C. R. Mecanique 342 (2014) 513-519

Contents lists available at ScienceDirect

Comptes Rendus Mecanique

www.sciencedirect.com

Blow-up of solutions to quasilinear hyperbolic equations with @CmssMark
p(x, t)-Laplacian and positive initial energy

Explosion de solutions d’équations hyperboliques quasi linéaires avec
p(x, t)-laplacien et énergie initiale positive

Bin Guo®"*, Wenjie Gao*?

2 School of Mathematics, Jilin University, Changchun 130012, China
b nstitute of Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China

ARTICLE INFO ABSTRACT
Articl_e history: The aim of this paper is to study an initial and homogeneous boundary value problem
Received 18 April 2014 to a quasilinear hyperbolic equation with a p(x, t)-Laplacian and a positive initial energy.

Accepted 2 June 2014

‘ - The authors prove that the solution blows up in a finite time under some conditions on
Available online 30 June 2014

the initial value, the exponents and the coefficients in the equation. The results generalize
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1. Introduction and main result
In this paper, we consider the following quasilinear hyperbolic problem:

uge — div(ax, )| VulP®O=2Vu) — Aug = b(x, )[u[1®0=2u, (x,t) e 2 x (0,T):= Q7
u(x,t) =0, ) =082 x(0,T):=TIT (1)
u(x, 0) = up(x), ur(x, 0) = uq(x), Xxef

where 2 € RN (N > 1) is a bounded domain, 82 is Lipschitz continuous. It will be assumed throughout the paper that the
exponents p(x,t), q(x,t) and the coefficients a(x, t), b(x, t) satisfy the following conditions.

1<p <px.<ph<oo, 1<q <qx.<qgh<oo
0<a <ax,t)<a" <oo, 0<b™ <bx,t)<bT <00 (2)

The problem with variable exponent occurs in many mathematical models of applied science, for example, viscoelastic
fluids, electro-rheological fluids, processes of filtration through a porous media, fluids with temperature-dependent viscosity
etc. The interested readers may refer to [1-5] and the references therein. To the best of our knowledge, when p varies
in space and time, only in [6], S.N. Antontsev discussed the blowing-up properties of solutions to the initial and homo-
geneous boundary value problem of quasilinear wave equations involving p(x, t)-Laplacian and a negative initial energy.
However, it is natural to ask what happens when the initial energy is positive, whether the results of [6] do remain true.
If so, is it a trivial generalization? In view of pure mathematics, we have to overcome the following difficulties in dealing
with such problems. The main difficulties are the following: how we can establish the quantitative relationships among
IVullpcy, llullgey and the initial energy and what functional should be constructed to ensure that the initial energy may
be controlled by the term [, [ul9®Ddx. In this paper, we construct a new control function and apply suitable embedding
theorems to establish the quantitative relationship between the term |’ o [u|9®Ddx and the initial energy. Furthermore, by
modifying the functional constructed in [6] and utilizing the quantitative relationship between the term f_Q [u|9*Ddx and
the initial energy, we prove that the solution blows up in finite time even in the case when the initial energy is positive. In
addition, our results not only improve the conditions on the initial data and the exponents in the problem, but also remove
the constrains of the boundedness of p;(x,t) and q;(x, t).

Define the energy functional as the following:

1 ,t b(x,t
E(t)=—/|ut|2dx+/—a(x )|Vu|PW>dx—/—(x ) 960 dx
2 px.0) qx, t)
2 2 2

By [6], we find that the energy functional E(t) satisfies the following identity.

Lemma 1.1. Suppose that u € LY*D(Qr) N L(0, T; W P*P (), ur € L2(0, T; H(£2)) is a solution to Problem (1), then E(t)
satisfies the following identity:

t t
E(t)+//|Vus|2dxds:E(O)+//%Wuﬁ’(lnwuﬁ’—1)dxds
0 2 0 £

t t

+//<¥|VU|P_bS(;(—’S)|u|Q>dxd5_//b(x(;#mﬂ(lmuﬂ—1)dXdS (3)
0 2 2

0

For simplicity, we give some notations and the embedding inequality to be used later. By Corollary 3.34 in [2], we know

that Wé’p(x)(.Q) — Wé’pi(.Q) —SL'2)(1<r< Nl\]_p;, ). Let B be the best constant of the embedding inequality:

1,
lullr < BIVulp), YueWyP?(e2)
(r—phHa~ - 2 BRY
Set Eq = r‘;—+(x1, o1 = (5%5) P, where By =max({B, 1, ()7 }.
1
First, we consider the simplest case when p(x,t) is independent of t and q(x,t) =r is a fixed constant. Our main result
is as following.
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Theorem 1.1. Assume that the exponent p(x), the coefficients a(x, t), b(x, t) and ug(x), uy (x) satisfy (2) and the following conditions:
. - +
(H1) 0#ugel?(2)NWoPY(2),ur € [2(82). E©0) < Ey, min{||Vuo|? . | Vuoll, } > o1

PR’ p
(Hy) r>max{2,pT},ar(x,t) <0,be(x, ) >0,¥x € 2,t >0

then the solution of Problem (1) blows up in finite time.
By Lemma 1.1, it is easy to verify that the following inequality holds.

Lemma 1.2. Suppose that u is a solution to Problem (1) and the coefficients a(x, t), b(x, t) satisfy the conditions of Theorem 1.1, then
E (t) satisfies:

t
E(t)+//|Vut|2dxds<E(0), t>0
0 2

Next, we establish quantitative relationship between the term | o lul"dx and the initial energy.

Lemma 1.3. Let u be a solution to Problem (1). If (H1) and (H>) are satisfied, then there exists a positive constant cy > a1 such that
forallt > 0:

/ IVulPPdx > oy (4)
2

r

/ lul"dx > B max{Olzp_f,ocz"+ } (5)
2

Proof. A simple analysis shows that:

E0 > Lo~ Z 2 mafai” ©.a7 0] = ;
0> e -~ max{ar” ©,07 O | =h(ew) (6)

with e (t) = [, |Vu[PPdx.
Following the lines of the proof of Lemma 2.2 in [7], we have that h(x) is increasing for 0 < o < ;7 while h(x) is

decreasing for o > o1, and limy_, o h(et) = —00. Due to E(0) < E1, then there exists a positive constant oy > o such
- +
that h(az) = E(0). By min{||Vuo||£(X), ||Vu0|\£(x)} > aq, we get h(ag) < E(0) = h(er), where g = [, |[Vug|P®dx. Once again

applying the monotonicity of h(x), we have o > .

Define F(t) 2 [, [Vu(., t)[P®dx. According to u € L(0, T; Wy P™ (£2)), we know that F(t) € L°(0, T). Next, we prove
(4) by arguing by contradiction. Suppose that there exists a tp > 0 such that F(tp) < ay. Hence, it is easy to verify that
Steklov averages

1 pt+h
Fu(0) = I t[ F(s)ds, te(0,T —h]
L nF(s)ds, t>T—h

is continuous with respect to time t and limy_, o+ Fy(t) = F(t), for t > 0. So it is not difficult to check that there exists a
8 > 0 such that

Fy(to) <o, |h] <$

Furthermore, by choosing 0 < €9 < @y — @7 and using the continuity of Fj(t), we get that there exists a t; > 0 such that
ay < Fp(t1) <oz —&o (7)
Letting h — 0 in (7), we have

a1 < F(t) <oy —é&o <.

By the definitions of E(t) and the monotonicity of h(c), we have

E(t1) > h(/wu(., t1)|p(x)dx> > h(az) = E(0)
2

which contradicts E(t) < E(0), Vt > 0.
The rest is similar to that of Lemma 2.1 in [7], we omit the details. O
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Define
1 1/
t
L(t):E/|u|2dx+5//|Vu|2dxdr—ElquoH%—i-ﬂ(H-to)z
2 0 2

v
where 8 > 0, to > max{V40lz u°”2

computation shows that:

”“12?”1} will be determined later. The idea of the following proof comes from [9]. A direct

t
L’(t):/uutdx—f-//VuVurdxd‘c+2ﬂ(t+t0)
0

Q Q
L”(t)=/ututdx—i-/uutfdx+/VuVutdx+2ﬂ
Q Q Q
According to the definition of E(t), the expression of L”(t) and Lemma 1.2, we have

t

RGP e f |Vu|P<">dx+r[/ Vur Pdxdr — rEy +26
0
r+42
> [nufn% ¥ / [ 1vusaxar +4,s}
0 2
where g = 2(5—;’);#. Here we have used inequality (4) and the definition of E1. Hence

t t
RY
(L'®)” < [||ut||§||u||§+f/|Vu,|2dxdr//|Vu|2dxdr
0 2 0 2
t t
+||ut||§//|w|2dxdr+||u||§//|wf|2dxdr
0 2 0
t
//VuVu,dxdr
0

+4B%(t +to)? +4,8(t+to)( uucdx| +

t
<2L<t>[nutn§+//|Vut|2dxdr+4ﬁ}

0 Q2

)

The last inequality above follows from

/uutdx
Q

LOL" () — %(U(t))2 >0

-1
t t
4B(t + to) < 2||llt||§</3(f+f0)2 - ilW“oll%) +2ﬂ2(r+to>2||u||§<ﬁ(t+ro)2 - 5||Vuo||§)

So we have

where r > 2, which implies
( *ﬁ(t)) <0, fort>0

Noting that L'~"%* (0) > 0, (L'~"%)'(0) < 0, then
. e ()
- (T*)=0, forsome T* e <0, 7()>
(L% (0)
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In the case when q(x, t) =r(x), we have the following theorem.
Theorem 1.2. Assume that p(x), r(x) and ug(x) satisfy the following conditions:

(H3) 0#upel2(2)NWyP™(2),ur € LX), E©) < Er,min{[|VuolZy. IVuolDey } > a1
(Hy) max{2, p*}<q~ <r() <q¥,a(x.1) <0,bi(x,t) >0,Vx€ 2,6 >0
then the solution of Problem (1) blows up in finite time.
We only need to replace fQ [u["®dx by max{\|u||r+, |u||£:}, the rest of the proof of Theorem 1.2 is the same as that to

the previous theorem. Next, we give an example to illustrate that there exists a ug satisfying the condition of Theorem 1.2.
For simplicity, we assume that a(x, t) = b(x, t) = 1. Denote

[Vug [P® |ug|"®

3 Jo lmPdx+ [, oo dx — [o S dx >

~ 1, P *)
E=1o.up) e WeP?(@) x 12(2) 1 { 3 [ lurlPdx+ [ Tl dx — [ ol Zax < Ey,

min{ [ Vuolb . I Vuoly, | > ar.

Then we get Proposition 1.1.
Proposition 1.1. The set E is not empty.

Proof. First, we consider the simplest cases when r(x) =r is a fixed constant and r(p* — p~) < p~(r — p*). And then we
may choose a suitable positive constant Bq satisfying

r—pt
“r—p pt\ret-r
max{B,l}<B1<<7p p P ) v
rpt —rp-

In fact, the inequalities above hold by choosing a suitable domain £2, since the embedding constant B is dependent on |£2].

Subsequently, by Theorem 2 of [8], we know that for any Ag > 0, there exists a nontrivial solution ¢(x) € W(l)”J (X)(Q) to
the following problem:

—div(|Vp[PW=2Vg) = hole| 2, xe R

A
@ {<ﬂ=0, xXeon

T rp
NN_pp,. In particular, we choose ¢ satisfying B{’tr < Ao < min{-Z i p,B”+ ", E-} such that
fg lp(x)|"dx = 1. And then, multiplying the first identity in (A) by ¢(x) and integrating over 2, we have fQ VPP dx =
A0 f_Q lo(x)|"dx. Without loss of generality, we also assume that f_Q lp|"dx =1 (in fact, set S ={p € Wé‘p(x), lully =1},
J@) =/, ﬁlva(")dx — ho- Then S is a weakly closed set of WP (2) and J(p) is coercive, weakly lower continuous
and bounded from below, so J(¢) attains its infimum value in S).

2 _1
2—3<]Q%dx<E1+%—— for example i = |£2| 2(E1—%+

where max{2,p*} <r <

Next, we construct a function y satisfying % —

)2,

Finally, we prove (¢, V) € E.ltis apparent from the proof above that the following conclusions hold:

=N
Nl—

Vo|P® r
/hm act [P Zax [lax <
P@x)
T
min{[Vel? . ||V<p||,,(x)] >3 >

which shows that the set E is not empty. Similarly, we may generalize the results to the case when r is a function with
respect to a spatial variable. The proof is left to the reader. O

At the end of this paper, we consider the case when p, q are dependent on t.
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Theorem 1.3. Assume that p(x, t), q(x, t), the coefficients a(x, t), b(x, t) and ug(x), uq (x) satisfy (2) and the following conditions:

+ +

at b . - N
(Hs) 0#ugeWyP*?(@2),u1 e12(2), E(0) + (p—_ + q—_)|9| < Ey,min{[|Vuoll} ., I Vuollb  } > a1

N
(Hs) max{2,p"} <q” <qx.0 <" < =00 SObi(x 1) >0,V e 2,620

Dt

(H7) ptgo,q»o,‘—z o
p

el Ll ((0,00): L' (£2))

then the solution of Problem (1) blows up in finite time.
In order to prove this theorem, we need to prove a new energy estimate.

Lemma 1.4. Suppose that (H7) holds, then the energy functional E (t) satisfies:

: at bt
E(t)+f/IVutIdedS<E(O)+(pf+qf>|9|, t>0
0 2

Proof. From Lemma 1.1, we have:

a(x, t)|Vu|P&D
E'(t) +/|Vut|2dX< / W(P(& t)In|Vu| - 1)Pt(X» tydx
2 2 '

b(x, q(x.t)
_fM(Q(X,t)lnlul—l)Qt(x’ ndx:=J1+ J2 (®)

q*(x, )
Next, we estimate the value of J; and ], respectively:

a(x, t)|Vu[P&D

Ji< pz(X D (ln |Vu|p(x,t) _ 1)Pt(X, t)dx
(IVuiP<e) ’
- ,t ,t - ,t
< [ pt(’; a(x )dx<a+/ I;t(x )dx 9)
p*(x,t) pe(x,t)
{IVulP e} 2

The second inequality above follows from:

1
——<slns <0, 0<s«<1
e

Similarly, we have:

+ qt(X, t)
J2<b /q2(x,t)dx (10)
2

Egs. (8)-(10) imply that

- ,t) qe(x, t)
E'(t Vu2d g/&d / d
()+/| ue|“dx D2x.D) X+ 20
2 22 2

The conclusion of Lemma 1.4 follows easily. O
The rest of the proof of Theorem 1.3 is similar to that of Theorem 1.1, we omit the details here.

Remark 1.1. If E(0) is bigger than zero, it seems that inequalities (19) and (21) in [6] do not hold, while (19) and (21) play
an essential role in proving their main results. Particularly, when p is dependent on t, the argument of [6] is not applicable.
However, it can be checked that the results in [6] may be obtained by the method in this paper.
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