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Abstract

The Tribological Transformations of Surface (TTS) are observed on samples of certain steels undergoing repeated compressive
loadings. They correspond to a permanent, solid–solid phase transformation localized on the surfaces of the sample on which
the loading is applied. The main hypothesis of the study is that TTS are not only due to the mechanical loading but also to the
thermal loading which is associated to. Thus, a thermo-mechanical model is first proposed in the present Note, which is inspired
by previous works on TRansformation Induced Plasticity (TRIP). The potentialities of the model are also briefly illustrated by a
simple 1D example. To cite this article: G. Antoni et al., C. R. Mecanique 337 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Une modélisation thermo-mécanique des Transformations Tribologiques de Surface. Les Transformations Tribologiques
de Surface (TTS) sont observées sur des échantillons de certains aciers soumis à des chargements compressifs répétés. Elles
correspondent à des changements de phase solide–solide irréversibles localisés sur les surfaces mécaniquement sollicitées des
échantillons. L’hypothèse centrale de cette étude est que les TTS ne sont pas dus au seul chargement mécanique mais également
au chargement thermique qui l’accompagne. Un modèle thermo-mécanique est ainsi proposé, qui s’inspire de travaux antérieurs
sur la plasticité de transformation (TRIP). Un exemple (1D) illustratif des potentialités de ce modèle est également présenté. Pour
citer cet article : G. Antoni et al., C. R. Mecanique 337 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

The Tribological Transformations of Surface (TTS) are permanent, quasi-surfacic solid–solid phase transforma-
tions, e.g. ferrito-pearlitic-martensitic transformations. They are observed only on certain steels and, in most of the
cases, for repeated compressive loadings. They are characterized by a thin, “white” layer progressively appearing, in
proportion to the number of loading cycles, on the surfaces – and in their immediate vicinity – of the sample where
the loading is applied (see e.g. Baumann et al. [1]; Eleöd et al. [2]). In the worst cases, and for a number of cycles
depending on both the material and the loading, TTS can eventually lead to the emergence of a crack, due to strong
strain incompatibilities between the quasi-surfacic, “white” phase (e.g. martensite) and the volumetric, “bulk” phase
(e.g. ferrito-pearlite).

Whatever the loading apparatus is, more or less important friction effects are systematically associated to compres-
sive loadings. Hence, more or less important temperature variations are induced by such loadings on the surfaces of
the sample where the loading is applied, i.e. where TTS appear. These temperature variations, however, are clearly too
small for generating alone solid–solid phase transformations. On the other hand, they induce thermal stresses which,
as small as they are, make the actual state of stress greater than this due to the only mechanical loading, especially on
the surfaces – and in their immediate vicinity – where the loading is applied. It seems then not unrealistic to assume
that TTS result from a thermo-mechanical coupling: this is actually the main assumption underlying the present study.
It can be underlined that this is in line with a comment made by Baumann et al. in [1] that “. . . there is some [experi-
mental] evidence to suggest that the [Tribological] Transfomation [of Surface] may be produced by normal and shear
stresses superimposed with high thermal stresses limited to a small surface layer.”

The Note is organized as follows: a thermodynamically consistent, thermo-mechanical model is presented in Sec-
tion 2. It is based on previous works (see e.g. Taleb and Sidoroff [3]) on TRansformation Induced Plasticity (TRIP),
which, however, are here extended for a thermo-mechanical coupling, relevant for TTS, to be taken into account.
The potentialities of the model are illustrated in Section 3 on the simple 1D example of a bar submitted to a cyclic
thermo-mechanical loading.

2. Solid–solid phase transformation and associated thermo-mechanical coupling: A phenomenological
modelling

Surfacic or not, the permanent solid–solid phase transformations are generally associated to so-called “anomalous”
plastic strains, in the sense that these irreversible strains appear for states of stress such that the associated Von Mises
or Tresca stress is much lower than the initial yield strength of the softest phase. This phenomenon is known as
TRansformation Induced Plasticity (TRIP). It has been widely studied and, from a purely mechanical point of view,
sucessfully modelled, see e.g. Taleb and Sidoroff [3]. The phenomenological model detailed in this section is clearly
based on these previous works. These are simply extended for the main assumption of the study – TTS result from a
thermo-mechanical coupling, see also Section 1 – to be well taken into account. Thus, the absolute temperature T is
explicitely considered as a state variable. In the same way as in [3], the following state variables are also considered:
(i) the infinitesimal strain tensor ε; (ii) the transformation induced, plastic strain tensor εpz; (iii) the volume fraction
of the “new” phase (i.e. that formed by the transformation), z ∈ [0,1]. Whenever the transformation is not initiated,
we then have z = 0 and εpz = 0. Later on, the solid phase corresponding to z = 0 will be called phase 0 and that
corresponding to z = 1 (i.e. to the “new” phase), phase 1.

Denoting by Ti the initial temperature and assuming, for the sake of simplicity, that the considered material is
initially non-transformed (i.e. zi = 0 and ε

pz
i = 0), the following simple expression can then be considered for the

local state potential of (per unit mass) free energy:

ψ
(
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) = − Cε

2Ti
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2 − (3λ + 2μ)
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2ρi

z2 + ψi (1)

where Cε > 0 is the specific heat capacity (the same for the two phases), μ > 0 and λ > −(2/3)μ, the Lamé constants
(the same for the two phases), α0 > 0 (resp. α1 > 0), the coefficient of thermal expansion of phase 0 (resp. of phase 1),
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and where β > 0 is a material-parameter characterizing the energy stored by the material during the phase transfor-
mation: from this point of view, z can then be also considered as a hardening variable. In Eq. (1), ρi (resp. ψi ) is the
initial density (resp. the initial, per unit mass, free energy) of the material. Note that, in a very first approximation, the
volume change due to phase transformation is not taken into account in Eq. (1).

Taking e to denote the (per unit mass) internal energy, and noting that e = ψ + T s, where s is the (per unit mass)
entropy, the local expression of the first principle of the Thermodynamics simply reads (see e.g. Garrigues [4]):

ρė = σ : ε̇ − div(q) ⇔ ρT ṡ + div(q) = σ : ε̇ − ρsṪ − ρψ̇ (2)

where q is the heat flux vector (for the sake of simplicity, the rate of remote heat supply is omitted) and σ , the Cauchy
stress tensor. The second principle of Thermodynamics must be satisfied (see e.g. [4]): (i) whatever the local, thermo-
mechanical state of the material may be, (T , ε, εpz, z); (ii) whatever the local evolution undergone by the material,
(Ṫ , ε̇); (iii) whatever the temperature gradient locally acting on the material, ∇T , i.e.:

− 1

T
q.∇T + ρT ṡ + div(q) � 0 ∀(

T , ε, εpz, z
)
, ∀(Ṫ , ε̇), ∀∇T (3)

Upon combining Eqs. (1), (2) and (3), we immediately obtain the Clausius–Duhem inequality:

− 1

T
q.∇T − ρ

(
s + ∂ψ

∂T

)
Ṫ +

(
σ − ρ

∂ψ

∂ε
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: ε̇ − ρ
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∂z
ż � 0
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)
, ∀(Ṫ , ε̇), ∀∇T (4)

Assuming that neither ε̇pz, nor ż depend on Ṫ , and due to the fact that the entropy, s, is a state function, i.e. depends
only on the state variables, a necessary and sufficient condition for inequality Eq. (4) to be systematically satisfied
is: s = −∂ψ/∂T . Two other classical, sufficient conditions for Eq. (4) to be systematically satisfied will also be
considered in the present study, namely:

q = −k∇T ; σ = ρ
∂ψ

∂ε
(5)

where k > 0 is the thermal conductivity (the same for the two phases). Equality Eq. (5)-2 indicates that the viscoelastic
effects are not taken into account. From Eq. (5) and the expression of the entropy, and assuming that neither ε̇pz, nor
ż depend on ∇T , a sufficient condition for Eq. (4) to be systematically satisfied is then:

−ρ
∂ψ

∂εpz
: ε̇pz − ρ

∂ψ

∂z
ż � 0 ∀(

T , ε, εpz, z
)
, ∀ε̇ (6)

or, in an equivalent way, according to Eq. (5)-2 and the expression of the free energy, see Eq. (1), from which
ρ(∂ψ/∂εpz) = −ρ(∂ψ/∂ε):

σ : ε̇pz − ρ
∂ψ

∂z
ż � 0 ∀(

T , ε, εpz, z
)
, ∀ε̇ (7)

The evolution equations of the so-called “internal”, state variables εpz and z are then classically defined by: (i) a TRIP
yield surface f (σ ,−ρ∂ψ/∂z) = 0; (ii) a viscoplastic multiplier Λ � 0; (iii) a normality rule (with respect to the TRIP
yield surface), such that:
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where 〈.〉 denotes the MacCauley brackets, i.e. 〈x〉 = x when x � 0 and 〈x〉 = 0 when x < 0. In Eq. (8), σ
p
i > 0 is

the TRIP yield strength when T = Ti . It is here assumed that this yield strength slowly decreases as the temperature
increases (exponential term in Eq. (8)). The material-parameters χp and γ p (which acts as a hardening parameter)
are also assumed to be strictly positive. Thus, due to the fact that z ∈ [0,1], the viscoplastic multiplier Λ defined in
Eq. (8) is ever non-negative. Furthermore, since ż = γ pΛ, z cannot decrease which is in agreement with the fact that
the solid–solid phase transformations considered in this study are permanent. Note also that, as soon as the material
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is fully transformed, i.e. as soon as z = 1, the viscoplastic multiplier is zero whatever the value of f (σ ,−ρ∂ψ/∂z) is.
The set of equations (8) is such that inequality Eq. (7) is systematically satisfied.

According to Eq. (1), and assuming that ρ ≈ ρi whatever the state is, the Cauchy stress tensor σ and the evolution
equations of the internal, state variables, ε̇pz and ż, explicitly read (G denotes the metric tensor):
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)〉
(9)

The local expression of the heat equation is eventually deduced from the expression of the entropy and from Eqs. (1),
(2) and (5)-1, namely ( denotes the Laplacian):

ρiCε

T

Ti

Ṫ − kT = −(3λ + 2μ)
(
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T Tr(ε̇)
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− (
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(
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)
ż (10)

3. A 1D illustrative example

As an illustration of the potentialities of the proposed thermo-mechanical model, see Section 2, we consider the
problem of a cubic sample (edge: 10 mm) of steel subjected to a quasi-static (no inertia effects), cyclic loading. It
is assumed that, due to the friction between the sample and the loading apparatus, the temperature varies on the
surface of the sample where the loading is applied (and therefore, by heat conduction, in the whole sample). From an
experimental point of view, the loading cycle is then defined as follows: (i) simple compression at constant stress rate
for t ∈ [0, t1/2), inducing an increase of the temperature due to friction effects; (ii) unloading at constant stress rate
for t ∈ [t1/2, t1) with a decrease of the temperature due to complex phenomena of heat transfer between the sample
and its environment; (iii) no mechanical loading for t ∈ [t1, teq), where teq is such that T (teq) = Ti in the whole sample
(return to thermal equilibrium).

The computation of the temperature variations due to friction and other heat transfer phenomena between the sam-
ple and its environment is an involved problem, which is clearly out of the scope of the present study: the temperature
variations are taken into account in a schematic way, i.e. by a linear approximation between the room temperature
(Troom = Ti = 300 K) and a maximal temperature (T max

L = 325 K). Furthermore, the thermo-mechanical model de-
fined in Section 2 reduces to a simple thermo-elastic one (no phase transformation) when f (σ ,−ρ(∂ψ/∂z)) � 0,
which is the case in the considered problem whatever t ∈ [t1, teq) may be. Thus, from a numerical point of view, the
third part of the experimental, loading cycle (see (iii) above) is omitted, i.e. the numerical, loading cycle is defined as
follows (see also Fig. 1(b)): (i) simple compression at constant stress rate and linear increase of the temperature for
t ∈ [0, t1/2); (ii) unloading at constant stress rate and linear decrease of the temperature for t ∈ [t1/2, t1). The thermal
equilibrium, which is experimentally obtained for teq 	 t1, is numerically simulated by setting T = Ti = 300 K in the
whole sample at time t = t1.

Assuming, in a first approximation, that the four stress-free surfaces of the sample are also adiabatic and that the
temperature field as well as the stress field are uniform on the two other surfaces, the problem reduces to a scalar
one: from now on, the sample will then be considered as a bar (see Fig. 1(a)). The equations that are to be solved are
immediately obtained from Eqs. (9) and (10), i.e. (u(x, t) denotes the displacement field; whatever the function A is,
A,x denotes its first derivative with respect to x and A,xx , its second derivative):

σ = (λ + 2μ)
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χ Ti
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Fig. 1. (a) (left) Bar subjected to a thermo-mechanical loading: geometry (L = 10 mm) and boundary conditions (Ti = 300 K). The “loading”
functions TL(t) and σL(t) are defined on (b). Note that, from a thermal point of view, the lateral surfaces of the bar are considered as adiabatic;
(b) (right) “loading” functions TL(t) (solid lines; T max

L
= 325 K) and σL(t) (dashed lines; σmin

L
= −75 MPa) cyclically applied in x = 0. The

period of the functions is t1 = 0.2 s. Note also that T is set equal to Ti in the whole bar for t = nt1, whatever n ∈ {1,2,3,4,5} is (return to thermal
equilibrium).

Fig. 2. (a) (left) Field of the volume fraction of “new” phase in the left part of the bar at the end of the first loading cycle (t = t1 = 0.2 s; dotted line),
of the second cycle (t = 0.4 s; dashed line) and of the fifth cycle (t = 1 s; solid line). Note that the length lz of the part of the bar where the phase
transformation occurs is the same whatever the cycle is, namely lz ≈ 0.15L = 1.5 mm; (b) (right) stress–strain curve (solid line) and associated
stress–plastic strain curve (dashed line) in x = L/100 and for the fifth loading cycle. Between points A and B (resp. C and D) of the stress–strain
curve, the response of the material is purely thermo-elastic; it is thermo-elasto-viscoplastic with phase transformation between points B and C.

ρiCε

T

Ti

Ṫ − kT ,xx = −(3λ + 2μ)
(
α0(1 − z) + α1z

)
T u̇,x

+ (
σ + (3λ + 2μ)

(
α0(1 − z) + α1z

)
T

)
ε̇pz

− (
(3λ + 2μ)(α1 − α0)Ti

(
u,x −εpz

) + βz
)
ż (11)

Neglecting the gravity effects, the equation of quasi-static equilibrium reduces to σ,x = 0: the stress field σ(x, t)

is uniform, i.e., whatever x ∈ [0,L] is, σ(x, t) = σL(t). Eq. (11) and that of quasi-static equilibrium are solved
numerically using a finite different scheme with an explicit time integration (spatial step L; time step t). Ex-
cept T (x,0) = Ti , all the initial fields are zero. The boundary conditions are summarized on Fig. 1(b); the loading
cycle is applied fifth times. The values of the material-parameters are the following ones: Cε = 450 J kg−1 K−1;
λ = 115 × 103 MPa; μ = 77 × 103 MPa; ρi = 78 × 10−7 kg mm−3; α0 = 176 × 10−5 K−1; α1 = 120 × 10−5 K−1;
k = 5 × 10−2 W mm−1 K−1; β = 500 MPa; σ

p
i = 76 MPa; γ p = 1; χp = 1 MPa.

Results of the numerical simulations are illustrated on Fig. 2. Note that three different values of the spatial step
have been tested, namely L = L/50, L = L/100 and L = L/150 with L = 10 mm. Then, it appeared that, as
soon as the classical stability condition t < (x2ρCε)/(2K) is satisfied, the results are “mesh independent”. Thus,
the length lz of the part of the bar where z 
= 0, i.e. where “new” phase is formed by the transformation, is such that
lz ≈ 0.15L = 1.5 mm; it is the same whatever the cycle is (see Fig. 2(a)). This part is localized on the immediate
vicinity of the end of the bar where the thermo-mechanical loading is applied (the left one in the present case), which
is one of the main characteristics of TTS, see Section 2. It can be also observed on Fig. 2(a) that the maximum
value of z, which is obtained in x = 0, increases with the number of cycles. Note, however, that z < 1, i.e. that the
material is actually a mixture of initial and “new” phases. For a point located inside the part of the bar where z 
= 0,
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namely x = L/100 = 0.1 mm, and for the last loading cycle, the stress–strain curve and the associated stress–plastic
strain curve are presented on Fig. 2(b). Due to the previous loading cycles, during which the phase transformation has
appeared and developed, the strain at the initial time of the cycle is nonzero (point A). The response of the material
is purely thermo-elastic between points A and B (resp. points C and D), where the nonlinearity of the stress–strain
curve is only due to thermal effects. The line segment [D,E] corresponds to the return to thermal equilibrium at zero
stress.

4. Conclusion

Associated with quasi-static equilibrium and heat equations, the thermo-mechanical model proposed in this study
appears to be able to simulate the main characteristics of TTS, i.e. the emergence, on the immediate vicinity of the
surface(s) where a thermo-mechanical loading is applied, of a thin layer where the solid–solid phase transformation is
localized. More realistic numerical simulations, however, still remain to be done for the relevance of the model to be
well established. Experimental works will have also to be performed for the values of some material-parameters (e.g.
β , γ p and χp) to be precisely identified.
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