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‘ ! and &3, respectively. The thickness of the fluid layer is of the order of one. An asymptotic
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expansion is constructed and the error estimates are proved. The leading term of the
asymptotic expansion is the solution of the interaction problem “fluid-Kirchoff plate”. The

g%‘gorf;hamcs method of asymptotic partial domain decomposition is discussed: the main part of the
Dynamical systems plate is described by a 1D model while a small part is simulated by the 2D elasticity
Fluid structure interaction equations, with appropriate junction conditions.

Asymptotic analysis © 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The interaction of a fluid with a deformable structure has important applications in biomathematics, medicine, hydro-
elasticity, etc. The paper [1] considered one of such fluid-plate interaction models but the plate’s thickness was supposed
to be equal to zero, i.e. the dimension reduction arguments were applied. More precisely, [1] deals with the viscous fluid-
elastic plate interaction problem, where the plate is described by Sophie Germain’s hyperbolic equation of the fourth order
in the space variable. This equation is a limit model for the elasticity equation set in a thin domain with a given force
at the lateral boundary (see [2, Ch. 3] and the bibliography there). However, the coupled system “viscous fluid flow-thin
elastic layer” has not been provided earlier. In the present paper we consider this dimensional reduction problem when the
thickness of the layer tends to zero. More precisely, we consider the small parameter & that is the ratio of the thickness
of the plate and its length, while the density and the Young's modulus of the plate material are of order ¢! and &3,
respectively. The plate lies on the fluid which occupies a thick domain. The complete asymptotic expansion is constructed
when ¢ tends to zero and it is proved that the leading term of the expansion satisfies the equations of [1]. So, the first
goal of the present paper is an asymptotic derivation and justification of the model considered in [1]. The second goal is
the partial asymptotic decomposition formulation of the original problem when the main part of the plate is described by
a 1D model while a small part is simulated by the 2D elasticity equations. The appropriate junction conditions based on
the previous asymptotic analysis are proposed at the interface point between the 1D and 2D equations. The error of the
method is evaluated.

2. Statement of the problem

Consider the domains D~ = (0, 1) x (—1,0), D =(0,1) x (0, &) occupied by the viscous fluid and by the elastic plate,
which is much thinner than the fluid layer, respectively. The problem is 1-periodic with respect to x1, so that it is set in the
layer R x (—1, €). The small parameter of the problem, ¢, is defined as the ratio between the thickness of the elastic domain
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and the length of the period of the motion. Consider as well the periodic extensions of D~ and Df: A~ =R x (—1,0) and
A =R x (0, &), respectively. Denote I'™ = {(x1, —1) | x1 € (0, 1)}, % ={(x1,0) | x €(0,1)}, I ={(x1,8)|x1 €0, 1}

The characteristics of the elastic medium are described by the variable density, 5, =&~ !p, (£), by the 2 x 2-matrix-
valued coefficients Aj; = Ajj(&2), i, j € {1,2}, by the Young’s modulus E = E(&;) and by the Poisson’s ratio 9 = {(&), with
&H = X?Z In general, the Young’s modulus has very big values. We take E(£&;) = e 3E(&,), where E is of order of one. The
matrices Ajj = (ﬁ{-{})lgk,lgz are defined by

- _ E 20
ai‘]’ & 3(11-{}, aﬁl m < 51k5]l + (Suakl + 8115]k>
such that:

(i) afj(52) = q;(&2) = (&2), Vi, j, k.1 € (1,2}, V& € [0, 1],
(ii) 3k >0 1ndependent of & such that

2 2
2
Yo diEmimi e Y (n), Ve elo 11, Yo = (1)), e
i,jk,I=1 jl=1
with 1), = .

The variable density of the elastic medium has the property
Jdo, B > 0independent of ¢ suchthat o < py (&) <B, V& €[0,1] (1)

The characteristics of the viscous fluid, independent of &, are the positive constants p_ and v representing its density and
its viscosity, respectively. In addition to the data p,, Ajj, E, D (for the elastic medium) and p_, v (for the viscous fluid), we
also know the forces g and f which act on the elastic medium and on the fluid, respectively.

The unknowns of the fluid-elastic layer interaction problem are: ug, representing the displacement of the elastic medium
and vg, pe, representing the velocity and the pressure of the viscous fluid, respectively. Denote the velocity strain tensor
D(v) = $(Vv+ (VW)T).

The coupled system which describes the fluid-elastic layer interaction is the following:

e 1p ou, —e3 ZZ: 9 (g, 20 =¢7lg inAF x (0,T)
+ ot2 i 0X; Y an € ’

av,
,0_8—8 —2vdiv(D(Ve)) + Vpe =f inA”™ x(0,T)

divve =0 inA™ x(0,T)

2

ZAZJ(U—(xl g,t)=0 for (x;,t) eR x (0, T)
j=1

Ve(x1,—1,t) =0 for (x1,t) e Rx (0, T) (2)

Ju,
Ve(x1,0,t) = 8—j<x1,0,t> for (x1,t) € R x (0, T)

—pe(x1,0, t)e2+2vD(vg(x1 0, t) —S_BZAZJ(O) (x1 0,t) for(x1,t) eRx (0, T)
j=1

Ug, Ve, pe  1-periodic in xq

oug R A
Ue(X1,X2,0)=¥(X1,X2,0)=0 inAg, Ve(x1,X%2,0) =0 inA
with T a positive given constant.

3. The variational analysis of the problem

This section provides us some qualitative properties of the unknowns of the coupled system (2), ug, Vg, pe, such as
existence, regularity and uniqueness. For performing the variational analysis of the problem (2), we choose the following
regularity for the data:

2 —\\2
py.af €1°(0,1),  geH'(0,T; (L*(Df));,). feH'(0.T:(L*(D7)),.) (3)

per per
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Here and in what follows the subscript per denotes the 1-periodicity of functions of the corresponding space in x1, i.e.
the space is a closure of the set of infinitely smooth 1-periodic in x; functions with respect to the norm of the correspond-
ing space. Taking into account the properties of the displacement and of the velocity, given by (2), let us introduce the

spaces:
1
U=[z (H' (D+))per fzz(x1,0)dX1=0}
0
V={we(H' (D)) per]dlvw 0,w=0onI"}
S={@zweUxV]|z=wonI"}

2z
o7 € L?(0,T; U/)}

3
Huz{zeH1(0,T;U)’—

9
H, = {we 12(0,T: V) ’ a—vtv e 12(0, T; v’)}

The variational formulation for the physical problem (2) is given by

Find (ug, v.) € Hy, x Hy such that

d ou X\ ouy, 0z d
-1 € -3 e
£ — & — Ve -W+2v [ D(vg): D(w

dt ”<g> z+ qu( >ax] axl+pdt/5 + /(a (W)

i,j=1 D- D-
(4)
/ z+/f w, V(z,w)eS

8us 0 dug R .

VEZW ae.onl x(0,T), ug(O):W(O)zo ae.inD/, V:(0)=0 aeinD

The main result of this section is the theorem which gives the existence, the regularity and the uniqueness of the solution
of (4).
Theorem 3.1. The problem (4) has a unique solution, (u., v¢). Moreover, for g, f with the regularity given by (3) we get
9%u,
a2

avg

eL*(0.T: (L*(D}))°). eL*(0.T: (1(D7))’) (%)

4. The asymptotic analysis
Assume that p, a are piecewise smooth functions i.e. p, a"l € Cl(¢i, ¢iy1), Wwhere 0=¢p <y < -+ < ¢p=1and

g=g(x1,t) € C*([0, T], (C“(R))z), 1-periodic in x

fe ([0, T], (C*(R x [1,0]))?), 1-periodicinx; (6)
dt9 < T suchthat f(x1,x2,t) =0, g(x1,t) =0, Vtel0, 1]

We look for the asymptotic solution of order J for (2) in the form

X anrl @) X1.t J X 3q+lZ(]) it
ut (4, 20,0 = Z saHIN, ( Z)A 3 8q+1+quJ<?z)¢

o & 399X, o At19x,
J
v %0, 0 =Y v, xa.0)
k=0
J
p i x.) =) e pri. xa. 1)
k=0
J
2.0 =20D (v (x1.0.0)e — p{ (11,0, 02, W (x1.) =D fw(x1.0) (7)

k=0
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To determine the asymptotic solution means to determine the matrices Ng; = Ng(§2), Mg = Mg (52), Ngq 1. Mg, € R2%2 and
the functions vy = vi (X1, X2, t), P = Pk (X1, X2, ), Wi = Wi (X1, t).

Replacing into the left hand side of (2) u, with its asymptotic expansion (7); and denoting (F) = fo1 F(s)ds, we are led
to the following second order differential problem for Ng;, Vg 41> 0

(AzzN[” + A21Nq,l—1)/ = —AlzN;,,_l — A11Ng1—2 + 52,0+Nq—2,l +hg,
hg 1= (A12N3,1_1 + A11Ng -2 — 82:0+Nq72,l>

(8)
Azz(O)N;,,(O) = —A21(0)Ng,;-1(0)
(Ng,1) = 02
and No o = I>. The problem for Mg, ¢ 412> 0 is the following:
(AzzM;,l + AZqu.lfl)/ = —A12M;,,_1 — A11Mg 2 + 82p+Mq72,l + hg/,lz
hf{’, = <A12M;J,1 + A1tMg 2 — €2 p4 Mq_2,1) — €2 12840810 9)

A2 (0)M; (0) = £*12850810
Mq1(0) = 02

All the other unknown functions appearing in the definition of the asymptotic solution are obtained from a coupled problem
for ((wg)2, Vi, pr) and a problem for (wy)1. In order to simplify the writing of these problems we introduce the notations

is_ E I::‘— E 1 é_] E 7 E(s) d
‘<1—92>’ ‘<1—ﬁ2<5‘§2>>’ ‘5<1—ﬁ2>‘ /1—92@) g
0

(10)

I=((E (2 j—EEE-E D)

“\\1=92\2"%%))/ -
where F(x) = x(F) — fox F(s)ds. The triplet ((Wg)2, Vk, Px) is obtained as the unique solution of
(w2 | 59 (wi)2 d(vi)2
(o+) +J + <2V— - Pk)
ot? 3}(‘1l 0X2 Xp=0
A 2/0 oRy_
— 280 —Ric1-e— E 1 E( Solgy — TE e ) inRx (0.7)
0Xq 0
av .

p,a—t" —2vdiv(D(V)) + Vpi = 0

divvy=0 inA™ x(0,T) 1

Vi(x1,—1,6)=0 inRx (0,T) (11)

_0(wi) .
(Vi)1(31,0,t) = ot (x1,t) +ag—1(x1,t)-e; inRx(0,T)
_ 9(wp)2 .
(Vi)2(%1,0,t) = o (x1,t) +ag—1(x1,t)-e2 inR x (0, T)
(Wg)2, Vi, pr  1-periodic in X4
L a(Wk)2 .
Vi(X1,%2,0)=0 inA~, (Wi)2(x1,0) = T(XLO) =0 inR
with Ry_1, ay_; representing known functions, which depend on (wj, v;, pj) and on their derivatives, j <k.
The problem for (wy); is the following second order differential problem:
L 0% (w 203 (Wi
pUWOL W2 s 4R g, (0 €R X (0,T)
0x1 0x3

(12)

1
(wg)1 1-periodic in xq, /(Wk)1(X],t) dx;1 =0
0
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Taking k=0 in (11) and in (12) we get (wg); = 0 and for ((wg)2, Vo, po) the problem

2(wo)2 2% (wo)2

(P+) — Do =g inRx(0,T)
atz axfll x2=0
d
,0,ﬂ —VAvVg+ Vpo=f
at
divvg=0 inA™ x(0,T)
Vo(x1,—1.6)=0 inR x (0,T) (13)

Vo(x1,0,t) =

9
(';V;’)Z (x1.0e; inR x (0,T)

(Wo)2,Vo, po 1-periodic in xq
d(wo)2
at

which means that (ug, vo, po) represents the exact solution of the interaction problem between a viscous fluid and an elastic
membrane in the periodic case, studied in [1].

Vo(x1,X%2,00=0 inA™,  (wp)2(x1,0) = (x1,00=0 inR

Theorem 4.1. Let (ug, V¢, pe) be the exact solution of (2) and (uf;]), vf;j), pgj)) the asymptotic solution of order J, defined by (7). Then

the error between these two solutions is given by

—(ug—uéj) :(’)(8”3/2), i=1,2
Lo°(0, T (L2(D))?)

ai
H ot

| x (e — uf;])) ”LOO(O,T;(LZ(D:))‘U = O(EJH/Z)

ai
[

9 (14)
ati (ve

L%(0,T;(L2(D7))?)
”DX("S - Vé])) HLZ(O,T;(LZ(D*))“) = O(EJH)
— O(SJ'H)

(@)
lpe —pe”| L2(0,T;H1(D™))
5. The method of partial asymptotic decomposition of the domain

Let us apply the method of partial asymptotic decomposition of the domain for the fluid-elastic layer interaction prob-
lem (2) (see [2, Chapter 6]). Namely, let us replace Eq. (2); by some special 1D in the space equations in the part of the
domain corresponding to the values x; € (1/3,2/3) with some special interface conditions between the 2D and 1D parts at

the lines x; = 1/3 and x; =2/3. To this end, let us introduce, as follows, the partially decomposed spaces: the main, HY

dec’
é{ez representing the space of the test functions, which is the space of the traces for

a fixed t of functions from H;ﬁ. We first define

for the solution, and the other space, S

q+l 99+l t
) _ q+ 1T wW(xq, t) q++2 X2 Y (x1,t)
H ,V)eHy xH X1,X2,t) = &Ny £ Mg\ = )| ——.
dec = {(‘/’ ) u X Hy | @o(x1,%2,t) = Z (8 ) 3tq3X] Z & 3tq3Xll

q+1=0 q+1=0

99(x1,0,0)

x1€(1/3,2/3), w,y e HIT2(0, T; HIT'(1/3,2/3)), o

=v(x1,0, t)}

] J
0'Wg(x1) 0 (x )
s :(gp,a))eU 5 V‘go(X1,X2)= ) Sq-HNq,l(g )qil > 8q+l+2Mq”(g> Yq(X1

q+1=0 8X1 q+1=0 8x1
x1 € (1/3,2/3), Wq, ¥q € H'1(1/3,2/3), ¢=0,..., ], p=won FO}

then we put

) — gDl x () _ WD llux
Hdec = Hclec” It v, Sdec - sdec” oy
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Consider the following variational formulation for the partially decomposed problem:

Find (u;];ec, v;];ec) € H(]) such that
d guV X 0]
1 e, dec o3 2 a dec %
8 —_— —_— —_— *  —
dt '0+(8) at /Z ”(s) axj  ox;
+ + 1,j=1
DS S
d _
+'O_E vgc),ec~w+2v/D(vgc)iec):D(a))=s 1fg~(p+ff~a), V(go,w)esi,{zz (15)
D- D- D} D-
(@)]
ou
) _ e,dec 0
g,dec — a9t on/l”
(](;
u? U dec : v i =
U gec(® = ——(0)=0 in DY, Vi (0)=0 inD

We study the existence and the regularity of the solution of (15) by means of the Galerkin’s method as for the solution
to (4). Applying the same arguments as in the proof of Theorem 3.1, we get the existence and uniqueness of the solu-
tion (u(] R ) to the partially decomposed problem (15). Applying the estimates of Theorem 4.1 to the differences

e, dec’ e dec
) ) g]l)iec — vi;] ) instead of Ve — véj ) we get for these differences the estimates (14). Then,

e,dec u;’ instead of ug — (]) and v
applying the triangle inequality, we finally get the same estimates for uéjéec —ug and Vfgf;ec
of asymptotic partial domain decomposition.

u

— Vg, which justify the method
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