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A one-dimensional unsteady combustion model is presented for ammonium perchlorate
flames taking into account a detailed gas phase chemistry with 36 species and 216
reactions, a fully-coupled fluid–structure interaction and allowing for acoustic and elastic
waves propagation. The model is used to calculate a wave propagating from the gas phase
into the solid phase and reflected by the interface. The interface temporal response shows
a linear behavior for the test case of interest in this article.
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r é s u m é

Un modèle monodimensionnel de combustion instationnaire du perchlorate d’ammonium
prenant en compte une chimie détaillée en phase gazeuse avec 36 espèces et 216
réactions, les interactions fluide–structure à l’interface et permettant la propagation
d’ondes acoustiques et élastiques est présenté. Nous étudions la propagation d’une onde
allant du gaz vers le solide et réfléchie par l’interface. La réponse temporelle de l’interface
révèle un comportement linéaire pour le cas-test considéré dans ce travail.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Unsteady combustion of solid propellants is an important source of instabilities in rocket motors [1]. The coupling be-
tween acoustics and combustion is of major interest and yet remains to be fully understood. Flame-acoustic interaction is
often characterized by a transfer function linking the heat release rate fluctuations within the flame to the incident ve-
locity perturbations [2,3]. For solid propellants, however, the quantity of interest is usually the pressure-coupled response
function R p defined as

R p = m′/m

p′/p
(1)
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Fig. 1. One-dimensional model of ap with a lumped interface.

where m and p are respectively the steady-state mass flow rate and pressure at the propellant surface, and m′ and p′ are
the corresponding unsteady fluctuations.

Over the past 60 years, the pressure-coupling phenomenon has mostly been theoretically addressed under the classical
“Quasi-Steady Homogeneous One-Dimensional” or QSHOD assumptions [4–6]. Under these assumptions, small perturbations
of the coupled gas–solid system are investigated through linearized equations. The gas phase may be investigated with
the so-called Flame Model or FM theoretical framework [7], or by calculating steady-state sensitivity coefficients related to
surface mass flow rate and surface temperature, which leads to the Zel’dovich–Novozhilov model or ZN [6,8].

The complex response function R p obtained within the FM and ZN theoretical frameworks has been successful in show-
ing the existence of one thermal peak resonance at moderate mean pressure and moderate gas phase pressure oscillation,
occurring at the typical thermal frequency of the solid phase. Other works have established the necessity to release the
quasi-steady gas phase assumption in order to draw a second resonant peak at higher oscillation frequencies [9]. From a
numerical point of view, non-linear behavior has been found for sufficiently high gas phase pressure oscillations [10–12],
though often using simplified chemical kinetics to describe the gas phase.

To improve existing models, the present work is concerned with a fully-coupled one-dimensional unsteady combustion
model of Ammonium Perchlorate (ap) which is still a significant ingredient of propellants of practical use today. Such a
model will provide new insight into the pressure-coupling phenomenon by taking into account a detailed gas phase chem-
istry, relaxing the quasi-steady and low Mach number assumptions in the gas phase, and allowing for thermal/mechanical
coupling through the fluid–structure interaction at the propellant surface. Acoustic/elastic waves are introduced into the
system by writing characteristic boundary conditions at the solid and gas phases external boundaries.

In Section 2, we present the equations of the model. In Section 3, we describe the numerical method. In Section 4,
we present unsteady simulation results showing an acoustic/elastic wave propagating into the system and the interface
response in term of the mass flow rate.

2. Theoretical model

2.1. A lumped interface model

A one-dimensional model of ammonium perchlorate (ap) requires the description of three regions: the solid phase, the
gas phase and the intermediate “foam layer” as illustrated in Fig. 1. As experimental evidence [13] and numerical simula-
tions [14] have established, the foam layer is generally of the order of magnitude of one micron in ap flames. The present
model thus lumps the foam layer into an infinitely thin interface. Such an interface model has been validated with regards
to steady combustion simulations [15] and unsteady linear ZN theory [16,17]. Taking into account a foam layer with nonzero
thickness as well as more complex interface jump relations – as impedance conditions – are beyond the scope of this work.

Variables are defined in the laboratory frame of reference, that is, in the frame attached to the solid rocket motor
(SRM). In order to avoid a dynamic meshing of the solid and gas phase domains, we use a coordinate system moving
with the interface. Denoting by xi the interface abscissa in the laboratory frame, xold the space abscissa attached to the
laboratory and x the space abscissa attached to the interface, we have x = xold − ∫ t

0 V i
lab(τ )dτ , where t is the current time

and V i
lab = dxi/dt is the negative interface regression speed in the laboratory frame. Any unknown quantity ϕold(t, xold) in

the laboratory coordinate system is then rewritten ϕ(t, x) in the new coordinate system.
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2.2. Solid phase equations

No chemical reactions are taken into account in the solid phase in the absence of chemical data. The solid phase is
assumed to undergo small deformations because of the high value of the Lamé coefficients and may be described with the
linear thermo-elasticity theory [18]. Assuming no mean velocity in the solid phase and denoting the displacement by ξ , the
deformation by ε and the solid phase velocity perturbation by usl , we have ε = ∂xξ and usl = ∂tξ .

2.2.1. Conservation equations in the solid phase
The solid mass conservation equation reads

∂tρsl − V i
lab∂xρsl + ∂x(ρslusl) = 0 (2)

where ρsl is the solid phase density and V i
lab is the interface velocity in the laboratory frame of reference. The term

−V i
lab∂xρsl arises from the change of coordinate from the fixed system to the moving system. It is also established that

ρsl0/ρsl = det(F ), where ρsl0 is the solid phase density in its initial configuration and F is the deformation gradient. Under
the small deformation assumption, the mass conservation equation may also be written ρsl = ρsl0 at zeroth order. The mo-
mentum conservation equation reads

∂t(ρslusl) − V i
lab∂x(ρslusl) + ∂x

(
ρslu

2
sl − σsl

) = 0 (3)

where σsl is the Cauchy tensor and linearizing this equation yields

ρsl0
(
∂t usl − V i

lab∂xusl
) − ∂xσsl = 0 (4)

Finally, total energy conservation can be written

∂t

(
ρsl

(
esl + 1

2
u2

sl

))
− V i

lab∂x

(
ρsl

(
esl + 1

2
u2

sl

))
+ ∂x

(
ρslusl

(
esl + 1

2
u2

sl

)
+ qsl − σslusl

)
= 0 (5)

where esl is the internal energy and qsl is the heat flux. Linearizing the energy conservation equation, denoting Tsl the solid
phase temperature and csl the solid phase heat capacity, we obtain

ρsl0csl
(
∂t Tsl − V i

lab∂xTsl
) + ∂xqsl = 0 (6)

The elimination of the smaller convective term ρsl0cslusl∂xTsl uncouples the energy equations and simplifies the formulation
of the NSCBC boundary conditions at the left external solid boundary. However, this term should be retained for future
studies since it may influence the interface acoustic impedance. The kinematic compatibility relation between usl and εsl is
finally

∂tεsl − V i
lab∂xεsl = ∂xusl (7)

2.2.2. Expression of fluxes
Under the assumption of thermo-elastic behavior, σsl is given by

σsl = κsl∂xξ + 2μsl∂xξ − (3κsl + 2μsl)αt(T − T0) (8)

where κsl and μsl are the Lamé coefficients of ap, αt is the thermal dilatation coefficient, and T0 is the initial temperature
of ap. A further simplification consists in omitting the thermo-mechanical coupling in the latter equation, so that σsl =
κsl∂xξ + 2μsl∂xξ . Eqs. (4) and (7) then form a first order hyperbolic system, which is convenient for writing characteristic
boundary conditions. Finally, denoting by λsl the solid thermal conductivity, the heat flux can be written qsl = −λsl∂xTsl .

2.3. Gas phase equations

2.3.1. Conservation equations
Total mass conservation is written as

∂tρg − V i
lab∂xρg + ∂x(ρg ug) = 0 (9)

where ρg is the gas density and ug is the gas velocity. Species conservation is written as

∂t(ρg Yk) − V i
lab∂x(ρg Yk) + ∂x(ρg Ykug +Fk) = mkωk, 1 � k � n (10)

where Yk is the mass fraction of the kth species, mk is the molecular weight of the kth species, ωk is the molar production
rate of the kth species, Fk is the diffusion flux of the kth species, and n is the number of species. The gas phase momentum
is conserved according to
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∂t(ρg ug) − V i
lab∂x(ρg ug) + ∂x

(
ρg u2

g + p − τg
) = 0 (11)

where τg is the viscous stress tensor and p is the gas pressure. Energy conservation is finally written

ρgcp
(
∂t T g − V i

lab∂xT g + ug∂xT g
) + ∂x

(
qg −

∑
1�k�n

hkFk

)
= ∂t p − V i

lab∂x p + ug∂x p + τg∂xug

−
∑

1�k�n

Fkcpk∂xT g −
∑

1�k�n

hkmkωk (12)

where cp is the mixture heat capacity at constant pressure, T g is the gas temperature, qg is the total heat flux, hk is the
enthalpy of the kth species, and cpk is the heat capacity of the kth species at constant pressure.

2.3.2. Expression of transport fluxes
For a multi-component mixture in a one-dimensional flow, neglecting thermal diffusive and barodiffusive effects, the

transport fluxes τg , Fk , and qg are given by [19]

τg =
(
κ + 4

3
η

)
∂xug, Fk = −

∑
1�l�n

Ckl∂x Xl, 1 � k � n, qg = −λ∂xT g +
∑

1�k�n

hkFk (13)

where κ is the bulk viscosity, η is the shear viscosity, Ckl is the multi-component flux diffusion coefficients, Xk is the mole
fraction of the kth species, and λ is the thermal conductivity.

2.3.3. Gas phase chemistry
We consider a total number nr of chemical reactions involving n species∑

1�k�n

ν
f

kiχk �
∑

1�k�n

νb
kiχk, 1 � i � nr (14)

where χk is the chemical symbol for the kth species, and ν
f

ki and νb
ki are the forward and backward stoichiometric coeffi-

cients of the kth species in the ith chemical reaction. The chemical production rate ωk for the kth species and the reaction
rate of progress of the ith reaction τi then read

ωk =
∑

1�i�nr

(
νb

ki − ν
f

ki

)
τi, τi = K f

i

∏
1�k�n

(
ρg Yk

mk

)ν
f

ki − K b
i

∏
1�k�n

(
ρg Yk

mk

)νb
ki

(15)

where K f
i and K b

i are the forward and backward reaction constants of the ith chemical reaction. The forward reaction

constant K f
i is usually evaluated with Arrhenius law K f

i (T g) = Ai T
bi
g exp(−Ei/RT g), where Ai is the pre-exponential factor,

bi is the pre-exponential exponent and Ei is the activation energy of the ith chemical reaction. The backward reaction
constant is evaluated as K b

i (T g) = K f
i (T g)/K e

i (T g) where K e
i is the equilibrium constant of the ith reaction [19].

2.4. Interface

The lumped interface equations include the jump relations for conservation of mass, momentum, and energy, since the
interface cannot store it, the continuity of temperature Tsl = T g , and the interface chemical production rates. Total mass
conservation across the interface reads

ρ+
g

(
u+

g − V i
lab

) = ρ−
sl

(
u−

sl − V i
lab

)
(16)

where the superscripts “+” and “−” respectively denote the gas and solid phases. Species conservation reads

ρ+
g Y +

k

(
u+

g − V i
lab

) +F+
k = mkω̂k (17)

where ω̂k is the surface production rate of the kth species. Momentum is conserved across the interface according to

ρ+
g u+

g

(
u+

g − V i
lab

) +P+
g = ρ−

sl u−
sl

(
u−

sl − V i
lab

) − σ−
sl (18)

Finally, energy conservation across the interface can be written as

ρ+
g

(
e+

g + u+2
g

2

)(
u+

g − V i
lab

) + q+
g + (

p+ − τ+
g

)
u+

g = ρ−
sl

(
e−

sl + u−2
sl

2

)(
u−

sl − V i
lab

) + q−
sl − σ−

sl u−
sl (19)

and may also be rewritten in terms of enthalpies.
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The interface ap decomposition mechanism has two reactions, following Guirao and Williams [20,15]

AP(s) → NH3 + HClO4, AP(s) → AP(l) →
∑

1�k�n

ν̂k2χk

where
∑

1�k�n ν̂k2χk is a weakly reactive mixture typically taken to be an equilibrium mixture [15]. Letting ν̂k1 = 1 for
k ∈ {NH3,HClO4} and ν̂k1 = 0 otherwise, the interface chemical production rate ω̂k of the kth gaseous species, the interface
destruction rate ω̂ap of ap, and the rate of progress of the two interface reactions τ̂1 and τ̂2 are then given by

ω̂k = ν̂k1τ̂1 + ν̂k2τ̂2, ω̂ap = −τ̂1 − τ̂2, τ̂i = Âi exp(−Ê i/RT ), i = 1,2 (20)

where Âi is the pre-exponential factor and Ê i is the activation energy of the ith interface reaction. From the conservation
of mass, the mass flux at the interface is given by m = ρsl(u−

sl − V i
lab) = −Wapω̂ap . In our application, we have used

Ê = Ê1 = Ê2 and Â = Wap( Â1 + Â2) so that we recover the traditional pyrolysis law m = Â exp(−Ê/RT ). The species
reaction rates ω̂k may then be rewritten ω̂k = mŶk with

Ŷk = Wk

Wap

ν̂k1 Â1 exp(−Ê1/RT ) + ν̂k2 Â2 exp(−Ê2/RT )

Â1 exp(−Ê1/RT ) + Â2 exp(−Ê2/RT )
= Wk

Wap

ν̂k1 Â1 + ν̂k2 Â2

Â1 + Â2

keeping in mind that Ê = Ê1 = Ê2 and Wap = ∑
1�k�n ν̂k1Wk = ∑

1�k�n ν̂k2Wk . Since the activation energies are equal, the
interfacial rates correspond to the rates used in [15] and the reaction parameter α used in [15] has a natural kinetic inter-
pretation. A difference with [15], however, is that the interface temperature T = Tsl = T g is now variable and determined
by m = Â exp(−Ê/RT ). Finally, in the general situation where the surface reaction activation energies differ, the interface
reaction relative mass fluxes Ŷk , 1 � k � n, are then temperature dependent.

2.5. Boundary conditions

2.5.1. Gas phase
The right boundary conditions in the gas phase are written following the NSCBC method [21,22]. Characteristic decom-

position of unsteady boundary equations reveal incoming and outgoing waves that can then be precisely controlled. In the
present work, we neglect viscous and reactive terms to write the waves at the right gas phase boundary. In a coordinate
system attached to the interface, the unsteady system of equations at the right boundary reads

∂tρg − V i
lab∂xρg + 1

2c2
g
(L1 +L3) + 1

c2
g
L2 = 0 (21)

∂t T g − V i
lab∂xT g + T g

γ p

(
γ − 1

2
(L1 +L3) −L2

)
− T g

∑
1�i�n

m

mi
Li+3 = 0 (22)

∂t ug − V i
lab∂xug + 1

2ρgcg
(L3 −L1) = 0 (23)

∂t Yk − V i
lab∂xYk +L3+k = 0, 1 � k � n (24)

where cg is the gas phase acoustic velocity and Li are wave variation amplitudes of incoming and outgoing waves [22].
Those are defined as linear combinations of the primitive variable gradients and we only present the expression of L1

L1 = (ug − cg)

(
∂x p − ρgcg∂xug + p

n∑
i=1

m

mi
∂xYi

)
(25)

referring to [22] for more details. At the gas phase right boundary, the only incoming wave variation amplitude is L1.
This wave carries on information from the outer domain into the computational domain and, unlike the other waves, it
cannot be obtained from the computed solution [21,22]. To define the L1 wave at the gas phase boundary, we consider its
definition in (25) and neglect the spatial dependence of the mixture molecular weight m, dropping the term p

∑n
i=1

m
mi

∂xYi .
With a harmonic behavior for the pressure p, an expression for the velocity ug can be obtained by using gas phase acoustic
equations. The following expression for L1 is then obtained and can be used to enter an acoustic wave into the computa-
tional domain with a very good approximation

L1 = 2k
(
ue

g − ce
g

)
�p cos

(
ωt + k

t∫
0

V i
lab(τ )dτ

)
(26)

where k is the incoming wave number, �p is the pressure wave amplitude, and ue
g and ce

g are respectively the gas velocity
and acoustic velocity defined at the gas phase right boundary.
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Fig. 2. Staggered grid for computation domain.

2.5.2. Solid phase
The left solid phase boundary is also treated following the NSCBC method. Characteristic decomposition of solid phase

equations yields the following system of equations

∂t ũsl − V i
lab∂xũsl + csl(Lsl1 −Lsl2) = 0 (27)

∂tε − V i
lab∂xεsl +Lsl1 +Lsl2 = 0 (28)

where csl is the solid phase acoustic velocity, and Lsl1 and Lsl2 are respectively solid phase incoming and outgoing wave
variation amplitudes given by

Lsl1 = 1

2
(−∂xũsl + csl∂xεsl) (29)

Lsl2 = 1

2
(∂xũsl − csl∂xεsl) (30)

The present study is concerned with acoustic waves entering at the right gas phase boundary, propagating from gas phase
to solid phase, and finally leaving the domain at the left solid phase boundary. Thus, at the solid phase boundary condition
we must have

Lsl1 = 0 (31)

so that no acoustic wave can reenter the domain. Two additional wave propagation cases, however, are of practical interest.
These are waves coming from gas phase and bouncing on a cramped solid boundary or waves entering from the solid phase
boundary imposed by a vibrating engine. Though not treated in the present paper, those cases can be readily incorporated
into the present formalism, modifying eventually the change of variable into the solid phase in order to take into account
the cramped boundary in the coordinate system attached to the interface.

3. Numerical method

Spatial discretization of the governing equations has been performed with second order finite difference schemes on a
“staggered” mesh as illustrated in Figs. 2(a) and 2(b). In the gas phase, velocity is defined at half-mesh points whereas ther-
modynamic variables are defined at integer mesh points. In the solid phase, the deformation variable is located at integer
mesh points and the velocity at half-mesh points. These grids eliminate the usual checkerboard instabilities on pressure
and deformation. In order to implement second order interface conditions and external boundary conditions, velocity ghost
points have been introduced in the gas and solid phases. A second order Crank–Nicholson finite difference time discretiza-
tion scheme has also been used.

A spatial second order scheme has been chosen in order to maintain a block tridiagonal structure of the Jacobian ma-
trix, easing Newton’s method with a fully implicit algorithm [23]. The attenuation of the pressure waves has been found
sufficiently weak and the characteristic boundary conditions have been tested to allow the elimination of outgoing waves
in the solid and gas phases [24]. Several test cases regarding scaling factor values and Newton’s residuals were undergone
in order to find the best compromise between precision and CPU time, and Newton’s method tolerance was typically 10−5.
The solid phase domain extends from the left boundary x = 0 cm to the interface located at x = 10 cm and the gas phase
from x = 10 cm up to the gas right boundary x = 110 cm and we have typically used 10 000 non-equispaced grid points.

The discretized equations are assembled in a single system and solved in a fully-coupled and implicit manner combining
an explicit Euler predictor scheme and an implicit Newton’s corrector method. This is the monolithic approach already used
in nonreactive flows [25]. It has also been used in small Mach number models of propellants [26,27] as well as spray diffu-
sion flames [28]. In the gas phase, highly vectorized CHEMKIN II subroutines [29,30] provide the calculated thermochemistry
properties and the EGLIB software provides optimized calculation of the multi-component transport coefficients [31–34].
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Fig. 3. An acoustic wave propagating from gas phase to solid phase.

4. Results

4.1. Flame parameters

The gas phase chemistry consists in n = 36 species reacting through nr = 216 reactions [15]. A low value of pyrolysis
law activation energy Ê = 8 kcal/mol has been used with and relatively high value of propellant initial temperature, 400 K,
in order to avoid potential intrinsic instability issues [16]. The pyrolysis law pre-exponential factor Â has been selected to
obtain a surface temperature of 825 K for a burning velocity of 0.3 cm/s, that is, at gas phase pressure of 20 atm and
propellant initial temperature of 300 K. The end pressure pe

g is fixed at a value of 216 bar and the steady regression rate of

the interface is then V i
lab = −1.5 cm/s.

4.2. Wave propagation from gas phase to solid phase

Fig. 3 shows a typical unsteady calculation, representing gas phase overpressure/underpressure in dashed line at the
right-hand side of the interface and solid phase velocity in solid line at the left-hand side. Due to the slow kinetics of
nitrogen-based components, a relatively large gas phase domain is required in order to reach chemical equilibrium and
justify the dropping of reactive and viscous terms in the boundary conditions.
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Fig. 4. Interface temporal response: interface overpressure and mass flow rate as functions of time.

The acoustic wave is initially introduced from the gas phase boundary with an amplitude of 200 Pa. It propagates with
negligible attenuation and reaches the interface, where the solid is put to motion as suggested by the plotting of solid phase
velocity in Fig. 3. It can be seen that an overpressure leads to negative solid phase velocity since it pushes the interface
leftward, whereas an underpressure pumps up the solid towards the gas phase leading to positive solid phase velocity.
The second thing to notice is the difference in solid phase and gas phase acoustic wave lengths. A typical gas phase acoustic
velocity is indeed 700 m/s, whereas in the crystal ap it is 15 km/s. After the incoming of the gas phase acoustic wave
toward the interface, the latter reflects a wave at exactly the same frequency as the incoming wave. This process is not
disturbed by the action of solid phase since waves propagate into the solid phase without being reflected at solid boundary.
Combination of incident and reflected waves that have similar frequencies finally lead to a stationary wave progressively
reaching back the gas phase boundary.

4.3. Interface temporal response

Fig. 4 shows a typical interface temporal response. The overpressure/underpressure at interface is represented in solid
line, and mass flow rate at interface is represented in dotted line as functions of time. The steady behavior first observed
corresponds to the time required by the gas phase acoustic wave to reach the interface. Then, an overall harmonic mass flow
rate response is obtained to a harmonic pressure solicitation, though the mean mass flow rate needs a transitory time to
stabilize. A linear behavior similar to that observed in other studies [10,11] is thus obtained for this test case where acoustic
waves propagate into the solid phase without bouncing off the solid boundary. It should be noted that, in the linear regime,
the interface response over a wide frequency range can be investigated with a single calculation by introducing an input
wave consisting in a linear “frequency sweep” [35], or containing the sum of several frequencies.

5. Conclusion

A one-dimensional unsteady combustion model has been developed for ammonium perchlorate that takes into account
a detailed gas phase chemistry, fully-coupled fluid–structure interaction and allows for acoustic/elastic waves propagation.
The model has been used to calculate an acoustic/elastic wave propagating from gas phase into solid phase and reflected by
the interface. It is shown in particular that the interface reflects back a wave of the same frequency as the incident wave
and the interface temporal response shows a linear behavior for the test case considered.

Other test cases of practical interest could further be simulated as waves bouncing off at a cramped solid boundary or
waves generated from this boundary by the engine. These responses could then be spectrally analyzed and further lead to
a response function to be compared with that of classical linear theories, like Zel’dovich–Novozhilov theory [24].
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