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in which « is a nonnegative constant, the coefficients a(x, t), b(x,t) and the exponents of
nonlinearity p(x,t), o (x,t) are given functions. Under suitable conditions on the data, we
study the finite time blow-up of the solutions.
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1. Introduction

Let 2 C R" be a bounded domain with Lipschitz-continuous boundary I, Qr = 2 x (0, T], I'T = 982 x (0,T). We
consider the following initial and boundary value problem:

uge = div(a(x, )| VulP*D2Vu + aVue) + b(x, O)ul”*P "2y in Qr (1)
ux,0)=up(x), U0 =u1(x), x€2; ulr, =0 (2)

Here o > 0 is a constant. The coefficients a(x, t), b(x, t) and the exponents p(x,t), o (x,t) are given measurable functions of
their arguments. Equations with variable exponents of nonlinearities are usually referred to as equations with nonstandard
growth conditions.

We discuss the blow-up of solutions to problem (1)-(2) paying special attention to the specific properties caused by the
variable nonlinearity of the equation.
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A study of the localization (vanishing) properties and the blow-up of solutions of elliptic and parabolic equations of the
type (1) can be found in [1-4].

Equations with nonstandard growth conditions occur in the mathematical modeling of various physical phenomena such
as flows of electro-rheological fluids or fluids with temperature-dependent viscosity, nonlinear viscoelasticity, processes of
filtration through a porous media and the image processing — see [1,5-8] and further references therein.

For hyperbolic equations of the form (1) with constant coefficients a, b and exponents p, o, local and global in time
existence and the blow-up behavior have been studied by many authors - [9-18]. It is to be noted here that in all papers
(dealing with the case p # 2) the damping term o Au, plays the key role in the proof of global existence, even in the case
of constant exponents p and o. On the other hand, the presence of the damping term makes the study of the blow-up
behavior more complicated.

The situation is different for hyperbolic equations with nonstandard growth conditions. The proof of existence of energy
solutions to problem (1)-(2) can be found in [19,20]. A special case a(x,t) =1, b(x,t) =0 and p(x,t) = p(x) was studied
in [21]. In the case a(x,t) =1, p(x,t) =2, b(x, t)|u|*®D=2y = b(x)uP™, the questions of existence and blow-up of non-
negative solutions of problem (1)-(2) were discussed in [22]. In this Note we study the blow-up of energy weak solutions
of problem (1)-(2) (« > 0) with nonpositive initial energy. The study is confined to the class of energy weak solutions
because for the solutions of this class the energy function is well-defined (see [19-21]). The analysis relies on the methods
developed in [2,3,5].

2. Energy estimates

Let us assume that

1<p_<p&,t)<py <00, l<o_<o@®t)<o; <00 (3)
0<a_<ax,t)<ay <oo, lat| < Cq (4)
0<b_ <b(x,t)=b(x,t) <bs < o0, |bt| < Cp (5)
pe <0, 0<oy, Ipel < Cp, lot| < Co (6)

We introduce the energy function

Jue 2 |Vu [P juj ¢
E(t)=/[—+ (. O)——— —b(, D) dx (7)
2 p(.t) o(,t)
Q
Using (1), we derive the energy relation
E’(t)+af|Vut(-,r)\2dx=A1 + Ay 8)
where
|Vul|P a|Vu|
[ar (1—pln|Vu|)|pr|} X (9)
belu|® b o
/[ elu] |u| (1 —aln|u|)ot]dx (10)
Q

Lemma 2.1. Let (3)-(5) be fulfilled and, in addition,

a <0, 0<b, pt=0r=0 (11)
Then
t
E(t)+a//|Vu[|2dxds<E(0), vt >0 (12)
02

The inequality (12) passes to the equality if a; = by = 0.

Proof. If suffices to apply formulas (8)-(10). O
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Lemma 2.2. Let conditions (3)-(6) be fulfilled. Then

t
E(t)+/[a|wt|2dxds<E<0)+a
0

with the constant C =e (a+Cp + b Cs)[£2].

Proof. We evaluate A1, A, in the following way:

|VulP  a|VulP
A1:f[a[ p + 2 (1—pIn|Vul)|pe| | dx
2

alVul|P

<
XX
pZ

(1= pIn|Vul)|p|dx < eayCp|2] = C

2n(pln|Vu|<1)

belul®  blul|®
Azz—/[ tlul + lul (1 —aln|u|)m] dx
2

o o2

blul®
o2

< (1—oInjul)o;dx <ebyCo 2| =C;

2n(o Inful<1)

Integrating the energy relation (8) with respect to t, we obtain that

t
E(t)+f/a|Vut|2dxds<E(O)—HC, C=C1+C, O
02

3. Blow-up
Assume that

E0)<0, O0<(uo,up)gp, IA>2:2<p_<pyr<i<o_

753

(14)

(16)

(17)

Theorem 3.1. Let u be an energy weak solution of problem (1)-(2). Let conditions of Lemma 2.1 be fulfilled and let (17) hold. Then

there exists a finite time tyax < oo such that

t

o(t) = ||u(t)||;_q+a//|Vu|2dxds—>oo ift = tmax
08

Proof. It's easy to check that

@' =2(u,u) o +a/ VulPdx, @ =2|lull5 + 2/(—a|Vu|p +blu|”) dx
2 2
Using the inequality (12), we calculate
t
@" > 24 1) |uel? +2f((k/p —1Da|VulP +b(1 — 1/0)[ul”) dx + 2ra f/ [Vue|2 dxds > 0
2 0
It follows that

@'(t) >0, ifd'(0)=2(ug,urge —l—Ol/ [Vig|?>dx >0
2

(18)

Using the last estimates and the properties the Orlicz-Sobolev spaces (see, for example, [3]), we derive the following in-

equality: for every fixed t
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l

0< @' =2(uue Jroz/IVUI2 <2Hu(t)Hllutll+af|Vu|2<C(<D”)
2 2

where

1/ =max(1/o_+1/2,2/p_-)<1 ifo_>2and p_>2

This ordinary differential inequality leads us to the estimate

1

@' (t) > @' (0)(1—t(u—1)/C(@' ()" ) 7T - oo

as

t— tmax = C/(n — ) (¢'(0) " <00 (20)

which completes the proof of the theorem. 0O
Remark 1. It is noteworthy that the constants p and C (and, respectively, tmax) in (20) depend only on |2|,n,a+, b+, p+, 0.

Let us assume now that the exponents p, o are weakly dependent on t, that is, the constants Cp, C, are small. The
proof the blow-up is the same as in the previous theorem, provided that

t
E(t)+a//|Vut|2dxds<0, 0 <t < tmax (21)
02
According to Lemma 2.2 (see inequality (13))
t
E(t)+« f / |Vue | dxds < E(0) + tmaxe(ay+Cp + b Cy)| 2] (22)
0 2

Assuming that

8 =max(Cp. Co) < |EO)|(tmaxe(@; +b4)I21) "', E(©) <0 (23)

we arrive at (21). This leads to

Theorem 3.2. Let u be an energy weak solution of problem (1)-(2). Let the conditions of Lemma 2.2 and inequality (23) with tmax
defined in Theorem 3.1 be fulfilled. If

2<p_<py<i<o_, (ug,uq)e >0, E0) <0

then the solution u blows-up at a finite moment tyax (in the sense that @ (t) becomes unbounded as t — tmax).

Now we consider Eq. (1) with o = 0, assuming that problem (1)-(2) has at least one local energy solution. Here we
follow the paper [10] where was proved the blow-up for the abstract Cauchy in a Banach space which included, as an
example, equation of the type (1) with the a=b =1, p = const, o = const.

Let us assume that

0 < (up, ur)e, E(0)<0,3r>2, py<is<o- (24)

Following the arguments of paper [10], we prove

Theorem 3.3. Let u be an energy weak solution to problem (1)-(2) with a = 0. Let the conditions of Lemma 2.1 and condi-
tion (24) be fulfilled. Then u blows-up (in the sense that ||u(t)||§‘9 becomes unbounded) on the finite interval (0, tmax) with

tmax = 2[|toll3 o/ (- — 2) (uo, u1) -

Theorem 3.4. Let u be an energy weak solution of problem (1)-(2) with o = 0. Let the conditions of Lemma 2.2, conditions (24)
and (23) be fulfilled (with tmax defined in Theorem 3.3). Then the solution u blows-up on the finite interval (0, tmax).
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