong topology unless one previous lim sup is not finite where 7 then involves the strong topology
on L?(£2"1) for every positive . The asymptotic behavior of the scaled displacement depends strongly on the relative
behavior of the parameters but can be described in an unified way as follows. Let

VkL($2)) = {v € H,LO (.{2[,)3; ¢;3(v) = 0 in the sense of distributions on .Q,,}
whose an equivalent characterization is:
p=1 M o) eH) (@\D* x Hy (@\D; ve(x) =v) (}) = x30,0" ®), v3(x) =v" (%) Vx € 2
p=2: ME ) ¢ H)}O(co)2 X H]%O(a)); Vo Fﬂzi x) = vg[i()?) — x39,07FR),
V3] (1) = vFER) Vi € 2.
We denote the jump across S, in the direction of e, of the membrane and flexural parts vM vF of v e Vi (2 p) by

[v™], [vF]: when p=1, [vM], [vF] are the differences of the traces on [ of v™, vF, whereas [VM](%) = v+ (R) —
vM= (%), [wF1(X) = v (&) — v~ (X) V& € w when p = 2. The functional

v e VkL(2,) = Gpv) = / Wik (x, e(v)(x)) dx
‘QP

will supply the variational limit of the total strain energy of the adherents while the variational limit of the total strain
energy of the adhesive will be:

v € VKL(2p) > H(vi hp, I, i) :=/h([v]x; Aps Wp, tp7) do
Sp

h being the mapping 4 : R3 — [0, co] well-defined by h(w; A, i, [p7) = limg_0 1/2nW**(dsw ®; ep41d;) and
[v] the jump of v across S, in the direction of e, 1. Of course, if some coefficients A ,, [, [t 7 equal +o0, H involves
the indicator function Iy, of a suitable subspace V; of Vki.(§2)). Eight cases indexed by g can be distinguished and
we will use the notation H, (v) in place of H (v; A, itp, itp/):

g=1. p=1, puy/<oo,

Ly

<00, =0, H®)= 2/;1«_1/[UF]2 + 21 (12 + [320712/3) dxy
1
Vi = VkL(£21)

g=2 p=1, w/<oo, A=o00, =0, Hz(v)=2/lTU[UF]2dxl+IVz
1
V2={U€ Vi; [Uéw]:[BZUF]:O}
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g=3 p=1, /=00, i <00, [ <00

Hz(v)=2/(m+ﬂ>([v§4]2+[ava]2/3)+mv1M]2dx1 +1y,, Vz={veV; =0}
1

g=4 p=1, pi=o00, i =00, [ <00, H4(v)=2/m[v{”]2dxl+1v4
1
V4={U€V2; [vF]=O}

q=5 p=1, pi=00, E =00, Hs)=Iy, Vs={veVi; p']=[dv"]=["]=0}

g=6 p=2 5. <o, Hﬁ(v)=(fz+;Tz)f[vF]2df, Ve = Vi (22)
w

- _ _ 2 ia
q=7- p=2 {hm}300, Wa<00, H7(U)=M2’/|[UM]|dX+1v7; Vi ={ve Vs vF1=0}
w

q=8 p=2 {A.z}300, may=o00, Hyw)=1Iy, Vs={veVs M]=n"1=0}

We extend F ¢ :=Gp+ Hy by +ooon X, \ VkL(£2)), then the limit behavior of the scaled structure is given by:

Theorem 2.1. When s goes to 0, the unique solution u(s), of the problem (P,(s)) converges in X, to the unique
solution ity of the problem (P4(s)): Min{F,(v) — L(v); v € V,} and Fy(ity) — L(iig) = lims_(F,(s)(u(s)p) —
L(u(s)p). Moreover, the restriction to .QZ’] of e(u(s)p) converges strongly to e(iiy) in Lz(.Q,,; S3).

Proof. Due to the very structure of the problem, and thus of the functional F),(s), the proof juxtaposes classical
arguments of the mathematical analysis of adhesively bonded joints [2,3] and an extension to the heterogeneous and
anisotropic cases of the mathematical derivation of the Kirchhoff-Love plate theory [4]. To simplify, we confine to
the case p =2, the arguments being similar if p = 1.

First step. Let vy a sequence such that F,(s)(vs) is bounded. The standard estimates

2 2 2 1 3
|U|L2(32n,1)3 < Cn(|e(v)|L2(Qg’l;S3) + ’7|e(v)|L2(Bg~1;s3)) Yv e Hp (£2)
2 2 2 1
<
|w|L2(Bg'l) S C77(|33w|L2(Q£,,1> + ’7|33w|L2(B£,,1)) Vw € HF()(Q)

and a combination of the arguments of [2,3] imply that there exist v in H Il"o (£22)% and a not relabelled subsequence
such that vy = v, the restriction of e(vy) to .Qg’] weakly converges to e(v) in Lz(.Qz; S3) and Ustgmy ~ UStige s — [v]
in L2(w)3. Moreover, (2) implies v € kL.

Second step. We show that for all u € V,,, there exists u; € H }0 (£2)3 such that

s > u, limsup Fy(s)(us) < Fy(u) (5)

s—0

From the very definition of Wyp there exists ¢ in Cgo (93’1)3 such that f_Q Wi(x,e(u) + g5 Qs e3)dx <
Ga(u) + |s| and we define ug in H, (2)° by: (ug)a(x) =& [73{2(g5)a (X, ¥) — & [§ 8a(g5)3(%, 2) dz} dy, (ug)3(x) =
&2 (j” (g5)3(x, y)dy. Let uf the field whose components are those of u except (uf)a equal to (Ryu)y if g =7 and
(uf)3 equal to (R,u)3 if ¢ = 6, R, being the smooth operator:

veH (20 > Ryv=1/2(v(&, x3) + v(&, —x3) + min(1, [x3]/¢) (v(%, x3) — v(£, —x3))) € H}, (2)°

clearly, uy := u} + uf satisfies (5).
Third step. We establish that for all sequence v; in H 11"0 (£2)? which 7-converges toward u in X,

Fq(u) < lim inf £ (s) (vs) (6)
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The first step and the weak sequential L2(22; S3) lower semicontinuity of g f o WkL(x, g(x)) dx imply

hmlnf/ wh “ dge(vs)(x)dg) dx + Gr(u) < llmlanz(S)(Us)
Bl!

When g =7, 8, we obtain u € V,; by noticing that, for all (¢, ¥) in C(‘)>O (w) x Cgo (w)?, the first step and an integration
by parts in B} 1 yield:

f o [ufdz <cnr%<n1/2 &2/ 19l 120 )
S—>

w

[ ot 1ai] < € im0 lplusn + im0 ) 9k |

w

/w-[LTJda% <C{;gxg)(n‘/2 &I | e + lim (1262 /1) [V Sz)}

O]

Eventually, when g = 6, 7, the sub-differential inequality and the second step imply:

liminf F () (v;) > Fg () + lim inf / DW*H (dee(?)(x)d; ) - (dee(vs — u?)(x)d) dx
s s
B!

which establishes (6), because the last term vanishes (see [2]).
Last step. Classically [5], the first two assertions of the theorem are a consequence of the first step and (5), (6),
while the last one stems from the convergences obtained in the first step and from

limsup/ WKL u(s)z)(x)) limsup/ W(x,dee(u(s)z)(x)dg)dx
s—0 s—0

n,1
2 2]

= Fy(iy) — L) ~limint / W (dge(u(s)2) (1)de) dx < Ga(iig)
BY!

as established in the third step. O

Remark 1. The previous arguments about the variational convergence of f ! W(x,e(v)(x))dx toward

fQ Wk (x, e(v)(x))dx allows one to derive the Kirchhoff-Love theory of thin linearly elastic plates by I'-
convergence, which generalizes [4] to the case of anisotropic and heterogeneous materials (see [8,9] also).

3. A proposal of a simplified but accurate model

Let .Qs ()~ 1(QP) .Qai (%)~ 1(Qi) the de-scaled field of displacement i u =S(e)” 1uq solves the mini-
mization problem

(ﬁ;) Min{/ Wk (x, em)) dx + Hy (v) — L*(v); v e V;}
25
the expression of Hqg (v) being deduced from the one of H,(v) by replacing vM by e!/20M and v by £3/2vF while
the spaces V; are the analogues of V,, with §2,, replaced by .Qf, This problem models the linkage of two Kirchhoff—

Love plates, occupying .Qf,i, by a mechanical constraint along Sf, = (%)~ I(S p). This constraint which takes place
of the thin adhesive layer depends strongly on the relative behaviors of ¢, n, A, u. When p =2, it can be pure adhe-
sion (¢ = 8), isoflexion with membrane pull-back or membrane separation without resistance (¢ = 7), separation with
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or without flexural pull-back (¢ = 6). From a material stand-point, it can be said that when the strength of the glue
increases transversal adhesion and longitudinal adhesion occur successively. Conversely, from the debonding point
of view, when the strength of the glue decreases the plates first separate longitudinally and next transversally. When
p = 1, the panel of constraints is wider. With increasing values of 1]/, three main stages occur successively: free
flexural separation, flexural elastic pull-back, isoflexion. In the first stage and with increasing values of A1, free sep-
aration, ep-membrane and rotation around / pull-backs, longitudinal adhesion appear successively. The same occurs
in the second stage except that free separation is replaced by free longitudinal separation. In the last stage, increasing
values of A1 supply free longitudinal separation, e;-membrane and rotation around / pull-backs, adhesion in the ¢; and
e3 directions (but not in the e, direction) while increasing values of 17 yield free longitudinal separation, membrane
and rotation around / pull-backs, full adhesion.

Actually, the problem (ﬁ;) is a two-dimensional problem, it reduces to a minimization problem in (v¥, vf)

on Hylo(w \ D)2 x Hgo(w \ /) when p =1 or in (vM* vF*) on Hylo(w)2 X H)%O(a)) when p =2. When p = 1 and
f_l 1 X3WkL(., x3) dx3 = O (which is implied by W is an even function of x3), the problem breaks down into two
independent problems, one satisfied by the membrane displacement, the other by the flexural one. When p = 2,

generally a coupling occurs except, of course, if ¢ = 8 and fil x3WkL(., x3) dx3 = 0. Clearly, this model is simpler
and easier to implement numerically than the genuine three-dimensional one. It is also accurate because of the previous
convergence result: i is asymptotically equivalent to u, in the sense that lim,—, o g2 / one |é(ﬁ; — ufp)l2 dx =0 and
P
g3 fgg.s |ei3(u3))|* is bounded.
In practice, s does not tend to 0 and we believe that a rational proposal for a simpler and efficient model of the

genuine structure is to replace )\_p , Lp, Lp/ by their actual values A /47 ¥ =D /2 e* =D 11 /45 €2 in the formulae
giving Hg in order to obtain the problem:

(P*) Min{/WKL(x,e(/u)E))der1/27781’—1/W*~ﬂ([u] ®s epi1)dx — LE(v); v e VKL(Q;‘,)}
QF

b Sp
In this model, the strain energies of the adherents are replaced by Kirchhoff-Love plates strain energies while the
strain energy of the adhesive is replaced by a classical surface constraint energy (see [2,3]).

Remark 2. In these questions of modeling of adhesively bonded joints, the use of the framework of small strains,
which does not account for the impenetrability of the adherents, is questionable because it does not supply any unilat-

eral condition in the constraint along S;. A first remedy is to include the condition v, 11 (x +ne&? —le p+1) —Vpt1(x —

neP~le p+1) = 0 in the genuine problem, it is easy to show that the conclusions of Theorem 1 still hold but with the

vectorial spaces V, replaced by the convex cones Cy :={v € V,; [v]p41 > 0on S,} and the same for the models
proposed in this section.

Eventually, the present study may be considered as a framework to asses the models of soft abutting of thin plates
proposed in [6,7].
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