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Variant techniques are proposed for reproducing the elastic wave propagation in an
unbounded medium such as the infinite elements, the absorbing boundary conditions or
the perfect matched layers. Here, a simplified approach is adopted by considering absorbing
layers characterized by the viscous Rayleigh matrix as studied by Semblat et al. [16] and
Rajagopal et al. [14]. Here, further improvements to this procedure are provided. First,
we start by establishing the strong form for the elastic wave propagation in a medium
characterized by the Rayleigh matrix. This strong form will be used for deriving optimal
conditions for damping out in the most efficient way the incident waves while minimizing
the spurious reflected waves at the interface between the domain of interest and the
Rayleigh damping layer. A procedure for designing the absorbing layer is proposed by
targeting a performance criterion expressed in terms of logarithmic decrement of the wave
amplitude in the layer thickness. Second, the GC subdomain coupling method, proposed
by Combescure and Gravouil [9], is introduced for enabling the choice of any Newmark
time integration schemes associated with different time steps depending on subdomains.
When wave propagation is predicted by an explicit time integrator, the subdomain strategy
is of great interest because it enables a different time integrator for the absorbing layer to
be adopted. An external coupling software, based on the GC method, is used to carry out
multi=time step explicit/implicit co-computations, making interact in time an explicit FE
code (Europlexus) for the domain of interest, with an implicit FE code (Cast3m) handling
the absorbing boundary layers. The efficiency of the approach is shown in 1D and 2D
elastic wave propagation problems.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The simulation of the soil interaction problems [17] using the Finite Element method requires the modeling of un-
bounded media. Efficient numerical methods have to be set up, minimizing the number of operations while maintaining the
accuracy of computation. For this purpose, the simplest way to achieve it is to use a very large model to prevent the numer-
ical solution to be altered by the artificial reflected waves at the boundaries of the model. However, such a model becomes
more costly in terms of computation time, especially when we work with complex structures in real configurations. In order
to reduce the FE model, several methods have been developed by adding artificial conditions at the boundaries such as the
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PML (Perfect Matched Layers) [3], absorbing boundaries [8], or infinite elements [4]. Though the aim of these techniques is
to absorb all the incident energy without spurious wave reflections at the interface, some numerical disturbances appear
when they are implemented in Finite Element codes. For example, Rajagopal et al. showed that the Perfect Matched Layers
method suffers from numerical reflections at the interfaces [14] and instabilities [12].

One of the simplest techniques for absorbing incident waves is to introduce viscous layers characterized by the Rayleigh
matrix at the boundaries. This technique was already used with different approaches [16,14]| and turns out to be efficient
and easy to implement. However, the amount of spurious waves reflected at the interfaces is not easy to be predicted as
well as the optimal thickness for achieving an acceptable efficiency.

The use of the Rayleigh matrix for soil dynamics problems is not straightforward because the behavior of the derived
Rayleigh material can be viewed as unphysical. However, Semblat et al. give a rheological interpretation of this material [15].

When addressing the numerical implementation, it is important to underline that the introduction of the Rayleigh matrix
decreases the value of the critical time step when using the explicit scheme, impinging the computation time [14]. In
addition, in a FE code based on the explicit time integration scheme (central difference method), the viscous damping
can only be introduced by employing the mass matrix. It is interesting to be able to adopt a classical Rayleigh matrix for
only absorbing layers, built from the mass and stiffness matrices, by using an implicit time integration scheme such as
the average acceleration method. The subdomain method proposed by Gravouil and Combescure [7] provides the suitable
properties for coupling an explicit integrator for the subdomain of interest with an implicit one for the absorbing layers. The
method follows a dual Schur approach by ensuring the velocity continuity at the interface through Lagrange multipliers. The
method is proved to be stable for any Newmark integrators using the so-called energy method (Hughes [10]). It leads to the
first order of accuracy when coupling second-order accurate time integration schemes due to a slight spurious dissipation at
the interface as soon as different time steps are adopted. When adopting the same time step, the second order of accuracy
is achieved. In this work, heterogeneous time steps are considered, leading to a first accurate multi time step coupling
scheme. Co-computations will be carried out by using an external software based on the GC method, coupling an explicit FE
code with an implicit one, validated against full explicit computation with a homogeneous time step for reinforced concrete
structures subjected to earthquake excitations [5,6].

In this present paper, the technique of the absorbing layers by using the Rayleigh matrix is adopted. Next, we suggest
to:

1. Show the link between the Rayleigh matrix and the Kelvin-Voigt model. Consequently, we will give a strong form of
the wave propagation problem in the absorbing layer in order to optimize the parameters required for designing the
absorbing layer. This optimization is based on harmonic waves.

2. Present a multi-layer strategy that will be used as an alternative method to the previous one using a single absorbing
layer. The main idea consists in dividing the damping subdomain into several sublayers, each one with their own
parameters. The aim is to reduce the scale of the whole absorbing layer.

3. Validate the analytical developments in the previous parts by considering numerical examples: first without subdomain
decomposition for a 1D wave propagation problem, and second, with the GC coupling method using different time
steps for 2D Lamb’s problem [11]: the domain of interest will be integrated in time with a central difference scheme
associated with a fine time step, whereas the absorbing layers will be dealt with an average acceleration scheme related
to a large time step in order to reduce the computation time devoted to the modeling of the unbounded medium. Two
different finite-element codes will be involved in the multi time step explicit/implicit co-computations: Europlexus [2]
based on the explicit scheme (Central Difference) and Cast3m [1] based on the implicit scheme (Average Acceleration).
The multi-layer strategy will be compared with the analytical expressions for Lamb’s test.

2. Dissipative medium characterized by a Rayleigh matrix

We study the wave propagation from a non-dissipative medium to a dissipative one. The dissipative medium plays the
role of the absorbing layer to damp out the incident waves coming from the domain of interest in order to reproduce the
unbounded conditions. Using the Finite Element Method for discretizing in space the media, the classical Rayleigh damping
is adopted in the dissipative medium as proposed by Semblat et al. [16] and Rajagopal et al. [14]. This simple choice is
convenient because it is available in any Finite Element packages. Nonetheless, it introduces spurious wave reflections at the
interface between the two subdomains. The design of the absorbing layer is done by numerical experiments by reducing the
spurious reflections to an acceptable level. In this paper, a strong form of the wave propagation in the continuous dissipative
medium is proposed. After writing the problem into its weak form and discretizing it through the Finite Element Method,
it will be shown that it corresponds to the introduction of the Rayleigh matrix into the classical space discretization of
the equation of motion. The interest of the strong form for wave propagation in the dissipative medium, characterized by
a Rayleigh matrix in its discrete form, lies in the fact that it enables a proper design for the absorbing layer. Indeed, once
obtained the strong form for wave propagation in the Rayleigh damping medium, the interface problem can be analytically
studied by writing the continuity of displacements and the stress equilibrium at the interface. As a result, the spurious
reflections at the boundaries of the domain of interest will be reduced by adapting the material parameters of the absorbing
layer so as to cancel out the reflection coefficient for the 1D propagation problem with harmonic waves. It will be shown
later that the derived relationship for minimizing the spurious reflections at the interface in the case of 1D harmonic waves
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Fig. 1. Domain £ divided into two subdomains £27 and £2;.

provides also good results in more general cases (non-harmonic waves, non-normal, composed of body and surface waves).
In addition, the thickness of the absorbing layer will be obtained as a function of a target performance value expressed in
terms of total logarithmic decrement for the incident waves. Finally, time discretization of the coupled problem is presented
by following a subdomain strategy proposed by Gravouil and Combescure [7], enabling to choose different time integrators
and time steps in the non-dissipative and dissipative media.

2.1. The boundary value problem (strong form)

Let £2 a bounded domain from R® with a regular boundary. We assume that the domain £2 is divided into two parts
£21 and §2,, as illustrated in Fig. 1, such as: £21 N 22 = © and 0§21 N 3§22, = I'. I" represents the interface between the two
subdomains: subdomain £2; related to a non-dissipative linear elastic behavior and subdomain £2, related to a dissipative
behavior characterized in the following. A linear elastic behavior is assumed for both subdomains, with an infinitesimal
strain tensor defined by:

€)= %(Vu+Vtu) (1)

u being the field displacement vector.

Subdomain £21:

It is assumed that medium £2; is linear elastic, characterized by density p; and Lamé’s coefficients A1 and wq. E; and
v1 are Young's modulus and Poisson’s coefficient of this material. The boundary conditions are given by:

{o-m =g O0NndLR, 2)

U;=1uqy O0naisf2yy

Here, 9214 and 921, are parts of the boundary with 921, U3£214 =061\ I" and 921, N 308214 = @.
The initial conditions are:

ui(xe $£21,t=0)=0 3)
ou1(x € £21,t=0)=0

Subdomain £2;:
We assume that the displacement vector field u; is governed by the following equations:

p20¢uz + apadeuz = div(oz(uz)) “)
03 = A tr(€(u2)) + 2p2€ (uz) + b(Aa tr(€(8eu2)) + 2p2€ (3:uz)) ()

with a, b, A2, (2 being positive integers.

Eq. (5) defines a viscous Kelvin-Voigt material with b corresponding to the characteristic time parameter. From Eq. (4), it
can be seen that a dashpot corresponding to a viscous term has been added on the left-hand side of the continuous equation
of motion in its strong form. The added viscous term is characterized by the damping coefficient ap,. Parameters Ay, (o are
Lamé’s coefficients. Similarly, E; and v, are the Young modulus and the Poisson ratio of the viscous Kelvin-Voigt material. It
will be shown in the following that the strong form given in Egs. (4) and (5) leads to the classical semi-discretized equation
of motion with a Rayleigh damping matrix.

Particular boundary conditions are given as follows:

0.1 =0 on a2, Uy =0 onas2y (6)
with
020 U022 =00\ T 325, N022 = (7)

The initial conditions are taken as:
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Fig. 2. Conventional normal vectors at the interface.

Ur(x e $25,t=0)=0 otur(x € §22,t=0)=0 (8)

The interface
Fig. 2 illustrates the conventional orientations of the normal vectors. The continuity of displacements and equilibrium of
stresses are given by:

03.1p =—01.n1 onl; uy=uy; onl 9)

2.2. Space discretization of the split domain

For the purpose of approximating the solution of the previous equations in their strong form by the Finite Element
Method, we have first to write the problem into its weak form. Then the classical shape functions will be introduced in
order to derive the semi-discretized equations of motion for the domain £2 split into two subdomains §2; and £2,.

We start by giving some definitions of the test function spaces:

E1={vi1€CX(22)/vi=00n03214}
Ey={v,€CX(22)/vy=00n 032}

We assume that u; € H2(£2), by applying the Green formula for each test function v € Eq:

/,0133”1 vy d§2 +/<71 -€(vy) ds2 = / &in - V1 dQ21, +/(01.n1) -vidl’ (10)
21 2 321n r

We also assume that u; € H2(§2) and d;u; € H2(£2). Again the Green formula is applied for each test function v; € Es:

/,023tzu2'vz d92+/02~E(V2) ds2; +a/,023tu2'V2 d92=/(02'n2)'V2 ar (11)
§2; $2; 2 r

Let uqp, Uzp, Vip and vy, (h being representing the size of the element) be the approximate vectors related to the con-
tinuous displacement fields u1, uy, v1 and v, respectively. The approximate solution is written according to each element e
for the first domain £2; as: u§, = N§U{, with N{ corresponding to the shape function matrix and U{ the nodal displacement
vector related to the element e. Similarly, we write: u§, = NSUS, v§, = N{V{ and v§, = N§V§.

Concerning the continuity condition at the interface between subdomains, the method proposed by Gravouil and
Combescure [7] is employed. It is based on a dual Schur approach by introducing Lagrange multipliers to ensure the kine-
matic continuity at the interface. When discretizing in time the equation of motion for both subdomains, we have to choose
the quantity (displacement, velocity or acceleration) whose continuity is imposed at the interface. Following the GC method,
it has been proven by the authors that any Newmark time integrators can be coupled (for example, explicit central differ-
ence scheme with implicit average acceleration scheme) when the continuity of velocities at the interface is prescribed.
Thus it has been assumed the following constraint on velocities at the interface:

L]U]-}—LzUz:O (12)

where L and L, are the Boolean matrices, operating on nodal vectors associated with the two subdomains 27 and £27, and
picks out the degrees of freedom lying on the interface I".

Furthermore, the virtual work at the interface on the right-hand side of the weak forms in Eq. (10) and Eq. (11) can be
expressed as:

/(m m)-vidl =V

r . (13)
/(Gz “n3) v dI = —V3LIA(t)
r
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A being the Lagrange multiplier vector corresponding to the nodal forces at the interface.
We assume that the problem presented above has one unique solution. Through the weak formulation and the classical
arguments of the Finite Element approximation [10], the problem in the discretized space in subdomain 21 is given by:

M1U1 + KqUy = F& — LT3 (14)

and in subdomain £2;:

MUy + KUy + (aMy + bK2)Uy = —LI4 (15)

Here M; and K; are the mass and the stiffness matrices related to subdomains £21 and §2;. It can be recognized in the
semi-discretized Eq. (15) the classical Rayleigh damping matrix noted as: C; =aM; + bK>, where a and b are the constants
usually chosen so as to match the damping ratio at two specific frequencies. Thus it has been shown that the strong forms
proposed in Egs. (4) and (5) are related to the classical semi-discretized equation of motion with the introduction of the
Rayleigh damping matrix governing the behavior of subdomain £2,. The advantage of the strong form governing the behavior
of a Rayleigh medium lies in fact that it can be easily employed in order to better describe the propagative properties of
the Rayleigh medium and determine some conditions for minimizing the reflected waves at the interface. Furthermore, it
enables the absorbing layer to be properly designed by investigating the two following points: the dissipative capability into
the absorbing layer and the level of spurious reflections at the interface.

2.3. Time discretization of the coupled problem

The time integration of the coupled system composed of the previous semi-discretized equations is dealt following the
GC method [7]. Newmark time integration schemes are considered for both subdomains. The acceleration format is adopted.
Considering a time step At = [tp; tp+1], the displacements and velocities at the end of the time step are approximated as:

1 n, 27yn+1
uptt =u? + pacUpt (16)

k

Uptt =0p? + y At (17)

(B,y) are the parameters of the Newmark scheme. U;'? and U};"? are the predictor quantities, determined from the quan-
tities known at the beginning of time step as:

. 1 ..
U,':’p=UZ+AtU,’Z+At2(§—ﬁ> Uy (18)

UpP =0+ At —y) U} (19)

As mentioned before, the authors proved that imposing velocity continuity enables any Newmark time integrators to be
selected. Next subdomain 21 is integrated in time with an explicit time integration scheme (central difference scheme),
characterized by the parameters y; = 0.5 and B; = 0, whereas subdomain £2; is handled with an implicit time integration
scheme (constant acceleration scheme), characterized by parameters y, = 0.5 and 8, = 0.25. Note that the main advantage
of the coupling GC method is to provide heterogeneous time integration and multi-time step capabilities. The multi time
step ability is of great interest for minimizing the computation time required in the absorbing layer while keeping a target
accuracy in the subdomain of interest. Here we seek to design an absorbing layer associated with a damping Rayleigh
matrix by minimizing the spurious reflections at the interface due to the different damping properties of the subdomains
under consideration. We focus on heterogeneous time integration of the coupled problem by using different time steps in
the two subdomains. For this purpose, we define the fine time scale Aty for the explicit domain and the coarse time scale
Aty for the implicit domain with At, = mAty. The equilibrium of subdomain 1 is prescribed at time t; = Aty, while the
equilibrium of subdomain 2 is prescribed at time tj = jAt; (j=1,2,...,m) as follows:

e subdomain 1:
M UJ + K Ud = F&T — T3 (20)
e subdomain 2:
MU + CUT + KoUY = —L3 3™ (21)
At the interface, the continuity of velocities is imposed at time t; as:
LU +1,0)=0 (22)

Using the expressions of the kinematic quantities in Eqs. (16) and (17), the equilibrium equations can be written in the
form:
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Direction of propagation

’ (o]
The damping domain 2z by the Rayleigh matrix
Fig. 3. (Color online.) The problem of the wave propagation in 1D medium.

~  ee : ; ‘_1‘ A

MU = F{ — kqud =P — LT3 (23)

~ . . O, 0’ ~

MoU = FO™ — CoU, P — KUy P — LA™ (24)
with the effective stiffness matrices defined by:

M] :M]—}—,B]At%lﬁ (25)

Mz:Mz-i—ﬁzAt%]ﬁ + 11 AtCy (26)

The procedure proposed by Gravouil and Combescure is based on splitting the kinematic quantities into two parts:
the free and the linked quantities. The free quantities are obtained by only considering the internal and external forces,
whereas the linked quantities are obtained by taking into account only the interface loads defined by the Lagrange multiplier
vector A. For example, if we consider subdomain 25, the discrete equation of motion is split into two parts as follows:

Mpfeem — pXtm _ ¢, 3P — KUP
. (27)
MpUimem — _T3m
The complete accelerations are obtained by summing the two parts as: U7 = (™ 4 ginkm,
The same procedures are applied to subdomain £27 at each time t;. Furthermore, the kinematic quantities of subdomain
2 at t; are interpolated as well as the Lagrange multiplier:

i=(1- %)10 #dm
j j =
wi=(1-=|wd+=whp
2 ( m) 2T 2
Here Wi can be either the free or the linked kinematic quantities of subdomain 2 at t;. Using the kinematic condition

at the interface in Eq. (22) at each time t;, we obtain:
L] Uiink,j + L2 Ulzink,j _ _Ll Ugree,j _ Lngree’j (29)
Then, by using Eq. (28) and the expression of the velocities as a function of accelerations, the following interface problem

can be derived:

HAJ =b; (30)

with the interface operator and the second side member vector defined by:
{ H =y AtLiM{ LT + o AtLo M5 'L

. ; . ; (31)
bj =1L Uiree,] _ L2U£ree']

Finally, once we get the values of the Lagrange multiplier vector at the end time of the time step, linked accelerations
are obtained and thus complete accelerations as well as displacements and velocities from Newmark formulae in Egs. (16)
and (17).

3. Wave propagation in Rayleigh damping medium and at the interface
3.1. 1D wave propagation in the Rayleigh medium
In this part, the wave propagation problem is studied in 1D medium related to the Rayleigh matrix characterized by the

two parameters a and b. We assume that the medium is infinite and the wave propagates according to the direction of ey
(Fig. 3).
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/ \ Reflected wave

= h
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Interface x=0

Subdomain 24 Subdomain Q2
Fig. 4. (Color online.) Wave propagation in two media separated by an interface x =0.
3.1.1. Harmonic waves
Since the problem is 1D, the displacement can be put in the form: uy (x, t) = U (X, t)ey for P-waves or uy(x,t) =1, (x, t)e;,

for S-waves.
The propagation wave equations for P-waves and S-waves in their strong form, given in Eq. (4), can be simplified as:

020215 + ap2d¢tly = (A + 212)82U2 + b(hy + 2142)828; >  P-waves (32)
02 afa’z + a0, = mafﬁz +buy 833{&2 S-waves (33)

We start by considering harmonic solutions for the above equations written in the following form:

iz (x,t) = T exp(i(wot — kx)) (34)

with k the wave number assumed to be a complex such as: Re(k) > 0.
By introducing this solution into the previous propagation wave equations in Eqs. (32) and (33), we obtain the expression
of the wave number k:

o <@>21 —ab —i(& +bay)
Vs 1+ b2w}

(35)

with the phase velocity V;, equal to ‘/’\2’;% for P-waves and % for S-waves. We remark that the expression of k is a
complex number depending on two parameters a and b. It is convenient to choose them as:

a

wo

& being the damping ratio.
Finally, we get the expression of the propagating wave in the 1D medium damped by a Rayleigh matrix:

Uy (x, t):Texp(LOSX) exp(i(a)ot— LM)) (37)
Vay/1+£2 Voy/1+4 &2

The logarithmic decrement is defined as: § = ln(w%). It quantifies the decay of the amplitude of the propagating
wave into the 1D damped medium when it travels through a distance Ax. Using the previous expression of the propagating

wave, the relationship between the logarithmic decrement and the distance is given by:

V281482
- §

wo

AX (38)
The above relationship will be used for the design of the absorbing layer associated with a Rayleigh matrix: starting
from a target value for the logarithmic decrement, the thickness of the absorbing layer Ax can be easily derived.

3.2. 1D wave propagation from an elastic medium to a Rayleigh medium

This section is devoted to the study of the propagation of harmonic and non-harmonic 1D waves from an elastic medium
to the damped medium characterized by the Raleigh matrix in its discrete formulation. Again the strong forms for the wave
propagation are considered. By writing the continuity of displacements and equilibrium of stresses at the interface, it will
be shown that conditions on material properties of the Rayleigh medium can be derived so as to cancel out the reflected
waves in the case of 1D harmonic waves.

Let us consider an elastic linear medium £2; and a Rayleigh medium £2,. We assume harmonic waves (P-wave or S-wave),
propagating from £2; towards £2;, as shown in Fig. 4.

The wave propagation problem is 1D and the main purpose is to quantify the spurious waves created at the interface.
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3.2.1. Harmonic waves
Let us introduce U the incident wave, U, the transmitted wave and g the reflected wave. Using the same values of the
parameters a and b as done in Eq. (36), we write:

Tix,t)=A exp(ia)o <t — i)) (39)
Vi

0=T — t— ———— 40
uz(x, 1) exp<v2 T8 exp| i{ wo Vo e (40)

Tr(x,t) =R exp(ia)o (t + i)) (41)
Vi

where V; {i =1, 2} is the phase velocity and is equal to ./ % for P-waves and % for S-waves.
From the continuous conditions at the interface (continuity of displacements and equilibrium of stresses), we have:
Uy(x=0,t) =u1(x=0,) + Ur(x=0,1) (42)
K2dxlia(Xx = 0,t) = K1(0xl1 + OxliR) (X =0, 1) (43)

with «; {i =1, 2} being equal to A; +2u; for P-waves or 2u; for S-waves.
We focus on the reflected waves generated at the interface. Using the expressions of the involved waves in Egs. (39)
to (41) and the previous interface relationships, the reflection coefficient can be obtained as:

R 1—y/1+8&2

— = (44)
A 14yy/1+82
with parameter y defined by: y = zf“g
Now, we can give a condition under which the reflected P-waves and S-waves vanish as follows:
1
Y =— (45)
V14§82
For two subdomains, by choosing p; = p2, the zero interface reflection coefficient condition writes as:
A 25
)\.2 = —F I,Lz =
1+ 2 1+ 2
s 5 (46)
E = Vo =V
277 ¥ g2 2 1

The results given by Eq. (46) show the relationships between Young’s modulus and Poisson’s ratio for each material
composing the subdomains separated by an interface. This condition is sufficient for canceling out the reflected wave in the
case of 1D harmonic waves. For non-harmonic waves with a dominant frequency, this condition will be further used as an
approximation.

3.3. Multi-layer strategy

The problem of 1D wave propagation through media with different viscous damping characteristics is investigated. By
writing the displacement continuity and the stress equilibrium at the interface, the conditions to eliminate the reflected
waves in the case of 1D harmonic waves are given by:

(1) 2
Ey” 1+&

EP 1+ (47)

M _,,@
V' =1

E;l), E;l), vél) and véz) being the Young moduli and Poisson coefficients of the two sublayers (1) and (2).

Now we consider a series of N absorbing sublayers with different damping ratios &; related to sublayer (i), 1 <i <N.
We denote also E(zl) the Young modulus and v;) the Poisson coefficient of sublayer (i). Assuming a homogeneous density
for all the sublayers, the following conditions are imposed:
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(+1) _ 1+&2 ()

e
1

(1)
E,’' = Eq

2 1482 (48)
v = vy
§iy1 —éi=a

where a is a positive integer, representing the damping increase between two sublayers.

In order to avoid important spurious waves at the interface between the domain of interest and the total absorbing
layer, the first damping ratio & has to be chosen weak enough as well as the parameter a defining the step between
two consecutive damping ratios. We call e; the thickness of each sublayer and e the total thickness of the total absorbing
layer composed of N sublayers. Similarly, we denote §; the logarithmic decrement associated with each sublayer and § the
logarithmic decrement of the total absorbing layer. We have the following relationships:

N N
Zei=e Z(S,‘:(S (49)
i=1 i=1

From Eq. (38) giving the distance related to a target logarithmic decrement §;, the thickness of the sublayer can be
expressed as:

i 2
Vég 8iy/1+ gi
o Voo o (50)
o &i

Finally, we write the system in the form:
N
>e=e
i=1

N
wo
o2 Giei=4
Vip
§iv1—&i=a

Given the constraint on the element size h usually selected to be constant in the whole mesh, it is necessary to set the
thickness of each sublayer according to this element size. To simplify, we choose h as the thickness of each sublayer (one
element per sublayer) and we calculate the total number of the sublayers N using the system in Eq. (51) and the target
value of the logarithmic decrement §. The damping ratio &; is, of course, constant in each sublayer i and increases according
to parameter a.

Moreover, we should draw the reader’s attention to the fact that, with a constant target efficiency for the absorbing layer
(a given §), the number of sublayers N increases with the decrease of the damping step parameter a. So, it is important
to achieve a compromise for previous parameters so as to conserve a moderate total thickness e while avoiding spurious
reflections due to a too strong increase of the damping ratio & in the thickness of the absorbing layer.

(51)

4. Numerical examples

In the following numerical applications, non-harmonic waves will be investigated by considering a Ricker incident wave
Ric defined by:

t—ts)2 t—ts)?
Ric(t, tp, ts) = A(an% - 1) exp(—n2%> (52)
p p

The Ricker wave is characterized by three parameters: the fundamental period tp,, the time shift ts and the amplitude A.
The chosen values are: tp =3 s, t; =3 s and A =1, as illustrated in Fig. 5.

The first example deals with a 1D non-harmonic wave propagation in the damping Rayleigh medium. The numerical
solution obtained from a Finite Element Analysis using an implicit time integration is validated against the reference results
obtained by Discrete Fourier Transform and Discrete Inverse Fourier Transform using Matlab software. Then, it will be shown
that the condition in Eq. (45) minimizes the reflected waves by computing the wave propagation through the interface
between an elastic medium and a damping Rayleigh medium. Finally, in order to assess the effectiveness of the proposed
absorbing layer, the 2D Lamb test is simulated: a load force is applied to the surface of a 2D mesh and displacements
are recorded at a given point also located at the surface of the mesh. The simulation will be conducted by coupling two
finite-element codes with different time steps: explicit FE code Europlexus for the domain of interest coupled with implicit
FE code Cast3m for the Rayleigh damping layer using an external coupling software (Brun et al. [5]).
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4.1. 1D wave propagation in the Rayleigh damping material

In this example, we consider a problem of P-waves. The solution given by the finite-element method will be computed
using Cast3m software [13].

The material properties are: E =10 MPa, v =0.24, p = 1700 kg/m3 for Young’s modulus, Poisson’s ratio and mass
density. A uniform finite-element mesh of four-node rectangular elements with linear shape functions is set up as shown in
Fig. 6. The size of each finite element is equal to 5)‘—0, where A = Vypt, =230 m. The displacement is prescribed at the left
end of the mesh at point x = 0 according to the previous Ricker wavelet. The total size of the mesh extends to a distance
of 5)1. The mesh is chosen to be very large so as to avoid the interference between the incident wave and the reflected wave,
which propagates back towards the displacement-imposed point. An implicit time integration scheme is adopted (constant
acceleration scheme).

Finally, the displacement is recorded at a point C located at 0.4Xx from the end left of the mesh. In Fig. 7, the predicted
displacement at point C is compared with the analytical solution for 1D wave propagating in 1D Rayleigh medium.

Fig. 7 presents the displacement ratio (%) computed at point C using Cast3m and Matlab (reference results) against
the solution without damping (& = 0), also computed using Matlab. It can be checked that the numerical and analytical
results with £ =0.5 and & =1 match quite well.

By varying the damping factor &, the numerical logarithmic decrement §"™"™ = f(¢) at the recording point C is computed
and compared with the approximate formula in Eq. (38) obtained for harmonic waves. From this comparison displayed in
Fig. 8, it can be observed that the approximate formula is a good estimation for non-harmonic waves such as the Ricker
wave by a dominant frequency.

4.2. 1D wave propagation from an elastic medium towards the Rayleigh damping medium separated by an interface

In order to validate the theoretical results obtained in Section 3.2, we start by considering the problem illustrated in
Fig. 9.

The characteristics of the two materials are summarized in Table 1.

We impose the displacement at point x = —5A according to the same Ricker wave as previously described. Then, we
compute the displacement at point C located at 0.4) from the imposed displacement point. Here we can observe that point
C is far enough from the interface x =0 to avoid the interference between the reflected wave and the incident wave. The

Young modulus of subdomain 2, as given in Table 1, is dependent on the damping ratio as: y = \/11? Fig. 10 displays
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Fig. 9. (Color online.) The geometrical characteristics of the mesh.

Table 1
Characteristics of the materials.
Subdomain 1 (Hooke material) Subdomain 2 (damping material)
Young's modulus (MPa) 10 Variable
Poisson’s ratio 0.24 0.24
Element size % %
Type of element Rectangular (linear) Rectangular (linear)
Mesh length 5\ 5\

Mass density (kg/m>) 1700 1700
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the comparison of results between the FE method using Cast3m with an implicit time integration scheme and the reference
results using Matlab for several values of &.

From Fig. 10, it can be checked that both curves (numerical and analytical results) are in very good agreement for
different values of &. In the first case, £ = 0.1; the wave is reflected with a ratio of 1.5%, which is much lesser than the
other cases: 5.5% for £ =1 and 6% for & = 2. It is worth noting that in all cases, the relationship given in Eq. (46) between
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Fig. 14. (Color online.) The coupled problem: subdomain 1 (soil) modeled by Europlexus and subdomain 2 (absorbing medium) modeled by Cast3m.
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Fig. 15. (Color online.) Horizontal and vertical displacements plotted at point C: analytical results (Lamb) versus numerical results using a Raleigh damping
medium.

the material parameters of the two subdomains is satisfied. In the case of a homogeneous Young modulus for the two
subdomains, the level of reflected waves is much higher: 2%, 20% and 40% for £ = 0.1, £ =1 and & = 2, respectively.
Without imposing the relationship between the material parameters, we study the effect of a varying Young modulus
E, in the damping layer. All the other parameters are kept constant, that is Poisson’s coefficient and density. For a given
damping ratio &, the Young modulus that minimizes the amplitude of reflected waves has been identified. Then the ratio

Vnum = ﬁf&j has been computed for a given value of the damping ratio. Over a range of damping ratios varying from 0

to 2, the optimized ratio ﬁf&f is plotted versus the damping ratio in Fig. 11 and compared with the previous theoretical
1
Ve

is important to note that the condition y (§) =

relationship, i.e. y (§) =

It can be seen that the numerical identified curve matches very well the theoretical curve. It
1

V1+£2

only for harmonic waves and for the 1D wave propagation case. From Fig. 11, it can be concluded that this condition
provides an excellent approximation for non-harmonic waves such as the Ricker wave.

for minimizing the reflected waves at the interface has been obtained

4.3. 2D Lamb’s test using explicit/implicit multi-time step co-computations

Lamb’s test consists in applying a concentrated load to the surface of a ground assumed to be infinite in both direc-
tions. A sensor is located at a distance d = 10 m from the load point in order to record the vertical and the horizontal
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Fig. 16. (Color online.) FE model for subdomains 1 (soil) and 2 (multi-layered damping medium).

displacements at this point (Fig. 12). In 1904, Lamb [11] analytically calculated the displacements at a given point of the
surface by assuming an isotropic linear elastic behavior for the soil. The derived theoretical solution exhibits the complexity
of the problem, since there are many types of waves traveling through the soil (P- and S-waves, Rayleigh waves, etc.). In
this part, we will compute the numerical solution using the multi time step explicit/implicit GC method. Two FE codes
are involved into the co-computations: Europlexus code [2] based on a explicit time integration scheme for the domain of
interest associated with a fine time step and implicit Cast3m code [13] for the damping layers associated with a large time
step.

The rest of this section will be divided into two parts: the first one will be devoted to the analysis of the accuracy by
comparing the numerical and the analytical results using both multi-layer and single-layer strategies. Here the fine time
step will be adopted for the explicit subdomain, satisfying the CFL condition. Furthermore, we will show that the multilayer
strategy gives a better accuracy with a mesh drastically reduced compared to the single-layer strategy. In the second part,
we will study the effect of the time step ratio on the accuracy by varying the time step of the damping domain. In this
study on the effect of the time step ratio, the multi-layer strategy is again employed, with the same parameters as in the
previous part.

4.3.1. The single- and the multi-layer strategy in Lamb’s test with a homogeneous time step

In Fig. 13, the split domain is illustrated: subdomain 1 models the soil assumed to be linear elastic with p; =
1700 kg/m>, E1 = 10 MPa and vy = 0.24, and subdomain 2 models the Rayleigh damping medium with 02 =1700 kg/m®
and vy = 0.24. The Rayleigh matrix has the following parameters: £ = 0.1 and wg = Zt—;’ according to Eq. (36). The soil is
modeled by a rectangle surrounded by the damping layer of thickness e. A concentrated load is applied to the middle of
the surface, defined by a Ricker wave with the parameters A = 1MN, t, =3, ts = 3. Fig. 14 presents the meshes used for
this simulation, the soil is modeled by Europlexus code (the symmetry is taken into account) using rectangular elements
with size of 5*—0 and the Rayleigh damping medium is modeled by Cast3m code using the same size of elements as in
subdomain 1.

The damping layer is defined by a target logarithmic decrement § =In(10), leading to a thickness e = 914 m = 4\ by
using the design thickness equation in Eq. (38). It is worth noting that this logarithmic decrement targets 90% of amplitude
decay of the incident way for one-way up to the end of the damping layer. Same decay occurs for the reflected wave at
the end of the damping layer, thus the incident wave is globally decreased by 99%. So the target logarithmic decrement of
8 =1In(10) corresponds to a ratio of 0.01 between the amplitudes of the reflected wave coming from the end of the damping
layer and that of the incident wave.
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Fig. 17. (Color online.) Vertical and horizontal displacements plotted at point C: the red curves correspond to the reference results and the blue ones
correspond to the method using several layers.

A point C, located at 10 m from the load point, is chosen for recording the horizontal and vertical displacements.

In Fig. 15, the results computed at point C using the Rayleigh damping layer are compared with Lamb’s analytical
solutions using Matlab. It can be highlighted that our explicit/implicit strategy with a Rayleigh damping layer provides
numerical results in acceptable agreement with respect to the reference solution, despite the fact that there are small
reflections observed at t =8 s less than 4% of the incident wave (horizontal displacement in Fig. 15). Consequently, it has
been shown that the approximate condition in Eq. (45) enables to efficiently minimize the reflected waves at the interface
in this 2D case involving non-harmonic waves and angled incidence, although this condition has been obtained for harmonic
waves with a normal incidence.

In order to reduce the size of the damping medium, we propose to replace the previous global layer by several sublayers,
each one satisfying the conditions detailed in Section 3.2. Fig. 16 shows the detail of the mesh used for this simulation,
the first subdomain, which represents the soil, is still modeled by Europlexus software using the explicit time integration
scheme and the second subdomain is divided into several sublayers modeled by Cast3m using the implicit scheme. The
same characteristics are used for the soil as in the previous example.

The thickness of each sublayer, as mentioned in Section 3.3, is equal to the element size h = %. The design of the
absorbing layer is governed by the system in Eq. (51): a damping ratio step a equal to 2% is selected, with a first damping
ratio &; equal to 2%. Considering a target value of § =In(10) for the logarithmic decrement in the thickness of the absorbing
layer, we obtain a total number of sublayers N equal to 40.

Fig. 17 compares the displacements computed at the same point C corresponding to the reference results (Lamb’s solu-
tions) and the Rayleigh damping with several sublayers. It can be underlined that a better accuracy is achieved using the
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Fig. 18. (Color online.) Horizontal and vertical displacements plotted at point C: analytical results (Lamb) versus numerical results using a Raleigh damping
medium for different time step ratios.

multi-layer strategy with a spurious reflected wave with an amplitude of less than 1% with respect to the amplitude of
the incident wave. Considering that the thickness of the absorbing layer is reduced from 3.6\ to 0.8, the efficiency of the
multi-layer strategy is highlighted.

4.3.2. Effect of the time ratio for the multi-layer strategy

As demonstrated by the authors, the GC method dissipates energy at the interface due to the heterogeneity of the
time steps between the subdomains. Hence, it is crucial to quantify the discrepancies by varying the time step ratio and
comparing the numerical and the reference results. Since the damping layers are integrated by an implicit scheme, it is
interesting to increase the time step of this subdomain through the time ratio m defined as 2—2 =10, 20, and 30. All
numerical results computed for different values of m will be compared to the exact solution and numerical results computed
using only the explicit scheme for the whole problem (soil and damping layers). Furthermore, we keep the same physical
properties as the previous section for the both subdomains.

In Fig. 18, the horizontal and vertical displacements recorded at the same point C are compared to the displacements
given by a full-explicit computation and the analytical solutions. Here, we observe that the error in horizontal displacement
increases with the time step ratio up to a maximum value of 2.5%, while the error in vertical displacement is approximately
equal to 1.7%. We remind that our target in the beginning was to reach an error at about 1%. From Fig. 18, it can be noted
that the discrepancy between the full-explicit computation and the theoretical Lamb solution is equal to 1.2% for horizontal
displacement. Adopting different time integrators (explicit/implicit) with their own time step leads to a slight additional
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Fig. 19. (Color online.) Kinetic and internal energies computed for different values of the time step ratio m.

Table 2
Relative errors for several values of m.
Kinetic energy Internal energy
m=10 0.04% 0.02%
m=20 0.1% 0.08%
m=30 0.3% 0.15%

discrepancy of about 1.5%. Thus the multi time step ability of the GC method is of great interest for the purpose of reducing
the computation time related to the introduction of the absorbing layers.

In Fig. 19, the kinetic and internal energies are computed for different time step ratios. The case with a zero damping
ratio (¢ = 0) in the subdomain corresponding to the absorbing layers (see Fig. 16) is added so as to highlight the coming
back energy when the dissipa(ti)ng property of the multi layer is deactivated. The error in terms of kinetic and internal
energy is defined by: err = m, where El(;'l? denotes the kinetic or internal energy obtained using multi-time

HEref”LZ([O_T])
step co-computations with the time step ratio m and E.f is the reference energy (kinetic or internal) obtained from the

full-explicit computation. From Table 2, it can be noted that the error in kinetic energy increases from 0.04% to 0.3% when
increasing the time step ratio from 10 to 30, whereas the error in internal energy increases from 0.02% to 0.13%. It can be
concluded that the size of the time step ratio has a small effect on the efficiency of the multi-layer strategy, enabling large

gain in terms of computation time to be achieved.

5. Conclusion

The proposed procedure for designing an efficient absorbing layer aims at optimizing the Rayleigh absorbing layers and
the use of modern subdomain coupling approach enabling to select heterogeneous time integrators with their own time
step depending on subdomains.

First, a strong form for wave propagation in a damping Rayleigh medium is given. It has been shown that the proposed
strong form exactly corresponds to the introduction of the Rayleigh matrix into the discretized equation of motion by the
finite-element method. The strong form is then used with a view to studying the wave propagation through an interface
between two media with different elastic parameters. It provides optimal conditions for minimizing the reflected waves
generated at the interface. A procedure for designing absorbing layer is set up by targeting a performance criterion expressed
in terms of logarithmic decrement in the layer thickness. A compromise has to be achieved: optimizing the damping of the
incident waves in the layer thickness while reducing the spurious waves at the interface.

Secondly, a subdomain coupling method is employed, enabling us to select an appropriate time integrator for the absorb-
ing layer with a large time step, while adopting an explicit time integration scheme for the domain of interest with a fine
time step satisfying the CFL condition. Multi time step explicit/implicit co-computations involving two FE codes have been
successfully carried out. Two strategies are investigated: an absorbing layer with a constant damping ratio and an absorbing
layer composed of a series of sublayers with increasing damping ratios.
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The numerical results are compared to the analytical results in 1D and 2D wave propagation problems with non-
harmonic waves (Ricker wavelet). The proposed procedure for the design of an absorbing layer combined with a subdomain
coupling approach turns out to be efficient for reproducing unbounded media.

The next stage of this work is to couple perfect match layers and heterogeneous multi-time step subdomain techniques.
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