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Abstract

In this Note, a nonlinear dynamic model of a PWM-driven pneumatic fast switching valve is presented. The electro-magnetic,
mechanical and fluid subsystems of the valve are investigated, including their interactions. Unknown parameters are identified using
direct search optimization and model validation is performed by comparing the simulated and measured current curves. In order to
use this model in PWM control applications, a simplification strategy is also proposed and a static model is obtained between the
duty cycle input and the moving average of the spool position. The simplified static model is validated again by experiments. To
cite this article: M. Taghizadeh et al., C. R. Mecanique 337 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

Electro-pneumatic control valves are used as interfaces between electronic controls and fluid flow. There are two
types of electro-pneumatic valves to control the fluid flow of a pneumatic actuator. These are the continuously acting
servo/proportional valves and the on–off switching valves. Due to having proportional input–output behavior, pneu-
matic servo systems are usually realized by the continuously acting servo/proportional valves. But these valves have
complex structures, are very costly and tend to be bulky compared to inexpensive, compact and lightweight switching
valves. Therefore, servo-pneumatic systems utilizing fast switching valves have been developed [1–3].

In order to use the discrete on–off switching valves instead of the continuously acting servo valves and to obtain
similar proportional characteristics, pulse width modulation (PWM) techniques are used. Applying the PWM signal
as the control input to a switching valve makes the valve on and off successively. As a result, fluid is passed through
a valve that is completely open or completely closed and is delivered to the actuator as discrete packets of mass.
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Bigger pulse widths result in bigger packets of fluid. If the time rate of delivery of these packets (PWM frequency) is
considerably faster than the dynamics of the actuator and load, then the system filters the discreteness of the packets
and responds to the average of the input signal, similar to the continuous case [4].

PWM-driven fast switching valves are employed in several areas of industrial applications. A typical application
of this kind for pneumatic systems is the realization of control functions in intelligent electro-pneumatic braking
systems of motor vehicles [5]. Many other pneumatic servo control applications in robotics [6–8] and other ar-
eas [9–11] have been pursued by researchers in order to reduce the cost, complexity and weight of the system
by utilizing switching valves instead of servo valves. These techniques have been also successfully applied to hy-
draulic servo systems [12,13]. The fully variable valve actuation in combustion engines can be mentioned as an
application of PWM-driven hydraulic switching valves which improves the performance and efficiency of the en-
gine [14].

Dynamic characteristics of fast switching solenoid valves influence the successful operation of the entire fluid
power system. Therefore, it is of critical importance to elaborate a reliable dynamical model for these valves to be
applied in design of the fluid power hardware and its control. The model must accurately handle the three constituting
subsystems of the valve, namely the electromagnetic, mechanical and fluid subsystems.

There are many works in which the modeling and control of pneumatic actuators are considered [15–20]. However,
very few authors have treated the modeling of solenoid valves. Ye et al. [21] investigated some static characteris-
tics of a PWM solenoid valve and presented an equation for determining the maximum operating modulation ratio.
Sethson et al. [14] proposed a simple model for a 2/2 hydraulic solenoid valve in which the model parameters are
tuned to yield good agreement between the measured and the simulated variables. Yuksel et al. [22] designed a new
pneumatic solenoid valve and investigated its dynamic model to describe the switching characteristics of the valve.
Other investigations into the behavior of pneumatic fast switching valves can be found in [23,24]. In the above works,
solenoid valves are studied from the viewpoint of valve design. However, the main objective of the present modeling
is to emphasize on the applicability of the model in the controller design process for PWM-driven servo-pneumatic
systems.

In this Note, modeling and identification of a PWM-driven pneumatic fast switching valve are presented. In the
following, in Section 2, the internal structure of the valve is investigated and the electro-magnetic, mechanical and
fluid subsystems are discussed including their interactions. In Section 3, governing equations of the valve are derived
in the form of nonlinear state equations. In Section 4, identification of the unknown parameters and validation of the
model are performed by comparing the simulated and measured currents of the solenoid. The nonlinear dynamical
model obtained so far is a powerful simulation and computational tool; however it should be simplified in order to be
effectively used in control design applications. This task is performed in Section 5 in which the moving average of the
spool position is calculated and a simplified static model is presented between the duty cycle of the PWM input and
the averaged spool position. Finally, Section 6 contains some concluding results.

2. Structure of the valve

The solenoid valve under study is a fast switching spring return 3/2 valve. In Fig. 1, simplified schematic views are
shown to indicate the closed and open positions of the valve. In the absence of solenoid excitation, the valve is kept
at its closed end-position by the return spring (Fig. 1(a)). When the solenoid is energized by DC voltage, the resultant
magnetic force displaces the moving part against the return spring, valve opens (Fig. 1(b)) and a flow cross section
develops through an orifice.

A block diagram representation of the valve is given in Fig. 2 which indicates the signal flow of the model from
the input voltage to the output flow, including the intermediate interactions. As shown in this figure, a solenoid valve
can be decomposed into three interacting subsystems; the electromagnetic, mechanical and fluid subsystems.

The two first subsystems, namely the solenoid with its electromagnetic equations, and the mechanical part con-
sisting of a mass–spring–damper system, behave dynamically and have transient responses. In the next section, the
nonlinear dynamic equations governing these subsystems will be derived in which the pressure forces are also in-
cluded. The third subsystem, namely the valve orifice, can be described by the general orifice equation for turbulent
flow [22].
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(a) (b)

Fig. 1. Schematic of the valve operation. (a): closed, (b): open.

Fig. 2. Block diagram representation of the valve subsystems and their interactions.

3. Valve modeling

A solenoid valve is a complex technical system whose characteristic is governed by a couple of interacting electro-
magnetic, mechanical and flow equations. In the following, different subsystems of a solenoid valve are investigated
and the governing equations are derived in the form of nonlinear state equations. For this purpose, the solenoid current
i(t), the spool position x(t), and the spool velocity ẋ(t) are selected as state variables. It is tried to derive a simple,
yet accurate model, with a reasonable number of parameters, so that it can be used as an effective simulation tool.

3.1. Electromagnetic subsystem

This subsystem consists of an electrical and magnetic circuit included in a solenoid. The solenoid model has to
handle the transformation of the input voltage to an electro-magnetic force on the spool of the valve. The electrical
circuit is the actual coil which is represented with a variable inductance L in series with a resistance R of the coil.
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Fig. 3. Schematic of the magnetic circuit.

The magnetic circuit consists of a fixed core surrounded by the coil turns, and a moving part which is connected to the
spool and moves with the spool under the effect of the exerted magnetic force. The magnetic circuit is schematically
shown in Fig. 3. For this circuit, the electromotive force can be stated as

Ni = Hclc + Hglg = Hcleq (1)

where N is the number of coil turns, and Hc and Hg are the magnetic field intensity in the core and in the air gap
respectively. Parameters lc and lg are the length of magnetic circuit inside the core and in the air gaps and leq represents
the equivalent length of the total magnetic circuit. It is assumed that the air gaps are small enough to ignore the fringing
of the flux, therefore leq can be given by

leq = lc + μc

μ0
lg = lc + 2μr(xt − x); μr = μc

μ0
, lg = 2(xt − x) (2)

in which μc and μ0 are the permeability of the core and air, respectively, and μr is the relative permeability of the core.
xt is the total air gap including a traveling and a holding air gap. When the spool is in its initial position (x = xmin),
then lg has its maximum value (total air gap), and as the spool comes to its maximum travel (x = xmax), lg has its
minimum value (holding gap).

Using (1), together with the following fundamental relations:{
Hc = B

μc
= ϕ

Aeμc

Li = Nϕ
(3)

the variable inductance of the magnetic circuit, L(t), is given as a function of spool position

L(t) = N2Aeμc

leq
= N2Aeμc

lc + 2μr(xt − x(t))
(4)

where ϕ is the magnetic flux, B is the density of magnetic flux and Ae is the effective cross sectional area of flux path.
Now, the state equation of this subsystem can be written by applying Kirchhoff’s voltage law

V (t) = Ri(t) + d

dt
L(t)i(t) = Ri(t) + L(t)

d

dt
i(t) + i(t)

d

dt
L(t) (5)

in which V (t) is the input voltage and i(t) is the electrical current. Differentiating L(t) gives

d

dt
L(t) = 2μrN

2Aeμcẋ(t)

[lc + 2μr(xt − x(t))]2
= 2μrL

2(t)ẋ(t)

N2Aeμc

(6)

Substituting (6) into (5), we get the first nonlinear state equation as

d

dt
i(t) = 1

L(t)

[
V (t) − Ri(t)

] − 2μrL(t)ẋ(t)i(t)

N2Aeμc

(7)

Also, the magnetic attraction force of the solenoid can be stated as

Fm = 2
ϕ2

2Aeμ0
= L(t)2i(t)2

N2Aeμ0
(8)

In the next subsection, two other state equations representing x and ẋ will be derived.
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3.2. Mechanical subsystem

The mechanical subsystem consists of a mass, spring and damper under the effect of magnetic and pressure forces.
It can be represented by Newton’s second law as

ms

d2

dt2
x(t) + b

d

dt
x(t) + k

(
x(t) + δ

) = Fm(t) + Fprs (9)

in which ms is the spool mass, b and k are the damping and spring coefficients, δ is the spring pre-tension and Fprs is
the pressure force. The pressure force can be simply approximated by

Fprs = (A1 − A2)Psup + (A3 − A4)Pout (10)

where Psup and Pout are the pressures at the supply and output ports of the valve, and A1, A2, A3 and A4 are different
areas on the spool lands which are affected by Psup or Pout in different directions. In the valve studied, the areas A3
and A4 are approximately equal such that the effect of Pout on Fprs can be neglected.

Now, by selecting x and ẋ as state variables and rewriting (9), the two other state equations are obtained as⎧⎪⎪⎨
⎪⎪⎩

d

dt
x(t) = ẋ(t)

d

dt
ẋ(t) = 1

ms

(−bẋ(t) − k
(
x(t) + δ

) + Fm(t) + Fprs
) (11)

3.3. Fluid subsystem

The electromagnetic and mechanical parts of the valve are used to control the fluid flow through the valve orifice
by controlling the spool position. The orifice equation for turbulent flow is used to describe the air flow through the
valve [22]. This equation consists of two different static functions for subsonic and choked (sonic) flow regimes. As
the fluid in the valve and in the pneumatic system is compressible, when the ratio of the upstream pressure (Psup) to
the downstream pressure (Pout) is larger than a critical value, the flow regime is subsonic and the mass flow depends
nonlinearly on both pressures. Whereas, when the pressure ratio is smaller than the critical ratio, the flow attains sonic
velocity (choked flow) and depends linearly on the upstream pressure. In both cases, the air mass flow depends linearly
on spool position. The standard equation for mass flow rate through an orifice is given by

dm

dt
=

⎧⎪⎨
⎪⎩

0.0405Cd.CA.x̄(t)
Psup√

T
if Pout

Psup
� 0.528

Cd.CA.x̄(t)
Psup√

T

(
2γ

R(γ−1)

((
Pout
Psup

) 2
γ −

(
Pout
Psup

) γ+1
γ

))1/2
if Pout

Psup
� 0.528

(12)

where Cd is the discharge coefficient, CA is the constant of the orifice cross sectional area, T is the supply temperature,
R is the ideal gas constant and γ is the ratio of specific heats.

The controlling variable of the orifice in a PWM-driven valve is considered to be the average of the spool position
denoted by x̄(t). In Section 5, calculation of x̄(t) from the simulated position of the spool, x(t), will be discussed.

4. Parameter identification and model validation

Some of the model parameters are directly obtainable by measurement whereas some others are hard or impossible
to measure, especially when it comes to magnetic material properties. The directly measured parameters and their
values are listed in Table 1.

Table 1
The directly measured parameters.

Parameter ms k N A1 A2 A3 = A4

Measured value 27 (gr) 10 000 (N/m) 1250 26.57 (mm2) 35.25 (mm2) 55.86 (mm2)
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Table 2
The identified parameters.

Parameter name Measured value Identified value Parameter name Measured value Identified value

lc 11 (cm) 11.5 (cm) δ 1.1 (mm) 1.1 (mm)
R 15 (�) 13 (�) xt 0.35 (mm) 0.4 (mm)
xmax 0.3 (mm) 0.33 (mm) b – 0.2 (N s/m)
Ae 0.75 (cm2) 0.8 (cm2) μr – 120

Fig. 4. Measured and simulated currents with a 24 volt input. Fig. 5. Measured and simulated currents with a 15 volt input.

Direct measurement of some other parameters may seem to be possible; however, their real values may differ from
the measurements due to several reasons. For example by measuring the geometrical dimensions of the core, the
magnetic parameters Ae and lc can be obtained. But they may have rather larger values than measurements. This is
most likely due to the fact that a lumped parameter modeling of the magnetic circuit is performed which does not
account for the exact geometrical shape. Another geometric parameter is xt (the total length of air gap) which is very
small and considerably affected by the measurement errors. The coil resistance is also measured for cold coil and
should be tuned by an optimization strategy in order to account for the variations due to heating. There are also some
unmeasured parameters like μr and b which are determined by identification.

In order to identify the unknown parameters, a direct search optimization method is applied which minimizes
the integral of the absolute error between the simulated current of the model and the measured current of the actual
solenoid. For this purpose, a physically sensible range of variation (based on the measurements) is selected for each
unknown parameter and the equations of the mathematical model are solved numerically in MATLAB/SIMULINK
environment.

Fig. 4 shows the measured current (with about 0.5% measurement error) of the actual solenoid together with
the optimized simulated current. As indicated in this figure, good agreement is seen between the two curves which
correspond to a set of identified parameters, listed in Table 2.

It should be noted that the current curves of Fig. 4 are obtained by applying a 24 volt input which is the standard
working voltage of the solenoid valve. In order to validate the model and the identified parameters, another comparison
is made between the measured and simulated currents by applying a 15 volt input. The results are shown in Fig. 5
which indicate proper agreement between the two curves and approve the validity of the model.

The time interval of the current in Fig. 4 consists of several stages which should be interpreted and justified with
the actual behavior of the valve. These stages may be described as follows:

• The input voltage is applied at t = 0 and the current starts to rise until the magnetic force overcomes the spring
force and the spool starts to move at approximately t = 3 ms;
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• As a result of spool motion, the length of air gap decreases and the solenoid inductance increases (Eqs. (2) and
(4)). Consequently, the current experiences a local peak (about 0.64 A) and begins to decrease until the spool
reaches its end stroke and stops at approximately t = 3.7 ms (the complete opening time of the studied valve is
3.7 ms);

• When the spool stops, the inductance of the solenoid becomes constant and the current starts increasing again.
As far as the input voltage is applied, the current continues to increase exponentially (the behavior of a first order
R-L circuit) to reach a steady state value.

After the valve completely opens, the amount of current needed to keep the spool at its end position (holding
current) is much less than the current needed for moving the spool from its initial position (switching current). On
the other hand, the valve closing time is considerably dependant on the amount of current at the beginning of the
de-energizing process.

In order to decrease the valve closing time, after the valve completely opens, current is reduced and remained at
a constant holding level (about 0.5 A). In the actual valve, this task is performed by an internal electronic circuit
which controls the current by converting the applied input voltage into a pulse width modulated voltage. It should be
noted that, the valve itself is typically driven by PWM inputs, however the frequency of the internal PWM voltage
(for controlling the current) should be higher enough than the frequency of the main input. In the simulation model,
a separate PWM generator and a PI controller are designed to maintain the 0.5 A holding current. Another attempt for
decreasing the closing time of the valve is to apply a negative voltage at the beginning of the de-energizing process.
This task is realized by a capacitor which is charged during the valve opening and is used reversely during the valve
closing. In the simulation model, this task is performed by a low-pass filter with initial value.

As an example, a 50 Hz PWM input with 40% duty cycle is applied and simulation results are shown in Fig. 6.
Different stages of the applied voltage including the main PWM input, the re-modulated PWM signal (with higher
frequency for controlling the holding current), and the negative voltage applied by the capacitor are noticeable in this
figure. The controlled holding current and the opening and closing delay times of the valve are also recognizable
from the current and spool position curves in the figure. These are all shown in one figure in order to indicate the
correspondence between the voltage, current and spool position.

5. Model simplification

In this section, the obtained state space model is simplified in order to be practically applied in the design of
servo-pneumatic control systems. From the viewpoint of control, in a PWM-driven valve, the average of the spool
position can be considered as a control variable which meters the fluid flow through the valve orifice. Therefore, the
average of the spool position in each PWM period (moving average) should be calculated and used instead of the spool

Fig. 6. Correspondence between the applied voltage, the current and
the spool position.

Fig. 7. Step change in the duty cycle, the spool position and its moving
average.
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Fig. 8. Average spool position vs. duty cycle for fPWM = 50 Hz and
different supply pressures.

Fig. 9. Average spool position vs. duty cycle for Ps = 4 bar and dif-
ferent PWM frequencies.

position itself. For this purpose, the state space model is used as a computational tool to simulate the spool position
and calculate its moving average. As an example, Fig. 7 shows the simulated spool position together with its average
while a 50 Hz PWM input is applied and the duty cycle has changed from 25% to 50%.

As seen in Fig. 7, rapid transient behaviors (only in the first cycle after the step input change) are detectable in
the response of the average spool position. For typical PWM control applications, these transient behaviors can be
neglected in comparison with the dynamics of the other components of a servo-pneumatic system. Therefore, the
valve model between the duty cycle input and the steady state values of the average spool position can be represented
by a nonlinear static curve. This static model also depends on the frequency of the input pulse and the supply pressure.
Fig. 8 indicates the average spool position (stated in percent of xmax) vs. duty cycle, corresponding to a 50 Hz PWM
frequency and different supply pressures. In Fig. 9, the effect of frequency is investigated by simulating the model in
different frequencies and a constant pressure supply of 4 bar.

As seen in Fig. 8, increasing the supply pressure decreases the average of spool position. Referring to (10), since
(A1 − A2) is negative, the resultant force of Psup is against the spool movement and decreases the average of spool
position. In other words, it can be stated that Psup shifts the effective range of duty cycle (full range excluding the
dead band and the saturated region), without changing the size of this range. On the other hand, Fig. 9 indicates that
increasing the PWM frequency decreases the effective range of duty cycle. Practically, in order to have a proper range
of effective duty cycle, the PWM frequency should not be selected too high.

Finally, the static model is validated again by performing some experimental measurements. For this purpose, a 50
Hz PWM input is applied to the valve and the duty cycle is varied from 0% to 100%. A constant supply pressure of
4 bar is maintained and the steady state output flow of the valve is measured for any given duty cycle. Since flow is
exhausted to atmosphere, the output pressure is small enough to assume a choked flow regime. According to (12) for
choked flow and assuming constant temperature, the output flow depends linearly on the average spool position and
supply pressure. Consequently, with a constant supply pressure, the flow percentage (ratio of flow to the maximum
flow corresponding to 100% duty cycle) is equal to the percentage of the average spool position. Since experimental
measurement of the averaged spool position is impossible, the measured flow data are used for comparison with the
simulated data of the averaged spool position. In Fig. 10, percent of the measured flow is compared to simulated
average of the spool position. The proper agreement between the two curves approves the validity of the modeling.

6. Conclusion

In this Note a nonlinear dynamical model of a pneumatic fast switching valve is developed and validated by
experimental measurements. This model successfully predicts the valve characteristics and can be used as a powerful
computational and simulation tool. For practical application of the model in the design of servo-pneumatic systems,
a simplification strategy is proposed in which the average of spool position is calculated and used as the control
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Fig. 10. Measured flow and simulated average position of spool vs. duty cycle.

variable. It is shown that the transient behavior of the average spool position is very rapid and can be neglected. As a
result, the valve model between the duty cycle input and the average spool position is represented by a nonlinear static
curve corresponding to a given PWM frequency and supply pressure. Finally, this static model is validated again by
measuring the steady state flow of the valve.
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