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Paraxial model

1. Introduction

There exist a lot of formulations that can model plasma physics or particle accelerators problems [1], as the Vlasov-
Maxwell equations. Some of these formulations are very complete and complex, whereas some others are approximated,
like the static, quasi-static or paraxial models [2-7]. In the same way, there exist a lot of possible numerical methods to
discretize these models, like finite-element, finite-volume, Particle-In-Cell methods or semi-Lagrangian ones [8-12]. For all
these mathematical and numerical methods, there exist error estimates and theoretical evaluations that characterize their
relative accuracy. However, could we propose a more practical way to compare or evaluate these methods?

Our idea is to evaluate them by using data mining techniques, directly processed on the computed results. Even this
approach is yet heuristic, it presents the advantage to allow one to work directly on the results, like a kind of a posteriori
analysis. In this spirit, this can be compared to some recent approaches derived from reduced base method [13], in which
these ideas are developed to efficient linear algebra methods.

The principle to extend the scope of data mining techniques to scientific computing was first introduced in [14]. We
started from the observation that numerical methods produce today a huge quantity of numerical results, especially with
the availability of massively parallel computers. Then, we noted that data mining techniques have already proved to be
efficient in other contexts which deal with huge data, like in biology [15], medicine [16,17], marketing [18], advertising,
and communications [19,20]. Hence, a first attempt at comparing asymptotic models with data mining was used in [14],
whereas the idea to compare several sources of errors with data mining was stated in [21].

In this paper, we review this principle and focus on the contribution of data mining to mathematical and numerical
models for Vlasov-Maxwell equations. Indeed, using data mining is particularly well adapted to a very “rich” model like the
Vlasov-Maxwell one, for which:
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1. the model is complete but complex and hard to accurately solve,
2. there are many approximate models, which are easier to solve numerically,
3. there are several different numerical methods with different levels of complexity and of precision.

For these reasons, this approach would probably not be well suited in a “quite simple” model for which there are not
many different choices of modeling and approximations. It is well adapted to a real system modeled by a set of partial
differential equations, the solution of which being carried out by numerical approximations methods. In these conditions,
both modeling and approximation processes are different sources of errors (see [21]), that can in reality co-exist. The data
mining approach proposed here could provide useful insights when difference types of errors are present, and could help
to investigate possible interferences between these different types of errors.

For illustrative purpose, we will focus in this paper on two basic examples. We will first consider the system of Vlasov-
Maxwell equations and first approximate it by a hierarchy of asymptotic models. We will then choose the first two simple
models denoted M1 and M; and propose to compare them via data mining techniques. More precisely, we try to under-
stand in which way model M;, which is a priori more precise, improves model Mj. This will requires the construction of a
database made of all the numerical results computed by models M; and M;.

The second example is devoted to the illustration of how data mining methods can allow us to evaluate error estimates
between two approximations of the same model. More precisely, we consider a Py and a P, finite-element approximation
of a Vlasov-Maxwell asymptotic model. A discretization error is defined as the error due to the difference of order between
these two methods. Our aim is then to detect and characterize, by using data mining techniques, situations where using the
P, finite-element method does not improve significantly the numerical results compared with the P; results.

This paper is organized as follows. In Section 2, we briefly present some notions and definitions of data mining that will
be useful for the rest of the paper. In Section 3, a hierarchy of approximate Vlasov-Maxwell models will be derived. These
will be the models used in our two fundamental illustrations. The first example of comparison between two asymptotic
models is then exposed in Section 4, whereas Section 5 is devoted to the comparison of two finite-element methods.
Perspectives will be drawn in the Conclusion. Let us emphasize that, beyond this study, this novel (even heuristic) approach
could operate in other sources of errors, where simulations take a central part.

2. Principle of data mining exploration

Data mining is an activity of information extraction, whose goal is to discover hidden or a priori unknown facts contained
in databases. Using a combination of machine learning, statistical analysis, modeling techniques and database technology,
data mining finds patterns and subtle relationships in data and infers rules that allow the prediction of future results
[22,23,18,24].

To make the article self-contained even for a reader not aware of these techniques, we briefly present now some notions
and definitions, useful for the rest of the paper. The data mining technique used in what follows is the decision tree.
Decision trees [25] belong to the supervised data mining methods to process segmentation. The purpose of segmentation is
to constitute homogeneous subgroups inside a given population regarding a target variable which is to be explained versus
predictor variables. This is processed by an algorithm of segmentation which is basically a minimization of the standard
deviation for the concerned target variable.

In the case of the segmentation we will consider in our study, the target variable is a categorial one; It describes the
belonging to one of several classes which characterizes a given level (called “Low”, “High” and so on), of a target variable to
be explained.

A decision tree is then composed by different subgroups (called nodes) of the initial population (called root node). These
nodes are obtained with the segmentation algorithm by identifying among the predictor variables the most discriminating
one regarding the homogeneity degree of the resulting nodes.

Each split of the segmentation divides a given node into several nodes (here, in our study into two nodes, which is the
specific case of binary decision trees), based on the most discriminating predictor variable var such that the left resulting
node obeys the inequality var < t and the right one var > 7 (7 being a threshold optimally computed by the algorithm of
segmentation).

This process stops when the splitting is not feasible: either any new subgroup can be found to be more homogeneous
than the previous one or the resulting segmentation is composed by insignificant subgroups. The path from the root node to
each leaf (each terminal node) defines a succession of inequalities on the predictor variables that characterize the solutions
belonging to the leaf with a certain risk which depends on the percentage of misclassified solutions in the leaf.

By choosing the leaves that predict the membership to the class of interest with the minimum risk, one is able to
characterize this class with a set of “rules” at minimum risk.

3. A hierarchy of approximate Vlasov-Maxwell models

The first step of this study consists in introducing a hierarchy of approximate Vlasov-Maxwell models. We will then
choose and compare two of them by data mining tools.
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In order to define an approximate model, one has often to neglect one or several terms in the equations. The underlying
idea is to identify parameters whose values can be small (and thus possibly negligible). To derive a hierarchy of approximate
Vlasov-Maxwell models, one can perform an asymptotic analysis of those equations with respect to the parameters. This
series of models is called a hierarchy, since considering a supplementary term in the asymptotic expansion leads to a
new approximate model, theoretically aimed to be more precise. An analogous principle is used for instance for building
approximate paraxial models of the propagation wave equation in geophysics [26,27].

From a numerical point of view, the approximate models are useful first and foremost if they coincide with a physi-
cal framework and second if they can efficiently solve the problem at a lower cost. In the sequel, we will consider the
axisymmetric Vlasov-Maxwell equations, and show briefly how to build formally such approximate paraxial models.

So consider a beam of charged particles, for instance electrons, with a mass m and a charge g, which moves inside a
perfectly conducting cylindrical tube of boundary I'. Let us denote by z the axis of the tube, which is also the optical axis
of the beam. Due to the axisymmetric features, we introduce the cylindrical coordinates (r, 6, z). The boundary I" is thus
written I" = {(r, 6, z); r = R}, R being the radius of the tube. We also denote by v the unit outward normal to I". For the
sake of simplicity, we assume here that there is no external field.

As for a non-collisional beam, the motion of these particles is described in terms of a particle distribution function
fx, p,t) by the relativistic axisymmetric Vlasov equation (details can be found for instance in [14]).

The electromagnetic Lorentz force involved in the equation is expressed by F = q(E 4+ v x B), where F = (F;, Fg, F;)
describes how an electromagnetic field E = (Er, Eg, E;) and B = (B;, By, B;) acts on a particle that moves with a velocity
v = (v, vg, vz). This electromagnetic field satisfies the classical axisymmetric Maxwell equations in the vacuum (see, for
instance, [9]). The right-hand sides of Maxwell’s equations are constituted by the charge density p and the current density
J= (. Jo, J2), obtained as the zeroth and the first moments of the distribution function f solution to the Vlasov equation
with

p:qffdp, J=q/v(p)fdp (1)

The hierarchy of the paraxial models is then derived by exploiting the physical and geometrical properties of the problem,
in the same spirit as in [2,5-7]. We briefly recall the principle here.
Let us assume that the beam—the dimension of which is small compared to the longitudinal length of the device—is

highly relativistic, i.e. satisfies y > 1, where y denotes the Lorentz factor, y = (1 — ‘C’—i)‘l/z. In fact, the notion of “highly
relativistic” as well as the symbol “>>" are rather vague, and need in practice to be more precisely defined or estimated.
It is precisely one of the goal we want to achieve by using data mining techniques. It is thus convenient to rewrite the
Vlasov-Maxwell equations in a frame, which moves along the z-axis with light velocity c. This requires to perform a change
of variables by introducing the new position-velocity coordinates ¢ and v, defined by:

=ct—z, Ve=C—V; (2)

We also assume that the longitudinal particle velocities v, are close to the light velocity c, whereas the transverse particle
velocities (vf + vé)”2 are small compared to c. Hence, the particles appear to drift slowly in the direction ¢ > 0 in the new
coordinates (r, ¢).

As a second step, we introduce a scaling of these equations based on characteristic values, from which we build di-
mensionless equations. Obviously, the choice of the scaling together with the dimensionless independent variables is crucial
for the derivation of the approximate models. Different choices will give different approximate models, with or without
the same theoretical precision, see for instance [28]. Here again, data mining methods can help to practically compare and
evaluate these different approximate models. Then, introducing a small parameter, for instance in our case n = ¥ « 1, v de-
noting the particle transverse characteristic velocity, a hierarchy of approximate models is derived by retaining successively
the first, second, third, etc. order in the asymptotic expansion of the distribution f. For instance, the paraxial models de-
scribed respectively in [4] and [28] are different, but both are derived by retaining the terms up to the third order in the
asymptotic expansion of the distribution function f. In the following section, we will compare the two first models obtained
using this procedure.

4. Data mining to compare two approximate models

We consider here the two first models obtained by the procedure described above. We denote by M; the first-order
model, corresponding to the asymptotic expansion of f up to the order 1, namely in which order-2 terms have been
neglected. It is shown in [9,4] that this expansion is entirely determined from the knowledge of the 0-order expansion of
the electromagnetic Lorentz force (FN 1 Féwl, F éw‘ ). To compute it, one proved that the electromagnetic field associated with
the model M; (denoting M1) has to satisfy the following equations,

.
1

EMi =c32"1 = —/,oMlsds
gor J 3)

Eg'=8""=0
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whereas the corresponding forces have the following expression,
Fh=quiig.  F)'=0.  F"=qv"B)" (4)

Note that, in this model, the longitudinal fields E’ZV’1 , B’ZV'1 are identically zero.

In the same way, we denote by M, the second-order model corresponding to the asymptotic expansion of f up to the
order 2, where order-3 terms have been neglected. This expansion is entirely determined from the first-order expansion
(F;V'Z, Féwz, F;wz) of the electromagnetic force. To compute it, the electromagnetic field associated with this model M, has
to satisfy the following equations,

r

1
EM2 — cBé)Vl2 = a/,oMzsds

J (5)
E)> =B =0
supplemented with, for the longitudinal fields:
2B;" M,
aEM>  HBM: oy =~ Molg
ar ot = and R (6)
EY2r=R) =0, /B’Z‘/'Zrdrzo
0
Finally, the corresponding forces are expressed:
F2 =q(vy 2By +v2By?).  F)? =—qv/BY2,  F)Y?=q(E}" +v}"2B}"?) (7)

The models M1 and M, are clearly simpler than the Maxwell one. Indeed, one replaces in each case the time-dependent
Maxwell equations by a quasi-static model, where we have only to solve, for each ¢, two-dimensional transverse Poisson-like
equations. This basically requires to compute integrals with respect to the variable r from the charge and current densities,
see [29,9]. Moreover, as noted above, the bunch of particles is evolving slowly in a frame which moves along the optical
axis at the speed of light. As a consequence, the computational domain can be defined as a simple rectangular domain in
variables (r, ¢). The above equations will be easily solved by a finite-difference method written on a uniform rectangular
mesh. A numerical analysis of the schemes and more details can be found in [29].

Concerning the Vlasov equation, it is classically solved by means of a particle method [1]. One approximates the function
rf(x,p,t) at any time t by a linear combination of delta distributions in the phase space (x, p), namely:

rf P 0) =Y wid(x — x(6)3(p — Pi(t)) (8)

k

where wj denotes the constant weight of the particle k. Its position in the phase space x; = (r, {)x and px = (pr, Po, Pz)k iS
solution to a classical differential system, the solution of which being the characteristics of the Vlasov equations. It can be
solved efficiently by a leap-frog scheme. The corresponding particle charge and current densities p and J are obtained by
introducing the particle approximation (8) in Egs. (1), which yields:

rox. ) =q)  wid(Xx—xi(0)) 9)

k

and

X, 0 =q Y wivi(D)8(X — X (1)) (10)
k

The Vlasov equation being discretized by a particle method and the M; or M, models being computed on a grid, the
coupling between the fields and particles is obtained by gathering the contribution of the particles to the charge and current
densities on the grid. In a reciprocal way, one has to interpolate the field values at the particles’ positions.

In what follows, we will show on an example how the use of data mining techniques will help us to perform a kind of
“sensitivity analysis”. Our aim is to understand in which way model M, practically improves model M;. As an example, we
will use the particles’ radial velocities viw" (i=1,2) as target variables in data mining analysis. An important remark is that
the choice of these variables can not be automatic, and always depends on the human expertise that will decide what to
show, verify or invalidate in the data.

Based on the methodology presented in the previous section, we will derive now a decision tree analysis for numerical
computing applications. The first step consists in building the database. We consider the numerical results computed by
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Target variable
(3CLS)
w2

% n
High 50,03 959
Low 4997 958

Node 1
E® < —0.008
% n

High 6835 894
Low 3165 414

Node 2
E® > —0.006
% n

High 10,67 65
Low 89,33 544

1
Node 3 Node 4 Node 5 Node 6
E® < —0.701 E® > —0.701 p® < —0.033 o > —0.033
% n % n % n % n
High 32,29 176 High 94,10 718 High 6,04 35 High 100,00 30
Low 67.71 369 Low 5,9 45 Low 9396 544 Low 0,00 0
Node 7 Node 8 Node 9 Node 10
p® < —0.572 P> —0.572 vaIB® < —2.108  |vPB® > —2.10°
% n % n % n % n
High 725 145 High 898 31 High 38,06 36 High 9729 632
Low 27,5 55 Low 91,02 314 Low 41,94 26 Low 2,71 19
——
Node 11 Node 12 Node 13 Node 14
E® < —0.092 E® > —0.092 E® < -0.504 E® > —0.504
% n % n % n % n
High 8606 142 High 8,57 3 High 435 1 High 89,75 35
Low 1394 23 Low 9143 32 Low 9565 22 Low 1025 4

Fig. 1. (Color online.) Decision tree for v;.

models M; and M, that we write together in the same database. Hence, at each time step and for each node of the space
grid, we get a set of variables that are:

M; M;  M; M; -M; pM; i (Mi M oM; M; L
Vi v v ERES B oM T F SR (i=1,2) (11)

Considering all the N; time steps and the N, space nodes, the database is composed by N; x N, rows and the 22 variables
of (20) to be analyzed.
Our aim being to evaluate the contribution of the model M, compared to model M, we introduce a first variable

XM

i (12)

w12(X) =

that measures the weight of model M; in model M, regarding a given variable X. In practice, we are interested first in
the case when w;  is around 1: this corresponds to an equivalence of numerical results obtained between the two models
M and M; for the calculation of X. Then, when w » is either very small or very great compared to 1: this describes the
situation when the numerical results between M1 and M; are significantly different. From the variable w; », we introduce

our target variable denoted wiL’;’H), obtained by splitting the distribution of w3 into three equal classes of individuals: Low,

Medium and High. To identify which variables can explain a significant difference between X1 and XM2, we keep in our
analysis the extreme groups defined by the “Low” class and the “High” class of the variable wg/lm_
Our aim is now to evaluate the differences between the distributions of the variables which should be meaningful

between models M1 and M,. For this purpose, we computed the variable w1 (v;) and performed a decision tree on the
target variable a)§Lg/’H), in order to identify the subgroups in the database which are homogenous to the categories “Low”
and “High”. We obtained the decision tree (Fig. 1). The precision of the decision tree, computed by the risk estimate, is equal
to 6.05%, which means that 93.95% of data are correctly classified by the model of segmentation. Consequently, the quality
level of the decision tree is very high. The first segmentation that appears shows that the most discriminating predictor
variable is EQ/IZ, with a computed threshold equal to —0.006. This means that the “Low” wj2(v;) subgroup is mainly
different from the “High” wj 2(v;) subgroup, if one splits the whole involved population of the database up to the found
threshold of E;z).

A first practical conclusion is that vﬁwz differs significantly from vﬁwl due to the variable E IZWZ in the asymptotic model M>.
This result was expected, since E;wl =0. On the other hand, in the classified list of predictors, the component Eﬁwz appears
as the second more significant predictor that explains the numerical difference between M, and M. This was less expected
since the component Eﬁw] is non-zero in model M1, and can be explained because of the strong nonlinearity of the partial
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differential system. Finally, this classification also pointed out that BQ/’Z does not appear as a predictor that could explain
a significant difference between the two models. Even if B, is equal to 0 in model M1, namely BfZV“ =0, B;VIZ does not
bring a significant contribution to the model M;, despite what was intuitively expected. Of course, it is always interesting
to confirm such results with a formal approach, which analyzes the relation between viw ! and vﬁw 2, We refer the interested
reader to [14] for more details.

5. Data mining to compare two numerical methods

In this second example, we will illustrate how data mining methods may help us to evaluate the error estimate in the
case of the discretization error (see [21]). For introducing this error, let us consider a model of equations (E) that one
wants to discretize with a numerical method in a given family of approximations, for instance the P1 and P, finite-element
method. The discretization error is defined as the error due to the difference of order between these methods.

At first glance, this definition appears quite trivial. Indeed, the Bramble-Hilbert theorem claims that, under certain con-
ditions of regularity of the mesh and of the solution, the results obtained by finite elements P, (of order 2) will be more
precise—in the sense of convergence order—than those computed by finite elements Py (of order 1). But this definition
depends on the presence of the constant in the error estimates, generally unknown or difficult to estimate. In that case, as
in the comparison of two models, we will show how data mining could help to investigate this problem.

For this purpose, we will introduce the third-order approximate model M3 obtained by the procedure described above
in Section 3. We will derive a particle approximation to deal with the Vlasov equation, whereas the model M3 will be
discretized successively by a P1 and a P, finite-element conforming method. The coupling between these two approaches
will be performed with an assignment and interpolation procedure, adapted to the P; and P, finite elements, respectively.
Following [21], the system of equations M3 is written (we drop the index ™3 since there is no possible confusion):

Bz polotr.c.0
or =MoJo(r, ¢,

190 1 0E, 10E,
- (E)=— ¢, 1), _— =
" 8r(r r) SO,O(r ¢t o PR R
E(0,£,6) =0, E.(R,£,6) =0, /Bzrdr:O
0
190 10E, 10 0B,
- (&) = -2, S —(rEp)=——=
r Br(r ) = HocJe (. 8. 0) c ot r 8r(r o) ot (13)
£0,2,t)=0, £9(0,2,t) =&p(R, 2, t) =0

where J; is defined by J, = pc— J,=q [ v, fdv.
In this model appears the additional unknowns & = E, — cBy and & = Ey + cB,. The expression of the second-order
expansion of the Lorentz force F = (F;, Fy, F;) is given by

Fr =q(& + veB; + v Er/C)

Fo =q(& — viBz) (14)

Fz=q(E; + ViE:/C)
and entirely determines the asymptotic expansion of f up to the order 3. We have now to build Py and P, finite-element
approximations to explore the corresponding results by data mining techniques. In what follows, we briefly present the
derivation of the variational formulation [30]. This is quite standard, except for component B,. Moreover, as the regularity
of the fields is not an issue for our study, we will assume that they are smooth enough. For the sake of simplicity, we will

denote by V the space of the fields and of the test functions, regardless of the boundary conditions they satisfy.
We readily obtain, for the electric component E,, find E, € V such that

ad
or

Ot~
O\ax

Z R
1
(rEr)vdrd;“:S—//,ovrdrdg, VveV (15)
0
00

together with the boundary condition E; (0, ¢, t) = 0. Similarly, for the E, component, find E, € V such that

R Z R
dE, 1 dE;
/Wvdrdg_gffgvdrd;, YveV (16)
0 00

O\N

together with the perfect conductor boundary condition E;(R, ¢, t) =0.

Remark 5.1. One can choose to handle the boundary condition by using an integration by part formula regarding r. We get:
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Z R
—//Ez drd¢ — /Ezv(r_ogt)d;—%//%vdrdg YveV
00

0 0
The difficulty to compute the magnetic component B; is related to its boundary condition, which has an integral form.
To overcome this difficulty, we introduce the variable B, (r, ¢, t) defined by
T
B, (r,¢,t) :=/Bz(s, ¢, t)sds (17)
0
so that third equation of (13) is written as
3’8,
or2

— Bz =porJo

whereas the integral boundary condition gives fOR B.(s, ¢, t)rdr = B;(R, ¢,t) = 0. Hence, one equivalently replaces the third
equation of (13) by

OB, 0B 2
or? or _ Her e
B.(R.¢,t)=0 (18)

%(0, ¢,)=0
ar
A variational formulation for B (r, ¢, t) is given by: find B; € V such that:
z Z R Z R
f/ a—Bz—rd d{—i—R/aa—BZv(R,g,t)d{ —ff aa—BZvdrd; :MO//rzjgvdrdg, YveV (19)
00 0 ' '
The advantage of this formulation is that only ¢/ := "Ifz is involved and can be chosen as a new unknown. Moreover, the

851 (0,¢,t) =0 is handled (in a weak way) through the integration by parts.

boundary condition

Remark 5.2. Solving a variational formulation in I/ leaves an indetermination in the computation of 3,. Indeed, B; is a priori
determined up to an additive constant. Using the boundary condition B;(R, ¢,t) = 0 allows us to uniquely determine 5;,
for instance by choosing B;(r, ¢, t) = f,gwr, Z,t)ds.

The variational formulations for unknowns & and & are straightforward and similar to the one of E,. From these
variational formulations, one derives the finite-element conforming P{ and P, approximations in an efficient way by using
the FreeFem++ package [31]. The Vlasov equation is solved as in Section 4 by a particle method. The coupling between the
P finite-element approximation and the particle method is performed following the classical assignment and interpolation
procedures [1,32]. Nevertheless, the coupling is less standard for the P, finite element. We will briefly describe it. Let us
denote by {a; = (17, &;)} the set of mesh vertices where the mesh values p™ and J¥ are needed, namely the vertices and the
middle of the edges of the triangular mesh. Let x; be the finite element basis functions and let M be the mass matrix with
entries M; j = [, xi x;rdrd¢. The values of the charge and the current densities at the nodes of the mesh are defined by

ZMi,j,OM(aj,f)Z/,O(X, txirdrd¢ =q Z Wi Xi (Xk (1))

j o keka;

and

ZMI ]J @, t) —/](X Hxirdrds =q Z Wka(t)Xl(xk(t))

keIC,,x

where C, denotes the set of particles located in the element that has a; as a vertex. Since ) ; x; = 1, this procedure
preserves the total charge and the total current of particles.

Our aim is now to show on this example how the use of data mining techniques will help us to compare the P; and
P, finite-element method. As in the previous example, we collect in a database all the numerical results computed by the
two methods. Since they have not the same degrees of freedom, we chose to keep in the database the common data, that
is the quantities computed at the vertices of the mesh. This excludes, for the P; finite element, the quantities computed at
the middle of the edges of the mesh. Hence, our database is composed by
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Table 1
Respective proportions of the “Py vs. P," categories.
Count Percent
Different Order 6522 86.3
Same Order 1035 13.7
[ HN R | i gi pi ei eoi A0 qi qi gi i pi gi :
vrvvevV{vEraEszz,grsgeap 7.]r7]07.]{’Fr,F07FZ (1_112) (20)

computed at each time step and for each node of the mesh, the exponent i specifying here the P1 or P, finite-element
approximations.

Our objective is to appreciate the difference of accuracy between P1 and P, solutions. To this end, we have to determine
if there exist rows in the database such that P; method would provide a better approximation than the P, finite-element
one or, at least, an equivalent one. In the absence of the exact solution, we cannot determine what “better approximation”
means. So we try to identify subgroups in the database such that the numerical approximations computed by Py and P;
finite elements are of “the same order”.

For this example, let us restrict ourselves to the radial component of the electrical field E;. To identify the approximations
of “the same order”, we will only keep in the database the rows such that neither E} nor E? are too small. This is to eliminate
two possible situations:

o the case where E} is small with respect to E? or reciprocally. This case means that E! and E? are not of “the same
order”;

o the case where E! and E? are both small. Again, in absence of the exact solution, this corresponds to the situation
where we cannot determine if E} and E? are or not of “the same order”.

In terms of numerical values, each component E} and Ef is assumed to be “small” at a given time step t, and for a given
node (rj, g), if its value is smaller than 5% of the maximum of all the values of E} and E? respectively. The threshold of 5%
is arbitrary yet reasonable, and a sensitivity study about this choice is on progress. Applying this rule allows us to extract
from the database the rows one has to explore.

At this time, we have to define the notion of “same numerical order”. For this purpose, we introduce a qualitative
binomial variable “P; vs. Py” as follows:

Same Order, if[E2—El|<a

Pivs. P =] . .
Different Order, if not

(21)

where « denotes a given threshold. In these conditions, the value “Same Order” of “P; vs. Py” will allow us to detect
and characterize situations where using P, finite-element method does not improve significantly the computation of E}.
Now, taking in this example the threshold o = 0.65, which corresponds to 5% of the maximum of the absolute difference
between E} and Ef, we process data mining techniques to qualify the two different categories of the target variable (i.e.
the variable to be explained) “P;y vs. P3”. Results in Table 1 show that the dataset contains a non-negligible quantity of
elements (almost 14%) such that P vs. P, is of the same order.

Now, to qualify these 14% of “Same Order” elements, we could process data mining techniques, guided by what we are
aiming to verify. In this example, one can use, among others, a decision tree, as in Section 4. The first segmentation that
appears on the decision tree highlights the most discriminated predictor variable. One can observe that the time is detected
as this predictor, with a corresponding computed optimal threshold equal to the 42nd time step over a hundred computed.
This means that when the time is smaller than the 42nd time step, the corresponding blue node in the decision tree is very
homogeneous regarding the variable “Same Order”. More precisely, almost 80% of the elements of this node have this value
for the target variable “P1 vs. P»”. We can then conclude that for time steps smaller than the 42nd one, the implementation
of P, finite elements was over qualified and then, the cost of the computation could not be justified anymore. At the
opposite, when one considers time steps that are greater than the 42nd, the corresponding cluster, which is the other node
in the decision tree (see Fig. 2), is constituted by more than 98% of rows that correspond to the value “Different Order”
of the target variable “Py vs. Py”. Obviously, this kind of investigation needs to be deepened and generalized. This is our
current and future work. Nevertheless, this illustrates to our opinion how data mining can contribute to solving efficiently
Vlasov-Maxwell equations.

6. Conclusion

In this paper, we have proposed to use data mining methods to evaluate numerical solutions of Vlasov-Maxwell equa-
tions. After a brief presentation of the data mining principles, we gave two examples to illustrate how this idea can be
processed.

In a first example, we focused our study to the case of asymptotic paraxial models. Our aim was to determine the role
of the different powers in the asymptotic expansion, considering the two first models M; and M;. The results we have
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Fig. 2. (Color online.) Decision tree.

obtained suggest that data mining techniques can be applied to the analysis of Vlasov-Maxwell approximations as it is
applied in a lot of other domains.

In a second part, we gave an example of comparisons between two numerical methods that approximate the Vlasov-
Maxwell equations. We described the mathematical model and the variational formulation. Then, we constructed a database
made of the numerical results obtained by a P; and a P, finite-element method, coupled with a particle method. Based on
Decision Tree techniques, we identified and characterized the elements such that the evaluation between the two methods
gave similar numerical results.

Obviously, the conclusion we got on these two error evaluations is yet partial and needs to be confirmed, for instance
by investigating other variables. Moreover, we have to keep in mind that conclusions are also to be guided by the human
expertise, that has to be involved in the data exploration. It also basically depends on the purpose of the performed analysis.
However, this illustrates how data mining can actually help to evaluate several kinds of errors for Vlasov-Maxwell equations.
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