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We study the Dirichlet problem for equation

utt = div
(
a(x, t)|∇u|p(x,t)−2∇u

) + α � ut + b(x, t)|u|σ(x,t)−2u

in which α is a nonnegative constant, the coefficients a(x, t), b(x, t) and the exponents of
nonlinearity p(x, t), σ(x, t) are given functions. Under suitable conditions on the data, we
study the finite time blow-up of the solutions.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

r é s u m é

On considère le problème de Dirichlet pour l’équation

utt = div
(
a(x, t)|∇u|p(x,t)−2∇u

) + α � ut + b(x, t)|u|σ(x,t)−2u

où α � 0 est une constante, a(x, t), b(x, t) sont des coefficients variables et p(x, t),σ (x, t)
sont des exposants nonlinéaires. Sous conditions appropriées on étudie le temps fini de
blow-up des solutions.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let Ω ⊂ Rn be a bounded domain with Lipschitz-continuous boundary Γ , Q T = Ω × (0, T ], ΓT = ∂Ω × (0, T ). We
consider the following initial and boundary value problem:

utt = div
(
a(x, t)|∇u|p(x,t)−2∇u + α∇ut

) + b(x, t)|u|σ (x,t)−2u in Q T (1)

u(x,0) = u0(x), ut(x,0) = u1(x), x ∈ Ω; u|ΓT = 0 (2)

Here α � 0 is a constant. The coefficients a(x, t), b(x, t) and the exponents p(x, t), σ(x, t) are given measurable functions of
their arguments. Equations with variable exponents of nonlinearities are usually referred to as equations with nonstandard
growth conditions.

We discuss the blow-up of solutions to problem (1)–(2) paying special attention to the specific properties caused by the
variable nonlinearity of the equation.
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A study of the localization (vanishing) properties and the blow-up of solutions of elliptic and parabolic equations of the
type (1) can be found in [1–4].

Equations with nonstandard growth conditions occur in the mathematical modeling of various physical phenomena such
as flows of electro-rheological fluids or fluids with temperature-dependent viscosity, nonlinear viscoelasticity, processes of
filtration through a porous media and the image processing – see [1,5–8] and further references therein.

For hyperbolic equations of the form (1) with constant coefficients a, b and exponents p, σ , local and global in time
existence and the blow-up behavior have been studied by many authors – [9–18]. It is to be noted here that in all papers
(dealing with the case p �= 2) the damping term α�ut plays the key role in the proof of global existence, even in the case
of constant exponents p and σ . On the other hand, the presence of the damping term makes the study of the blow-up
behavior more complicated.

The situation is different for hyperbolic equations with nonstandard growth conditions. The proof of existence of energy
solutions to problem (1)–(2) can be found in [19,20]. A special case a(x, t) = 1, b(x, t) = 0 and p(x, t) = p(x) was studied
in [21]. In the case a(x, t) = 1, p(x, t) = 2, b(x, t)|u|σ(x,t)−2u = b(x)up(x) , the questions of existence and blow-up of non-
negative solutions of problem (1)–(2) were discussed in [22]. In this Note we study the blow-up of energy weak solutions
of problem (1)–(2) (α � 0) with nonpositive initial energy. The study is confined to the class of energy weak solutions
because for the solutions of this class the energy function is well-defined (see [19–21]). The analysis relies on the methods
developed in [2,3,5].

2. Energy estimates

Let us assume that

1 < p− � p(x, t) � p+ < ∞, 1 < σ− � σ(x, t) � σ+ < ∞ (3)

0 < a− � a(x, t) � a+ < ∞, |at | � Ca (4)

0 < b− � b(x, t) = b(x, t) < b+ � ∞, |bt | � Cb (5)

pt � 0, 0 � σt, |pt | � C p, |σt | � Cσ (6)

We introduce the energy function

E(t) =
∫
Ω

[ |ut |2
2

+ a(·, t)
|∇u|p(·,t)

p(·, t)
− b(·, t)

|u|σ (·,t)

σ (·, t)

]
dx (7)

Using (1), we derive the energy relation

E ′(t) + α

∫
Ω

∣∣∇ut(·, t)
∣∣2

dx = Λ1 + Λ2 (8)

where

Λ1 =
∫
Ω

[
at

|∇u|p

p
+ a|∇u|p

p2

(
1 − pln |∇u|)|pt |

]
dx (9)

Λ2 = −
∫
Ω

[
bt |u|σ

σ
+ b|u|σ

σ 2

(
1 − σ ln |u|)σt

]
dx (10)

Lemma 2.1. Let (3)–(5) be fulfilled and, in addition,

at � 0, 0 � bt, pt = σt = 0 (11)

Then

E(t) + α

t∫
0

∫
Ω

|∇ut |2 dx ds � E(0), ∀t � 0 (12)

The inequality (12) passes to the equality if at = bt = 0.

Proof. If suffices to apply formulas (8)–(10). �
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Lemma 2.2. Let conditions (3)–(6) be fulfilled. Then

E(t) +
t∫

0

∫
Ω

α|∇ut |2 dx ds � E(0) + Ct (13)

with the constant C = e (a+C p + b+Cσ )|Ω|.

Proof. We evaluate Λ1,Λ2 in the following way:

Λ1 =
∫
Ω

[
at

|∇u|p

p
+ a|∇u|p

p2

(
1 − p ln |∇u|)|pt |

]
dx

�
∫

Ω∩(p ln |∇u|�1)

a|∇u|p

p2

(
1 − p ln |∇u|)|pt |dx � ea+C p|Ω| = C1 (14)

Λ2 = −
∫
Ω

[
bt |u|σ

σ
+ b|u|σ

σ 2

(
1 − σ ln |u|)σt

]
dx

�
∫

Ω∩(σ ln |u|�1)

b|u|σ
σ 2

(
1 − σ ln |u|)σt dx � eb+Cσ |Ω| = C2 (15)

Integrating the energy relation (8) with respect to t, we obtain that

E(t) +
t∫

0

∫
Ω

α|∇ut |2 dx ds � E(0) + tC, C = C1 + C2 � (16)

3. Blow-up

Assume that

E(0) � 0, 0 < (u0, u1)Ω, ∃λ > 2: 2 � p− � p+ < λ < σ− (17)

Theorem 3.1. Let u be an energy weak solution of problem (1)–(2). Let conditions of Lemma 2.1 be fulfilled and let (17) hold. Then
there exists a finite time tmax < ∞ such that

Φ(t) = ∥∥u(t)
∥∥2

2,Ω
+ α

t∫
0

∫
Ω

|∇u|2 dx ds → ∞ if t → tmax (18)

Proof. It’s easy to check that

Φ ′ = 2(u, ut)Ω + α

∫
Ω

|∇u|2 dx, Φ ′′ = 2‖ut‖2
2,Ω + 2

∫
Ω

(−a|∇u|p + b|u|σ )
dx

Using the inequality (12), we calculate

Φ ′′ � (2 + λ)‖ut‖2 + 2
∫
Ω

(
(λ/p − 1)a|∇u|p + b(1 − λ/σ )|u|σ )

dx + 2λα

t∫
0

∫
Ω

|∇ut |2 dx ds > 0 (19)

It follows that

Φ ′(t) > 0, if Φ ′(0) = 2(u0, u1)Ω + α

∫
Ω

|∇u0|2 dx > 0

Using the last estimates and the properties the Orlicz–Sobolev spaces (see, for example, [3]), we derive the following in-
equality: for every fixed t
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0 � Φ ′ = 2(u ut)Ω + α

∫
Ω

|∇u|2 � 2
∥∥u(t)

∥∥‖ut‖ + α

∫
Ω

|∇u|2 � C
(
Φ ′′) 1

μ

where

1/μ = max(1/σ− + 1/2, 2/p−) < 1 if σ− > 2 and p− > 2

This ordinary differential inequality leads us to the estimate

Φ ′(t) � Φ ′(0)
(
1 − t(μ − 1)/C

(
Φ ′(0)

)μ−1)− 1
μ−1 → ∞

as

t → tmax = C/(μ − 1)
(
Φ ′(0)

)−μ+1
< ∞ (20)

which completes the proof of the theorem. �
Remark 1. It is noteworthy that the constants μ and C (and, respectively, tmax) in (20) depend only on |Ω|,n,a±,b±, p±, σ± .

Let us assume now that the exponents p, σ are weakly dependent on t , that is, the constants C p , Cσ are small. The
proof the blow-up is the same as in the previous theorem, provided that

E(t) + α

t∫
0

∫
Ω

|∇ut |2 dx ds � 0, 0 � t � tmax (21)

According to Lemma 2.2 (see inequality (13))

E(t) + α

t∫
0

∫
Ω

|∇ut |2 dx ds � E(0) + tmaxe(a+C p + b+Cσ )|Ω| (22)

Assuming that

δ = max(C p, Cσ ) �
∣∣E(0)

∣∣(tmaxe(a+ + b+)|Ω|)−1
, E(0) < 0 (23)

we arrive at (21). This leads to

Theorem 3.2. Let u be an energy weak solution of problem (1)–(2). Let the conditions of Lemma 2.2 and inequality (23) with tmax
defined in Theorem 3.1 be fulfilled. If

2 � p− � p+ < λ < σ−, (u0, u1)Ω > 0, E(0) < 0

then the solution u blows-up at a finite moment tmax (in the sense that Φ(t) becomes unbounded as t → tmax).

Now we consider Eq. (1) with α = 0, assuming that problem (1)–(2) has at least one local energy solution. Here we
follow the paper [10] where was proved the blow-up for the abstract Cauchy in a Banach space which included, as an
example, equation of the type (1) with the a = b = 1, p = const, σ = const.

Let us assume that

0 < (u0, u1)Ω, E(0) � 0, ∃λ > 2, p+ � λ � σ− (24)

Following the arguments of paper [10], we prove

Theorem 3.3. Let u be an energy weak solution to problem (1)–(2) with α = 0. Let the conditions of Lemma 2.1 and condi-
tion (24) be fulfilled. Then u blows-up (in the sense that ‖u(t)‖2

2,Ω becomes unbounded) on the finite interval (0, tmax) with

tmax = 2‖u0‖2
2,Ω/(λ − 2)(u0, u1)Ω .

Theorem 3.4. Let u be an energy weak solution of problem (1)–(2) with α = 0. Let the conditions of Lemma 2.2, conditions (24)
and (23) be fulfilled (with tmax defined in Theorem 3.3). Then the solution u blows-up on the finite interval (0, tmax).
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