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1. Introduction

Soil compaction is a mechanical process by which mass of soil consisting of solid soil particles, air, and water is re-
duced in volume by the momentary application of loads, such as rolling, and vibration. Compaction of soils generally
increases their shear strength, and decreases their compressibility and permeability. Soil compaction should be differen-
tiated between cohesive soil (e.g., clay) and cohesionless soil (granular materials), which will be compacted using different
compaction methods. Cohesive soils contain sufficient quantities of silt or clay to render soil mass virtually impermeable
when properly compacted. Clay can be compacted using sheep foot compactor. Cohesionless soils include sand and gravel
with relatively larger particle diameter can be compacted using vibratory compactor, and they still remain pervious even
after being well compacted. An important characteristic of cohesive soils is that compaction improves their shear strength
and compressibility properties. In geotechnical engineering, laboratory compaction standards have been followed to com-
pact cohesive soils, such as Standard Proctor, which is used to estimate the maximum density of soils. For each compaction
procedure, there exists an optimum water content, which corresponds to the maximum dry density. At any other water
content, the resultant dry density is less than the maximum density.

During the past few decades, soil compaction has received increasing attention in the field of terramechanics, geotech-
nical and pavement engineering. The majority of research efforts has been focused on experimental device developments
and field testing [1,2]. Some analytical and empirical approaches on soil compaction were also investigated [3-7]. These
developments have facilitated the development of soil compaction technology and are beneficial to pavement construction.
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However, these analytical models oversimplify the dynamic soil/roller interaction, and therefore do not accurately capture
the dynamic compaction process. It becomes evident that more efforts are needed for developing numerical models for
soil compaction. As a robust numerical tool, the finite-element method has widely been used for stress and deformation
analysis. The finite-element method has also been effectively applied to predict soil compaction [8-10].

Based on the available literature on geomaterial compaction, it seems that although the finite element has been used to
study soil/asphalt compaction the background theory was not well introduced. It is therefore necessary more efforts should
be devoted to developing efficient numerical model for soil compaction. This paper focuses on introducing the fundamental
finite-element formulations for drained soil compaction. This paper is organized as follows. First, the fundamental formula-
tion of large deformation for the calculation of density is introduced, which is followed by the introduction of the linearized
weak form for updated Lagrangian formulation and finite-element formulation. The numerical integration of the constitu-
tive equation for large deformation is then presented. Several numerical example studies are provided to demonstrate the
efficiency of the numerical approach. Concluding remarks are finally presented based on the findings from this study.

2. Finite deformation and change of density

In order to predict the density change, it is necessary to recognize that the deformation of the soil medium could be
relatively large during a loading-unloading cycle. This necessitates the clear distinction between the undeformed configu-
ration and deformed configuration after soil compaction. For a typical time step, the updated configuration of the body at
step t, + At may be written as a function of the configuration at step t, and the incremental displacement Au during the
time step At. When common origins and directions for the coordinate configurations are used, an updated position vector
can be given as

an:X-i-u:Xn-i-All (1)

where u is the total displacement vector with respect to the original configuration. The deformation gradient or intermediate
deformation gradient is defined as follows:

a ou ax,

F=—¢=1+— or f=ﬂ (2)

oX X 0Xn
where 1 is the identity unit tensor. £2,+1 denotes the current configuration for updated Lagrangian formulation and the
reference configuration is denoted by £2p. The volume relationship between reference and current configurations can be
established as

d$2n 1 =detFny1d20 = Juy1dS2o (3)

Therefore, with the large-deformation updated Lagrangian formulation, one can predict the density change or compaction.
In updated Lagrangian formulation, an incremental displacement is defined with respect to the configuration at time t;,
which is considered as the reference configuration for the current load step. The updated Lagrangian formulation can there-
fore be visualized as a series of intermediate total Lagrangian formulations. Based on the mass conservation, the relative
compaction density can be updated at time ¢, by

Pn
Det fn+1

Here pp is the initial density and pp41 is the relative density at time step t,;1. Therefore, large-deformation analysis has
many advantages in predicting soil compaction in civil engineering.

Pn+1 = or pPnpt1= (4)

0
DetFn_H

3. Updated Lagrangian formulation

Continuum based formulations for large deformation analysis can be written either in the material or in the spatial
configuration. Discretization of the formulations written in the material/referential configuration or in the spatial/current
configuration leads to the so-called total-Lagrangian or the updated-Lagrangian method, respectively. The principle of virtual
work consisting of internal and external work can be expressed in the reference configuration at time tg as:

SW (Su, Vo)=/S:8EdV—/8u~b0dV—/5u-todF (5)

Vo Vo Iy

where S is the second Piola-Kirchhoff stress tensor and is related to the Cauchy stress tensor via the standard relation
o =FSF'/]; E is the Green-Lagrange strain tensor and is defined by Eij = (uj,j 4+ uj; +ug iy j)/2; and by and to are the
body force vector and the traction vector in the reference configuration, respectively. Eq. (5) can be linearized and cast in
the Newton-Raphson framework as

SW (Su, Vo) + DineSW (8, Vo) Au=0 (6)
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Since Eq. (5) is linear with respect to the external work expressions, the linearization of the external virtual work vanishes.
Eq. (5), however, is nonlinear with respect to the internal energy and its linearization leads to the following form:

DintdW (8u, Vo) Au = /(35 :DS+S:D(SE))dV

Vo
:/8E:C:DEC1V+/S:D(5E)C1V (7)
Vo Vo

Re-writing Eq. (7) in the rate form and using standard relation to rearrange Eq. (7) in the current configuration, the updated
Lagrangian formulation reads

/V((Su):AadV—i— / Vu): (0, ®1): V(Au)ydV

Vn+] Vn+1
= / su-bdV + / Su-tdl" — / V(éu):0,dV (8)
Vi1 Tt Va1

In order to use the Cauchy stress and the linear strain in constitutive laws, a frame indifferent stress rate is used in Eq. (8).
For finite deformation, the use of constitutive equations in rate form is desirable. In large-deformation analysis, equations
of this type ought to be written in terms of objective rates to maintain correct rotational transformation properties. Rate
constitutive relations can be alternatively formulated in a material or a spatial setting. The former case involves rates
of material tensors that are always objective. In a spatial formulation, however, material rates of objective tensors are
not objective and are commonly referred to as objective stress rates such as the Jaumann rate. In a spatial setting, these
equations express a relationship between some objective rate of a spatial stress tensor such as the Cauchy or Kirchhoff
stress tensor, and the rate of deformation. In contrast to small deformation, the strain rate for the small deformation will
be replaced by the rate of deformation. The Jaumann stress rate of the Cauchy stress tensor is used [11-13] and reads
Do

ﬁz'J+w-a+a-wT:CJEI:D+w-a+a-wT 9)

The rate of the Cauchy stress tensor ¢ is written in terms of the spin invariant Jaumann stress rate. The superscript
denotes Jaumann’s stress rate. The material derivative of the Cauchy stress consists of two parts: the rate of change due to
material response, which is reflected in the objective rate, and the change of stress due to finite rotation, which corresponds
to the last two terms. D is the rate of deformation and the symmetric part of the velocity gradient L, which is given by

D:%(Vv—l—VTv):%(L—i—LT):é (10)

0= (V- V) = Z(L-1T) (11)
The effective spin with respect to the current configuration, §2, can be given as

2 =wAt= %(VAU—VTAu) (12)
The incremental strain with respect to the current configuration is given by

Ae =DAt (13)
Therefore the incremental stress tensor takes the form

AGC=GAt=Cl:Ae+ (2 -0,+0, 27) (14)

As emphasized by Taylor and Becker [14], Eq. (14) has the appearance of a forward difference integration because the stress
tensor is used at the beginning of the current time step. This treatment can simplify the calculation of stiffness matrix
derived from Eq. (8). Inserting Eq. (14) into Eq. (8), the updated Lagrangian formulation is obtained based on the Jaumann
stress rate and reads

/V((Su):C:AedV—i- / V(su): (R0, +0,27)dV + / V(@ : (0, ®1):V(Aw)dV

Vi1 Vit Vi1

= / 8u-de+/8u-td.Q— / V(idu):0,dV (15)

Va1 I Vi
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The use of the Jaumann stress rate simplifies the stress integration algorithm, which enables the use of similar solution
strategy of small deformation for large deformation. Based on Eq. (15), one can see that the tangent stiffness for large
deformation includes two parts: the standard material stiffness and initial stress stiffness. With the introduction of the
finite element interpolation and the discretization of the linearized weak form of Eq. (15), the incremental displacement Au
at any point within the element can be expressed in terms of nodal degree of freedom as

AU’ = u

h = NAuW® (16)
&' =BAU®, = u

A&l =BAUC AR" =BY Au® (17)

The test function is given by

(su")" = (5u®) " (N)T (18)
Inserting Egs. (16) to (18) into Eq. (15), one can obtain the matrix form of the updated Lagrangian formulation:
NEL NEL
A (5u€)" - (K§; +KE +K5) - Au® = A R (19)
e=1 e=1
where
Ky = / B'CBdV (material stiffness) (20)
Vin
KE = f G'(c ®1)GdV (geometric nonlinear part) (21)
Vin
K¢ = / (BW)T(ISZTdV + / (BW)TSZG dV (finite rotation part) (22)
Vr?+1 V§+1
Re:/N-de+/N-td1“— /Bandv (23)
VS+1 Fne+1 VS+1
G:[VNl ««« VN; .- VNnen] (24)

where the operator of VN; for a three dimensional problem is given by
aN;  AN;  aN;
T W W W a?v- a?v- 3(1)\/- 0 0 0
ViNi=| O 0 0 % 9% 0 0 0] (25)

o 0 0 0 o0 o XN 2N 0N

X1 BE%) X3

Egs. (20) to (22) are the standard material, geometric element stiffness matrices and residual vector, respectively. The global
stiffness matrix can be obtained by assembling the finite element stiffness and residual vector together and can be given as

NEL e e e NEL e
A (Kf; + KE +KS) | Au=Fpoqa + A (R%) (26)

e=1
4. Constitutive equations and their numerical integration
4.1. Smooth three-surface Cap model

Soil compaction cannot be modeled with J, elastoplastic model, which does not involve volumetric plastic deformation.
The Cap model is a good choice for soil compaction prediction. Fig. 1 shows a smooth surface Cap model proposed by [15].

The three-surface smooth Cap model is composed of three yield functions, fn(0,k) (m=1,2,3), which are expressed
as follows:

f1(0) =|s|| — Fe(I1) <0 (compression Cap part) (27)
fa(o, k)= s> = Fe(I1,k) <0 (Drucker-Prager part) (28)
f3(0) = s> = Fe(I1) <O (tension part) (29)

where s is the deviatoric stress tensor. The specific forms of Fe, Fc, and F; are defined as:
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Exponential Drucker-Prager
failure envelope

Translating, circular
compression cap
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>~ tension
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Fig. 1. Smooth three-surface two invariant Cap model.
Fe(l)=a+A[1—exp(Bl1)] Ik < <1} (30)
Fe(I1,k) =R*(k) — (I —k)* 11 <I§(k) (31)
Fe(l) =R3 - I3 Ii>17 (32)

where Fe, F¢, and F; are called the Drucker-Prager envelope function, the compression cap function, and the tension
cap function, respectively. x (k) = k — RF.(k) is the point of intersection of the cap with the I; axis. There is a smooth
transition from one surface to the next. Parameters o, A and B are the material constants, and I¥ is the trace of the tensile
stress which denotes the critical point between the tension cap and the Drucker-Prager envelope. Ilc(k) is the trace of the
compressive stress and represents the intermediate point between the Drucker-Prager envelope and the compression cap,
and Rt denotes the fixed radius of the tension cap. The hardening law for this model is derived from the assumption that
the plastic volumetric strain is of an exponential form given by

&) =—-W{1—exp[Dx K]} (33)

where &P is the effective plastic volumetric strain in the soil as measured from a completely loading process. W represents
the maximum possible plastic volumetric strain for the medium, with the reference state being the materials unloaded
state, and D is a model parameter.

4.2. Numerical integration of the constitutive equation

The stress components are referred to a fixed coordinate system instead of corotational coordinate system, and the stress
from time ¢, to time t;4; must also be rotated to account for the rigid body rotation that occurs in the increment [11].
In this model, the Cauchy stress is used and expressed in terms of the Jaumann rate, which is denoted by the superscript J.
The rate of deformation tensor, D, can be decomposed into elastic and inelastic parts:

D=D°+DP (34)

The elastic response can be represented by the hypoelastic law, given as:
A)=C,:D°At=CL: (D —DP)At =C} : (Ae — AgP) (35)

The objectivity requires that elastic modulus CJE should be isotropic. Otherwise, it will change as the material rotates due to
its expression in terms of a fixed coordinate system by the push-forward.

As the rate of deformation is used to calculate the incremental strain with respect to the current configuration for large
deformation, the return mapping algorithm for the finite inelasticity is the same as the small strain formulation. From
the converged solution at time t = t,, one can obtain the solution at time t = t;+1 by integrating the rate constitutive
equations. The operator-splitting, elastic-predictor and inelastic-corrector method was used to integrate the constitutive
equation [12,13]. The two-step algorithm for stress update is summarized as follows.

Elastic predictor: It is assumed that in the interval [ty, t;+1] no inelastic deformation occurs, thus the trial value is:

)\’tl'=0 (36)
O-It1r+l=0n+A6=Un+ﬂn’6n+0’n~ﬂ—,£+cjlsiDAt (37)
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Fig. 2. (Color online.) Schematic diagram of the smooth strip footing for soil compaction.

One can obtain the equivalent relationship as follows:

On+2y-0n4+0,- 2 =Ry-0,-R! (38)

where R is rotation matrix. If the elastic trial state is admissible, it indicates that inelastic deformation does not occur. Thus,
the second part of the algorithm is not needed. If the elastic trial state is not admissible, a correction will be needed to
determine the plastic solution state.

Plastic corrector: The inelastic strain and stress can be written as:

a
AeP =DPAt =1 G

(39)

where A is the plastic consistency parameter and is computed via local Newton iteration of the discrete constitutive equation
emanating from the smooth surface constitutive equation. When taking non-zero values, the incremental inelastic strain and
Cauchy stress tensor can be written as

Oni1 =01+ A0 =0,+ R0, +0,2+C,: (Ae — AeP) (40)

The tangent modulus for the three parts of the Cap model can be obtained by taking the derivative of incremental stress
tensor due to Jaumann rate,

YAN

J
G, =——
E™ 5ae

(41)
The fourth-order continuum tangent modulus tensor can be used in a similar way to the conventional elastoplastic tangent
modulus. The above formulations were implemented in FEAP [16].

5. Numerical examples

In this section, three numerical examples are provided to show the effectiveness of large-deformation finite-element
formulation for soil compaction prediction in geotechnical and pavement engineering.

5.1. Static soil compaction

The aim of this numerical example is to demonstrate the large deformation finite-element formulation for static soil
compaction. The numerical test simulates the soil compaction of an embankment strip footing. The horizontal extent of
the stratum is 6.096 m from the footing center, and the depth of the stratum is 0.914 m. The slope of the embankment
is 0.6 on both sides. Due to the symmetrical nature of the problem, only half of the physical domain is discretized for
analysis. The boundary conditions are fixed in the direction of thickness as shown in Fig. 2, and they result in plane strain
conditions. The initial density is 2000 kg/m? (to be consistent with the next simulation) ton/m>. Young’s modulus E and
Poisson’s ratio v are 239.0 MPa and 0.3, respectively. The constitutive parameters for the smooth surface Cap model are:
o =0.143 MPa, A =0.217 MPa, 8 =1.32 x 107 Pa~!, W = 0.003, D = 1.59 x 1075 Pa~!, and kg = —1.67 MPa. For the
large-deformation formulation, the contours of the spatial density are projected onto the initial and intermediate deformed
configurations in Figs. 3-5, which clearly show the increase of spatial density underneath the loading area. The density
variation is a technical index of soil stabilization, and therefore it is a quantity of practical importance in geotechnical engi-
neering. After compaction, these figures indicate that the spatial density is redistributed and the maximum density increases
from 2.0 ton/m> to 3.14 ton/m?>. These figures clearly demonstrate that the proposed large deformation finite-element for-
mulation can be used to predict the soil compaction process in geotechnical engineering.
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Fig. 3. (Color online.) Spatial density contour projected onto deformed configuration at pseudo time t = 0.0.
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Fig. 4. (Color online.) Spatial density contour projected onto deformed configuration at pseudo time t = 0.6.
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Fig. 5. (Color online.) Spatial density contour projected onto deformed configuration at pseudo time t = 1.0.

5.2. Plane strain footing foundation problem

This numerical test simulates the elastoplastic soil compaction in a strip footing problem. The physical domain is a
1.57-m-wide strip footing, resting on a shallow stratum supported by a rigid and perfectly rough base. The horizontal extent
of the stratum is 7.32 m from the footing center, and the depth of the stratum is 3.66 m. The boundary conditions are
fixed in the direction of thickness as shown in Fig. 6. Because of symmetry, only half of the physical domain is discretized.
A uniform mesh of 14 x 7 x 1 hexahedral elements is employed, which is the same as that used in literature [17]. The initial
density is 2000 kg/m3. The Young modulus E and the Poisson ratio v are 206.7 MPa and 0.3, respectively. The constitutive
parameters for the smooth surface Cap model are: o = 0.129 MPa, A = 0.120 MPa, 8 =1.32 x 1076 Pa~!, W = 0.003,
D =1.59 x 1075 Pa~!, and ko = —1.67 MPa. The complete load-displacement response for the strip footing is shown in
Fig. 7, where the applied base pressure is plotted versus the centerline subsidence directly beneath the footing for each
case [17]. Both small deformation and large-deformation results were simulated (see Fig. 7). For the same base pressure, the
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Fig. 6. Schematic diagram of the smooth strip footing for soil compaction.
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Fig. 7. External load versus subsidence induced by flexible footing loading.

subsidence obtained by small deformation is relatively larger than that of large deformation. The reason is that the stiffness
of large deformation has an additional stiffness term, which results from the initial stress stiffness. Fig. 8 shows the vertical
stress at an integral point of the top left element versus the footing pressure. The stress state in the element is in nearly
hydrostatic compression state. The stress-footing pressure curve indicates that the material point initially deforms elastically
and thereafter enters the plastic range. After further compaction, the soil becomes stiffer due to volumetric hardening.
Trends similar to that in the simulation using the Cap model were also obtained by [18,19]. Figs. 9 and 10 show the
pressure contours projected onto the initial and intermediate deformed configuration. The deformation is magnified at the
scale of 10 in the contour plots. A smooth hydrostatic stress profile is obtained in the entire range of deformation. Based on
the mass conservation and on the obtained subsequent configurations, the contour of the spatial density projected onto the
initial and intermediate deformed configurations are presented in Figs. 11 and 12. A literature review reveals that very few
research efforts have been paid using the finite-element method to predict compaction density induced by external loads.
The proposed large-deformation finite-element formulation is a new attempt as regards this aspect.

5.3. Prediction of the compacted density

This numerical test is used to further demonstrate the application of large-deformation model to predict spatial density
changes induced during compaction of the soil. A quarter of the physical domain (4 m in length, 4 m in width and 2 m
in depth) is compacted by a uniformly distributed load of 40 kN/m? applied on the top surface. (See Fig. 13.) Symmetry
boundary conditions are applied along the planes passing through (x, y,z) = (0,0, 0). An unstructured mesh of 4 x 4 x 7
hexahedral elements is employed. The original density is 2 ton/m>. Young’s modulus E and Poisson’s ratio v are 5.0 MPa
and 0.3, respectively. The constitutive parameters for the smooth surface Cap model are: o = 0.129 MPa, A = 0.120 MPa,
B=132x10"%Pa~!, W =0.003, D=1.59 x 107® Pa~!, and kg = —1.67 MPa.

In order to examine the stability performance of the large-deformation formulation, both coarse and fine meshes are used
in this example study. Fig. 14 shows the change in density at the top corner point, where the maximum compaction density
is attained for this simulation. The density converges to a value that is dependent on the Cap model parameters as well
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Fig. 9. (Color online.) Pressure contours projected onto an intermediate deformed configuration (base pressure is 0.5 MPa).
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Fig. 10. (Color online.) Pressure contours projected onto an intermediate deformed configuration (base pressure is 0.6 MPa).

as on the applied loads. Since the compaction density is calculated at the integration points, for plotting purpose, they are
projected onto the nodal points. Fig. 14 shows the compaction densities from both fine and coarse meshes to demonstrate
the stability performance of the large-deformation formulation. Figs. 15 and 16 show the vertical stress contours projected
on two deformed configurations at two different load levels. A smooth stress profile is attained in the entire range of
deformation. The contours of the spatial density projected onto two intermediate deformed configurations are presented in
Figs. 17 and 18 for three different load levels. The maximum density is located at the top corner point, which increases
with increasing load level.

6. Concluding remarks

A three-dimensional large-deformation finite-element formulation for modeling soil compaction is presented in this pa-
per. An updated Lagrangian formulation is used that allows the use of the weak forms that, involving integrals, are taken
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Fig. 11. (Color online.) Spatial density contours projected onto an intermediate deformed configuration (base pressure is 0.05 MPa).
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Fig. 12. (Color online.) Spatial density contours projected onto an intermediate deformed configuration (base pressure equal to 0.7 MPa).

Fig. 13. Schematic diagram of the problem.

with respect to the current configuration. Therefore, it is well suited for modeling compaction in geotechnical engineering.
The rate of deformation is used as the measure of strain rate for the updated Lagrangian formulation. In order to keep the
principle of objectivity, an objective integration algorithm with Jaumann’s stress rate is employed to account for the rotation
of the stress in a superimposed rigid body motion. As a result, the objective rate of stress to maintain correct rotational
transformation properties is maintained, which allows the use of Cauchy stress and the linear strain in constitutive laws.
Representative simulations of soil compaction are conducted for the cases of static embankment compaction, plane strain
footing. Our numerical results show that the large-deformation finite-element formulation is a good approach to predict
the spatial density change due to compaction, which differentiates the general estimates in terms of settlement. This study
provides an efficient approach to simulate the spatial density due to the compaction of the granular materials, which is a
very critical issue in geotechnical, pavement, and agricultural engineering.
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Fig. 14. Compaction density versus load for fine and coarse meshes.
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Fig. 15. (Color online.) Stress o, contour projected on deformed coarse mesh configuration at t, =0.5.
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Fig. 16. (Color online.) Stress o, contour projected on deformed coarse mesh configuration at t = 0.55.



K. Xia / C. R. Mecanique 342 (2014) 208-219 219

Density

2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.00E+00
2.01E+00
2.01E+00
2.01E+00
2.01E+00

Density

1.81E+00
1.86E+00
1.91E+00
1.96E+00
2.01E+00
2.06E+00
2.11E+00
2.16E+00
2.21E+00
2.26E+00
2.31E+00
2.36E+00
2.41E+00

[
[
|
|
|
[
L

Fig. 18. (Color online.) Spatial density contour projected on deformed coarse mesh configuration at t = 0.6.
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