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Abstract

The present Note reports a detailed analysis of some of the specific flow properties which are associated with the development
region of circular pipes and ducts of square or rectangular cross-sections in turbulent conditions. Indeed, there are no data presently
available to determine a priori the acceleration effect which results from the progressive thickening of the boundary layers on the
pipe walls. In addition, published results concerning the longitudinal extension of this development region are rather confusing.
Through our study, on the one hand, the litigious points are clarified, and, on the other hand, the pertinent grouping of variables
(which include the hydraulic diameter Dh and the boundary layer displacement thickness δ1) providing the parameter relevant for
obtaining similarity between all the situations is displayed. To cite this article: F. Anselmet et al., C. R. Mecanique 337 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

The initial region, also called entrance region, of duct or pipe flows is characterized by specific properties such
as a progressive acceleration of the flow which results from the progressive thickening of the boundary layers. This
phenomenon is observed whatever the shape of the duct cross-section (circular, square or rectangular). Some exper-
imental data have been published on this phenomenon in the case of turbulent flows, principally by Nikuradse [1],
Deissler [2], Melling and Whitelaw [3], Gessner et al. [4] and Demuren and Rodi [5]. These results use the hydraulic
diameter Dh to define the dimensionless longitudinal position that gathers well the different results for all the geome-
tries. The hydraulic diameter is defined by Dh = 4S/P , where S is the area of the duct cross-section and P is the
wetted perimeter. Thus, the normalized centerline velocity Ue/Ub is usually found to be maximum when X/Dh is
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Nomenclature

a.r. aspect ratio of a rectangular section (= B/d)
Cf friction coefficient (= 2.(u∗/Ue)

2)
d height of a rectangular duct or a plane chan-

nel
D diameter of a circular pipe
Dh hydraulic diameter (= 4S/P )
H shape factor (= δ1/θ )
Le entrance length
P wetted perimeter
Re,ReDh Reynolds number based on Dh

(= UbDh/ν)

Red Reynolds number based on d (= Ubd/ν)

Rex Reynolds number pertinent for boundary
layer development (= UeX/ν)

S surface of the cross-section
u∗ friction velocity
U longitudinal mean velocity
Ue centerline mean velocity
Ub bulk velocity

Greek letters

δ boundary layer thickness
δ1 boundary layer displacement thickness
θ boundary layer momentum thickness
ρ fluid density
ν fluid kinematic viscosity

comprised between 30 and 40, where Ue denotes the centerline mean velocity for the section at position X and Ub is
the bulk velocity. Nonetheless, both the exact position of this maximum and its intensity significantly depend on the
global Reynolds number, Re = UbDh/ν. This progressive acceleration has been well known for a long time in wind
tunnel design, for which the walls are built slightly diverging downstream in order to annihilate the pressure gradient
effect. Usually, a divergent angle value of 0.2 deg is recommended (Jaarsma [6]), but, to the authors’ knowledge, no
systematic study in turbulent conditions has ever displayed the set of variables that allows collapsing the evolutions
of all possible configurations.

On the contrary, in laminar conditions, investigations performed in the 60’s–70’s (see White [7]) have shown that
the variable (X/D)/(UbD/ν) provides the collapse of the evolution of Ue/Ub on a unique curve for circular pipes
(in this case, D is the pipe diameter), and on another curve for plane channels (i.e. rectangular ducts with very large
aspect ratio B/d , where d is the distance between the nearest parallel walls and B the channel width and, in this case,
D = d).

Consequently, one may wonder whether such a collapse of data can be obtained using a similar dimensionless
variable in turbulent conditions, and should provide its physical meaning. Elsewhere, significant discrepancies have
been raised in literature concerning the entrance length Le that characterizes the longitudinal position beyond which
full development of the flow is reached (see, for instance, Comolet [8] or White [9]), as some authors recommend
the law Le/D = 1.6(Re)1/4 while others suggest Le/D = 4.4(Re)1/6. Indeed, in the usual Reynolds number range
(Re between 105 and 106) where most laboratory studies are performed, the values of Le/D obtained with these two
relations appear to be quite close (Le/D ≈ 30–40). A clarification of this critical point is expected. On the one hand,
because the use of these formulae at Reynolds numbers larger than 106 would lead to significantly different results
and, on the other, because those experimental laws do not rely on any solid theoretical development. In particular, the
precise criterion to be used for defining Le is not clear as it is generally not specified in published matter. From our
study, we will define a quantitative criterion in Section 3.3 (through relation (2)).

This is why we have undertaken a systematic study in the purpose of changing independently the shape and the
size of the section, as well as the bulk velocity, with the aim of finding out which characteristic length should be used
(D, d or Dh?). The results we have obtained, which are presented hereafter, reveal that the hydraulic diameter Dh and
the boundary layer displacement thickness δ1 both influence the development region of the flow. From the analysis
of these results, an analytical law is proposed and remains valid for circular, square or rectangular (at least for aspect
ratios less than 13) sections and allows quantifying precisely the phenomenon.

2. Numerical procedure

The objective of our numerical study is to obtain a wider range of variation of the key parameters, such as the
Reynolds number, than is available from published experimental data and to only focus on the purpose of the present
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Table 1
Geometries of pipes and ducts used for numerical computations.

d (m) D (m) Dh (m)

Circular pipes 0.16, 0.21, 0.30 0.16, 0.21, 0.30
Ducts (B = 0.60 m) 0.32, 0.42, 0.60 0.418, 0.494, 0.60

Fig. 1. Scheme of the duct geometry and the associated computation domain (grey quarter of the total volume).

work, which is to study the centerline flow acceleration in the entrance region and to infer the entrance length Le. It
is well known that the k–ε model family is not able to simulate properly non-equilibrium boundary layers. For this
reason, the k–ε model could be inappropriate for calculating the flow downstream of the peak in centerline velocity
(see e.g. Fig. 2) where secondary flows may become important. However, as this work focused on the development
region of the boundary layers, the k–ε approximation proved reasonable since remarkable quantitative agreement with
a wide range of experimental data was obtained. The software Fluent (version 6.2) was used. Nevertheless, particular
attention had to be devoted to the sizes of the meshes. Ducts with square or rectangular section were modelled for
three different configurations (half-height d/2 equal to 0.16 m, 0.21 m and 0.30 m and B always equal to 0.6 m,
cf. Table 1); the corresponding meshes were designed in three dimensions (only one quarter of the section needed
to be represented due to the existence of two symmetry planes, see Fig. 1). Pipes with circular section (diameter D

equal to 0.16 m, 0.21 m and 0.30 m) were represented in two dimensions, according to their axisymmetric geometry.
The simulated length L then most generally corresponded to 24 m, in order to reach values of the ratio X/Dh at least
equal to 50, but a few tests were also performed with L = 40 m. Elsewhere, in relation with our practical purposes,
the simulated fluid was water whose kinematic viscosity was fixed to ν = 10−6 m2/s.

The governing equations of the flow model are the three-dimensional, steady, incompressible Reynolds Averaged
Navier–Stokes (RANS) equations for the averaged velocity U and pressure P . The closure problem of the RANS is
solved using the standard k–ε model (Launder and Spalding [11]). So, accounting for the summation convention (all
subscripts range from 1 to 3), the equations of the problem in the computational domain Ω may be given as follows:

ρUj

∂Ui

∂xj

= − ∂P

∂xi

+ ∂

∂xj

[
(μ + μt)

(
∂Ui

∂xj

+ ∂Uj

∂xi

)]

ρUj

∂k

∂xj

= ∂

∂xj

[
(μ + μt/σk)

∂k

∂xj

]
− ρu′

iu
′
j

∂Ui

∂xj

− ρε

ρUj

∂ε

∂x
= ∂

∂x

[
(μ + μt/σε)

∂ε

∂x

]
− ρu′

iu
′
j

∂Ui

∂x
Cε1

ε

k
− ρCε2

ε2

k
j j j j



576 F. Anselmet et al. / C. R. Mecanique 337 (2009) 573–584
Fig. 2. Comparison of the centerline velocity and friction coefficient (normalized by the friction coefficient value corresponding to the Prandtl law)
for several transverse mesh densities. Square duct: d = Dh = 0.60 m − L = 40 m − Ub = 0.20 m/s − Re = 1.2 × 105.

−ρu′
iu

′
j + 2

3
ρkδij = μt

(
∂Ui

∂xj

+ ∂Uj

∂xi

)

with: μt = ρCμ
k2

ε
, Cμ = 0.09, Cε1 = 1.44, Cε2 = 1.92, σk = 1 and σε = 1.3. Ui is the averaged i velocity component,

k the turbulence kinetic energy, ε the dissipation rate, μ, ρ and μt respectively the fluid molecular viscosity, the fluid
density and the turbulent viscosity of the flow. These field equations must satisfy the following boundary conditions
(note that, as explained before, only one quarter of the flow is actually computed for ducts):

Entry section: we set a uniform mean longitudinal velocity distribution such that U1 = Ub, with U2 = U3 = 0,
associated with a uniform distribution of both the turbulence kinetic energy and the dissipation rate. Values of k

and ε are estimated from the classical turbulence intensity, I = 0.01, and turbulence length scale, l = 0.01 m, by
k = 3

2 (IUb)
2, ε = C

3/4
μ k3/2/l, assuming that for a pipe l = 0.07Dh (according to Schlichting [10, p. 568]). Changing

l from 0.01 m to 0.02 m or 0.03 m had no influence on the results, so that a unique value of l was used.
Outlet section: we set a uniform pressure P = 0 and Neumann homogeneous conditions for k and ε: �∇k.�n =

�∇ε.�n = 0.
Symmetry conditions are set for the two symmetry planes of the ducts: �U.�n = 0, �∇ �U.�n = �0, �∇k.�n = �∇ε.�n = 0.
On the walls, i.e. on the bottom and lateral sides, we use the classical wall function approach: near the wall, the

solution is given by semi-empirical laws of the standard turbulent boundary layer theory. Depending on the non-
dimensional distance, y+ = yu∗/ν, of the first grid cell from the wall, a logarithmic law (y+ > 30) or a linear law
(y+ < 5) is employed for the fluid velocity. If the first cell falls in the buffer-layer zone, a smoothing function is used
to insure an asymptotic match of the two preceding laws (Fluent [12]).

For each geometry, five runs have been systematically performed with entry velocities Ub equal to 0.2, 0.3, 0.45,
0.6 and 0.75 m/s. The convergence criterion of the resolution of equations has been set to 10−6, requiring between
1500 and 2500 iterations.

Fig. 2 shows a comparison of the centerline velocities and the bottom wall friction coefficients Cf (= 2.(u∗/Ue)
2)

in the symmetry plane (z = 0) obtained for the square duct (B = Dh = 0.60 m − L = 40 m − Ub = 0.20 m/s)
and for several mesh densities. The friction coefficient is normalized by the friction coefficient value (Cf Prandtl =
λ(Ub/Ue)

2) corresponding to a fully developed circular pipe flow according to the Prandtl law (e.g. Schlichting [10]),
1√ = 2 log(Re

√
λ ) − 0.8, with λ = 2.(u∗/Ub)

2. Each grid was built with a constant number of 400 nodes in the

λ
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Table 2
Non-dimensional first wall-adjacent cell sizes for different mesh densities and for two different distances from the duct entrance, X = 1 m =
1.667Dh and X = 10 m = 16.67Dh.

Grid density 20 × 20 30 × 30 60 × 60 70 × 70

d+ (1 m) 64 26 2.5 1.1
d+ (10 m) 51 21 1.91 0.88

longitudinal direction, but different numbers of nodes were used in the transverse directions. The nodes are stretched
with an arithmetic progression (reason 1.08), giving rise to the sizes of the first wall-adjacent cell which are reported
in Table 2 in terms of d+. As shown in Fig. 2, we obtain small discrepancy for the two last meshes tested (60 × 60
and 70 × 70). The asymptotic Cf values we obtain for X/Dh > 55, when the flow is fully developed, are about 5%
larger than the Cf Prandtl values. Such results are in good agreement with the fact that the use of the hydraulic diameter
is known to only allow Cf values to match Cf Prandtl values with a 4–5% error. Therefore, for the square duct (with
Dh = 0.60 m), we chose finally the 60 × 60 × 400 refinement which gives a grid consisting of 1.44 × 106 elements.
These large simulations were performed on a cluster of 4 workstations Dell PowerEdge 1600SC (bi-processor Xeon
2.8 GHz – 1Go RAM) in approximately 6 h.

Simulations for geometries with smaller values of Dh used a smaller mesh (32 × 60 × 160 grid points) which was
validated in a similar way. Only 24 m long flows were simulated in a systematic way since Dh is then smaller (see
Table 1). Indeed, trial computations performed for 8 m long flows had revealed that much longer domains had to be
used for complete development to be achievable (see Fig. 2).

For circular pipe simulations, whose mesh is two-dimensional because of the axisymmetric geometry, the longitu-
dinal distribution of nodes was similar to that described for ducts (with 350 nodes). Vertically 60 nodes were used,
with a progression factor equal to 1.035 and the first mesh located at 0.39 mm from the wall (for D = 0.16 m, the mesh
for D = 0.21 m being stretched as for the ducts), resulting in 21 000 quadrilateral cells. For D = 0.30 m, 80 mesh
nodes were used, with the first mesh located at 0.445 mm from the wall, which results in 28 000 quadrilateral cells.

3. Results

3.1. Mean velocity profiles and associated quantities

Fig. 3 reports the typical velocity distributions obtained in the symmetry plane of the flow (z = 0) for the duct
with d = 0.60 m, in the form of U/Ue vs. y/δ, for all five velocities Ub. As Reynolds numbers Rex (= UeX/ν)

are larger than 106, this figure shows that the dimensionless velocities U/Ue follow the usual power-law evolution,
U/Ue = (y/δ)1/n, with 1/n about 1/7, for all five values of the bulk velocity Ub (a detailed discussion of the similarity
properties for turbulent pipes and boundary layers is available in Schlichting [10, chap. XXI]). The usually reported
slight variation of 1/n when Rex increases can be noted. Very similar results (not shown here) are obtained for the
other values of d and for the circular pipes. Data reported in Fig. 3 are related to the station located at X = 8 m =
13.3Dh; this station is typical of what is obtained in the development region where the centerline velocity increases
quite strongly for increasing X, as a result of the progressive thickening of the wall boundary layers. When the
velocity distributions are plotted in terms of U+ (= U/u∗) vs. y+ (results not shown here), very good agreement with
the usual logarithmic distribution is obtained for y+ larger than about 25. Even though such plots could have been
used to evaluate systematically the values of u∗ and Cf presented hereafter, we preferred to compute them from the
values of the wall stress τw provided by Fluent, because this was both more precise and more convenient.

The associated longitudinal evolution of the displacement thickness δ1 is plotted in Fig. 4, in terms of δ1/X vs. the
Reynolds number Rex . This evolution is compared with the standard Re−1/5

x law corresponding to 1/n = 1/7. When
the flow is fully developed and δ1 has reached an asymptotic constant value, the asymptotic regime is achieved. Since
the boundary layer thickness δ is then equal to d/2, δ1 is equal to d/16, corresponding to a −1 slope for the reported
evolution of δ1/X.

In Fig. 5, the influence of the pressure gradient is analysed through the longitudinal evolution of the friction coef-
ficient Cf,

Cf = 2
dθ

dx
− θ

H + 2

ρU2

dP

dx
e
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Fig. 3. Mean velocity distributions (in terms of U/Ue and y/δ) obtained at X = 8 m = 13.3Dh for the square duct with d = Dh = 0.60 m.

Fig. 4. Longitudinal evolutions of the displacement thickness for the square duct with d = Dh = 0.60 m.

(where θ denotes the boundary layer momentum thickness and H the shape factor, H = δ1/θ , whose value is about
1.3, value calculated from the relations δ1 = δ/(n + 1) and θ = δn/[(n + 1)(n + 2)], with 1/n = 1/7). The second
term of the right part of the equation which governs the evolution of Cf may be neglected as long as the boundary
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Fig. 5. Longitudinal evolutions of the friction coefficient for the square duct with d = Dh = 0.60 m (2, Cf values; —, pressure gradient contribu-
tions to Cf) and the circular pipe with D = Dh = 0.16 m (�, Cf values; – · –, pressure gradient contributions to Cf).

layer momentum thickness makes it small enough compared to the first term (in practice, this concerns a large part of
the flow, i.e. X < 18–20 m). Thus, in the entrance region, variations of δ and δ1 should satisfy the conventional laws,

δ/X = 0.38Re−1/5
x and δ1 = δ/8 (1)

obtained without pressure gradient with 1/n = 1/7, as these variations and that of Cf both depend on Rex . On the
contrary, once the flow has reached its fully developed regime, the dθ/dx contribution vanishes and, as expected, the
Cf evolution is then only associated to the (constant) pressure gradient. Cf values, as well as δ and δ1, then remain
constant.

3.2. Centerline velocity

Fig. 6 presents the centerline velocity Ue/Ub as a function of the dimensionless distance X/Dh for the different
ducts. These results are compared to published data found in the literature (cf. Table 3 for details). Those from Comte-
Bellot [13] and Dean [14], that are expressed in terms of X/d in the original paper by Gessner et al. [4], reveal a priori
a very different behaviour of these flows with a large aspect ratio (equal or larger than 12 for both studies). But, when
they are expressed as a function of X/Dh, they gather well with the other results. Moreover, the observed trend varies
sensitively with the global Reynolds number Re but does not seem to depend on the shape of the duct (circular, square
or rectangular). The latter only looks to affect the longitudinal position where the centerline velocity Ue/Ub reaches its
maximum value. Indeed, for rectangular ducts, the development of the flow is limited by the smallest dimension of the
cross-section (i.e. d), for which the corresponding boundary layers first merge on the centerline. For both experiments
with an aspect ratio (a.r.) equal or larger than 12, the approximation Dh = 2d/(1 + 1/(a.r.)) ≈ 2d(1 − 1/(a.r.)) ≈ 2d

can be used (valid for B/d larger than 10). In the cases where Dh ≈ 2d , the maximum values of Ue/Ub are observed
at X/Dh ≈ 20, whereas they are rather at X/Dh ≈ 30 for the other situations.

In order to highlight the influence of the bulk velocity on the longitudinal velocity Ue/Ub evolution, plots (not
shown here) of the same data as for Fig. 6, but with the abscissa changed from X/Dh to UbX/ν, indicate that the
position where Ue/Ub reaches its maximum value is strongly affected. As global variables (Cf, length scales δ/X,
δ1/X and θ/X) are functions of Re−1/5

x , it is therefore logical to represent the centerline velocity results in terms of
(X/Dh).(UbX/ν)−1/5. This is done in Fig. 7, which shows a noticeable collapse of all data on a single line of slope
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Fig. 6. Longitudinal evolution of the centerline velocity Ue/Ub, in terms of X/Dh. Present computations: —, circular pipe, D = Dh = 0.16 m,
32 000 < ReDh < 120 000; ◦◦◦, rectangular duct, d = 0.32 m, Dh ≈ 0.42 m, 84 000 < ReDh < 315 000.

Table 3
Main characteristics of published experimental data.

Type of flow Aspect ratio Dh (m) ReDh

Comte-Bellot [13] Plane channel 13.3 0.34 446 000
Dean [14] Plane channel 12 0.09 185 000
Melling and Whitelaw [3] Square duct 1 0.04 42 000
Gessner et al. [4] Square duct 1 0.254 250 000

0.185, independently from the type of section and the bulk velocity. From this statement, the same data have been
plotted (Fig. 8) in function of δ1/Dh, because δ1 quantifies the loss of mass flux in the near-wall region due to the
boundary layer: δ1Ue = ∫ ∞

0 (Ue − U)dy. The same grouping as that of Fig. 7 is observed, but the slope of the line
is then very close to 4. Even though the collapses provided by the groupings (X/Dh).(UbX/ν)−1/5 and δ1/Dh used
respectively in Figs. 7 and 8 are not strictly equivalent, the former one being more accurate than the latter one, it has
been found interesting to also plot data in terms of δ1/Dh since this provides a simple physical interpretation whatever
the section shape. For circular sections (for which Dh is the pipe diameter D), the mass flux conservation between the
entrance section and another one leads to the relation:

Ub
π

4
D2

h = Ue
π

4
(Dh − 2δ1)

2

or
Ue

Ub
= 1

(1 − 2δ1/Dh)2
≈ 1 + 4δ1/Dh

when δ1/Dh is small enough with respect to 1, which is the case here. For a square section duct (Dh is then equal to
the length of the square edge), the interpretation is even more direct because there are 4 edges in a square, and then 4
boundary layers are simultaneously developing.

For a rectangular section duct with large aspect ratio, only two boundary layers (those of closest walls separated
by the distance d) influence the development of the flow. In this case, the evolution rate is given by 2.δ1/d . But, as Dh
is approximately equal to 2d , this rate is also equal to 4.δ1/Dh.



F. Anselmet et al. / C. R. Mecanique 337 (2009) 573–584 581
Fig. 7. Longitudinal evolution of the centerline velocity Ue/Ub, in terms of (X/Dh)/(UbX/ν)1/5.

Fig. 8. Longitudinal evolution of the centerline velocity Ue/Ub, in terms of δ1th/Dh. Note that δ1th refers to the δ1 values inferred from relation (1).

Nonetheless, this result is not as trivial as suggested by the previously developed argumentation. Indeed, in
square and rectangular ducts with small aspect ratio, transverse distributions of mean velocities present important
three-dimensional effects, which result from the presence of longitudinal eddies in the corners. Therefore, it is not
straightforward to find that a combination of only the velocity in the symmetry plane and the thickness δ1 provides
such a simple global characterization of the progressive thickening of the boundary layers. But, independently from
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Fig. 9. Asymptotic values of the centerline velocity (Ue)asympt/Ub, attained when the flows are fully developed. –!–, compilation of circular pipe
experimental data reported by Coantic [15]; –1–, compilation of square duct experimental data reported by Demuren and Rodi [5]; 2, experimental
value for the square duct configuration studied by Gessner et al. [4]; –2–, compilation of plane channel experimental data reported by Dean [16].

our simulation choices (RANS modelling), the collapse presented in Fig. 8 for all experimental data (including square
ducts and rectangular ducts with a large aspect ratio) in the development region suggests that those secondary flows
do not significantly impact on the velocity variation on the centerline of the flow. However, the presented numerical
results obtained with the k–ε model, that cannot reproduce such secondary effects and these eddies, provide good
agreement with experimental data. Another illustration of the validity of the present results is provided by the evolu-
tions of the asymptotic values of the centerline velocity (Ue)asympt/Ub, attained when the flows are fully developed,
which are plotted in Fig. 9 as a function of the Reynolds number Re. Our numerical results are fairly consistent
with the experimentally determined evolutions, in spite of non-negligible overall scatter. Part of this scatter may re-
sult from other quantities (such as the initial turbulence level or integral scale) or features (such as the design of
the inlet section) which are generally poorly documented by the authors. It is obviously behind the scope of the
present work to first review literature data in this direction and then study the specific influence of these parame-
ters.

3.3. Entrance length

Finally, on the basis of results of Fig. 7, it is possible to infer the entrance length Le, which corresponds to
the longitudinal position where full development of the flow is reached. As stated in the introduction, the latter
has been related to the global Reynolds number through two different formulae, commonly used in the literature:
Le/D = 1.6(Re)1/4 and Le/D = 4.4(Re)1/6. According to Fig. 7, the full development position can be located be-
tween (X/Dh)/(UbX/ν)1/5 = 1.25 and (X/Dh)/(UbX/ν)1/5 = 1.75. More generally, if C denotes the value of the
parameter (X/Dh)/(UbX/ν)1/5 at X = Le, then (Le/Dh) = C.(UbLe/ν)1/5, so that

Le/Dh = C5/4.(UbDh/ν)1/4 (2)

For C = 1.25, we get Le/Dh = 1.3(UbDh/ν)1/4 whereas C = 1.75 leads to Le/Dh = 2.0(UbDh/ν)1/4. By this
way, we prove that Le/Dh must vary as the power 1/4 of the global Reynolds number Re. As shown in Fig. 10, the
two values deduced from the results of Fig. 7 through relation (2) are almost symmetrically located with respect to the
value of the pre-factor of the published empirical relation in power 1/4. These values do not validate the published
relation in power 1/6, even though, in the considered Reynolds number range (105–106), numerical values of Le/Dh
remain quite close to these empirical laws. This easily explains why the relation in power 1/6 has been famous so
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Fig. 10. Entrance length Le inferred from the centerline velocity data using relation (2): C = 1.25 − Le/Dh = 1.3(UbDh/ν)1/4; C = 1.75 −
Le/Dh = 2.0(UbDh/ν)1/4. –�–, adjustment of circular pipe data published by Szablewski [17].

far. Note that the adjustment of circular pipe data published by Szablewski [17] also follows an evolution in power
1/4 even though this trend was not explicitly displayed in this paper. These results show that Le/Dh values are in
the range 20–30 (for the Re values considered herein): these values correspond to the longitudinal positions where
Ue/Ub maxima are reached rather than where Ue/Ub reach their asymptotic constant values. They also correspond to
the positions where Cf evolutions (see Fig. 5) switch from the (Rex)

−1/5 regime to the asymptotic regime where Cf

values are constant. Similarly, when the δ1/X evolutions, which are reported in Fig. 4 in terms of Rex , are plotted as a
function of the quantity (X/Dh).(UbX/ν)−1/5, the switch of regime is obtained for (X/Dh).(UbX/ν)−1/5 about 1.4,
which is remarkably consistent with the Ue/Ub and Cf evolutions. We therefore argue that, even though the definition
of the entrance length given by relation (2) does not correspond to the position where Ue/Ub reaches its asymptotic
value, this definition should be used because it provides a precise and quantitative basis. Further studies should focus
on determining whether such a relation is also valid for defining the positions where quantities such as Ue, ke, or εe

reach their asymptotic axial values. The values of the various constants CU , Ck , Cε should then be determined in the
spirit of the present work. Obviously, complete flow development has not a unique definition, as it strongly depends
on the particular physical quantity which is considered.

Another consequence of the previous reasoning is that the variable (X/Dh)/(UbDh/ν)1/4 is the one that al-
lows a universal characterization of the development of turbulent flows in ducts, in contrast with the variable
(X/Dh)/(UbDh/ν) that is used in the laminar regime (as said in the introduction). The explanation is that charac-
teristic thicknesses (such as δ1/X) vary like Re−1/2

x in laminar boundary layers. It should be noticed that for ducts
with very large aspect ratio (cf. experiments by Comte-Bellot [13] and by Dean [14]), the entrance length looks clearly
smaller, as shown in Fig. 7. In fact, this reveals that full development of the flow is reached when the boundary layer is
approximately equal to the half height of the plane channel d/2, so that δ1 ≈ δ/8 ≈ d/16 and δ1/Dh ≈ 1/32 ≈ 0.032.

In this case, the physical size that should be compared to the thickness of the boundary layer is no more Dh/2 (as
it is the case for a circular pipe or a square duct), but rather d/2, or Dh/4. Thus, the above relation (2) cannot be
generalized with a universal value of C for any section shape, since Le should be compared to the real physical size
that is bounding the boundary layer development (d = Dh/2 for a plane channel for instance), and so the value of
the constant C depends on the duct aspect ratio. A systematic study about the impact of the aspect ratio is needed to
quantify this trend.
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4. Conclusion

The presented results have identified δ1/Dh as the dimensionless parameter that allows characterizing the accel-
eration of pipe and duct flows in their development region. The centerline velocity Ue/Ub then appears to evolve
as a linear function of this variable δ1/Dh, with the slope equal to 4. This work also proved that the grouping
(X/Dh)/(UbDh/ν)1/4 is the one that allows a universal characterization of the development of turbulent flows in
ducts, in contrast with (X/Dh)/(UbDh/ν) that is suitable for laminar flows. As a consequence, the entrance length
must vary as a function of the power 1/4 of the global Reynolds number Re = UbDh/ν.

Thus, even though such results had surprisingly never been published before, the development regions of turbulent
circular pipes and ducts of square or rectangular cross-sections display very similar behaviour, and this behaviour
can be parameterized in a simple universal way in terms of δ1/Dh. One is therefore inclined to conclude from the
present study that, in spite of the presence of secondary vortices which appear in the corners of turbulent ducts, the
global properties of the development region of turbulent pipes and ducts are the same and can be quantified through
centerline evaluated quantities only.

Further studies will deal with open flumes as well, for which almost no data concern their development region.
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