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ARTICLE INFO ABSTRACT

Article history: Plasma acceleration with electron or proton driver beams is a challenging opportunity for
Received 15 March 2014 high-energy physics. An energy doubling experiment with electron drivers was successfully
Accepted 2 June 2014 performed at SLAC and a key experiment AWAKE with proton drivers is on schedule at

Available online 6 August 2014 CERN. Simulations play an important role in choosing the best experimental conditions

and in interpreting the results. The Vlasov equation is the theoretical tool to describe

I[fg:sard:'cceleration the interaction of a driver particle beam or a driver laser pulse with a plasma. Collective
Vlasov equation effects, such as tune shift and mismatch instabilities, appear in high intensity standard
Stationary distributions accelerators and are described by the Poisson-Vlasov equation. In the paper, we review the
PIC simulations Vlasov equation in the electrostatic and fully electromagnetic cases. The general framework

of variational principles is used to derive the equation, the local form of the balance
equations and related conservation laws. In the electrostatic case, we remind the analytic
Kapchinskij-Vladimirskij (K-V) model and we propose an extension of the adiabatic theory
for Hamiltonian systems, which ensures stability for perturbation of size € on times of
order 1/€. The variational framework is used to derive the Maxwell-Vlasov equations and
related conservation laws and to briefly sketch the particle-in-cell (PIC) approximation
schemes. Finally, the proton-driven acceleration is examined in the linear and quasi-
linear regime. A PIC simulation with the code ALaDyn developed at Bologna University
is presented to illustrate the longitudinal and transverse fields evolution which allow a
witness electron bunch to be accelerated with a gradient of a few GeV/m. We also present
some remarks on future perspectives.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Particle accelerators are key instruments for the research in the domain of high-energy particle physics. To explore to
even further accuracy the Standard Model, higher energies are required, thus pushing the technology of particle accelerators
to its limits. The challenge is being tackled in two different domains, namely the design of high-field magnets, required
to control the motion of high-energy charged particles, and that of high-gradient radio-frequency (RF) systems, aimed at
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accelerating the charged particles to the energies required for probing the intimate nature of matter and forces. Collective
effects, such as space charge, are relevant in the early accelerating stages and limit the intensity reachable in final ring.
Their control allows one to increase the final luminosity, a key parameter for high-energy experiments. In the domain of
accelerating systems, the standard approach consists in generating longitudinal electric fields using metallic RF cavities,
either normal or superconducting. Technological limits arise when trying to reach accelerating gradients of the order of
100 MV/m, which would have a direct impact on the dimensions of future accelerators. In order to keep under control the
size of the new instruments, gradients of the order of GV/m would be needed and a plasma could be the natural solution,
as it can sustain very large accelerating fields [1-3]. It is worth recalling the efforts devoted in the last few decades to
experimental verification of plasma acceleration, which reached very encouraging results [4,5]. It is also important to stress
the two approaches that can be used, namely laser wakefield acceleration (LWFA) [1], whenever a laser is driving the
acceleration, or plasma wakefield acceleration (PWFA) [2,3], whenever a bunch is used to drive the whole process. The
fundamental principle behind both approaches is that a plasma acts as an energy transformer, i.e., transferring the energy
from the driver bunch to the witness bunch. As proton bunches at the energy frontier, i.e.,, in the multi-TeV range, are
already available, it has been proposed the use of protons, instead of electrons, as driver beams open up the possibility
of generating extremely high-energy lepton beams via PWFA [6]. Furthermore, the use of protons to drive the acceleration
process would be a premiére, never tried before.

In this paper we review the Vlasov theory and the related numerical schemes. We first examine the electrostatic case
that allows one to model the space-charge effects in a beam, which are relevant at low-medium energies. Since space charge
mainly affects the transverse motion, one- and two-dimensional models are adequate to describe the basic dynamical fea-
tures. The analytic Kapchinskij-Vladimirskij solution [7,8], applicable to a linear lattice, and the adiabatic theory stability
results, applicable to a flat beam, allow us to understand many properties of the beam dynamics such as the mismatch os-
cillations. However, numerical solutions for two- or three-dimensional models provided by the particle-in-cell method (PIC)
are needed to define stationary solutions to the Vlasov equation and to study their stability, in particular when multipolar
magnetic components are present in the accelerator lattice.

In the more general framework of laser plasma or beam plasma acceleration, the theoretical description is provided by
Maxwell-Vlasov equations as long as collisional effects can be neglected. In this case, analytical results are available only for
some one-dimensional models and one has essentially to rely on the numerical solutions provided by the PIC schemes. In
spite of the remarkable computational power presently available, the simulation of the acceleration on long plasma channels
along thousands plasma lengths is still a challenge and reduced schemes, where the fastest scales are neglected, must be
adopted. The control of accuracy is important, especially for reduced schemes, and the presence of conserved variables is
helpful. In this paper, we present a short review of the theoretical framework for the electromagnetic case applicable to
plasma acceleration. As an example of numerical computations, we finally consider the acceleration of electrons driven by
proton bunches like the AWAKE experiment on schedule at CERN.

The plan of the paper is as following: in Section 2, we introduce the Poisson Vlasov theory via the action principle, which
is suitable to obtain the equations of motion and the conservation laws. In Section 3, we consider the space charge problem
in a ring after recalling the Kapchinskij-Vladimirskij model and the procedure to develop numerical schemes. In Section 4,
the stability problem for a flat beam is discussed using the Hamiltonian adiabatic theory and it is proved that the size of
an instability does not overcome € ~ ||d f /dt|| for a time interval at least 1/€. In Section 5 we consider the Maxwell-Vlasov
theory starting from Low’s Lagrangian [9]. The way to obtain the local energy balance for the electromagnetic field and the
charged fluid is sketched. In Section 6 we outline the procedure to obtain the PIC schemes with an interpolating basis of
linear splines and sampling the distribution functions of the charged fluid with numerical particles. In Section 7 we briefly
review the proposal of AWAKE experiment, discussing the acceleration of electrons driven by a proton beam in a plasma
in the linear and quasi-linear regimes. The results of a simulation obtained with the code ALaDyn developed at Bologna
University are presented to illustrate the accelerating longitudinal field created in the plasma. A summary and comments
on future perspectives conclude the presentation.

2. The Poisson-Vlasov equation
We consider a system of N particles of charge e and mass m interacting via Coulomb repulsion and subject to an external
electrostatic field with potential V(% Denoting with H the total Hamiltonian, with M = Nm and Q = Ne the total mass

and charge, we write

H 1
tot
M =NI;H1<(X1<,PI<)

2
pk Qe 1 1 e (ex)
Hy (X, ==+ ——— —+ =V X]
K Pr) = -+ oy Z Tjk (%)
J.(j#k)
where x, p € R3. Each Hy is the Hamiltonian for a single particle, with an external potential V(x) generated by all the
particles i # k. In the limit N — oo, the N body system is replaced by a continuum, whose phase space distribution f(x, p, t)
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satisfies the Liouville equation for the Hamiltonian H(x,p) with a potential V, which satisfies the Poisson equation. The
overall system is governed by

df p° Qe
— H]=0 H=— + —
at +I/.H] 2m+ m

AV = —4mp p=e/f(X,P,f)dP

Voo + V)
m

where [, ] denote the usual Poisson bracket operator.

The underlying assumption is that in this limit the collisions can be neglected, so that statistical independence holds and
the N points distribution function can be written as the product of the single particle distribution functions f (X, pk,t) for
k=1,...,N. The ratio e/m as well as the total mass and charge are kept constant in this limit. The plasma frequency w, =
(4mpe/m)'/2 is constant, since p = Q/V, whereas the Debye length Ap = vth/(ﬁa)p) depends on the thermal velocity.
Vlasov description is correct if Ap < Ap Where A, = (277¢)/wp, which is fulfilled if kgT < mc?. This collisionless model
is valid since, according to the Landau model, the frequency of binary collisions is v ~ log(N)/N, which vanishes for
N — oo.

In the Vlasov equation, the physical parameters enter as the ratios e/m and Q /M, and N has disappeared. However, it
is customary to write the equation introducing the physical parameters e, m, N. Of course, these parameters can be scaled
as in the PIC numerical schemes, where N numerical particles are introduced to sample the distribution function and their
charges and masses are given by m=mN/N and é =e N/N.

2.1. Variational formulation

We first consider the Poisson-Vlasov equations which are satisfied by a system of particles whose interaction is electro-
static. This is the case for instance of a beam in a ring once is the acceleration process is over. Low’s Lagrangian Action for
the system is given by [9]:

tp tp
E2
A= f / £(x,v,t) fo(Xo, Vo) dxo dvo dt + // g(x, t)dxdt
ta R6 ta R3
where ¢ and the electric field E are given by
m
= —Ev2 —ep—eV®  E=_V¢

The potential ¢ (x, t) and the particle trajectory x(t) are kept constant at the endpoints of the time interval and (xg, vg) are
the initial conditions of the trajectory. The Action is stationary for variations of ¢ and x, if and only if

mv=eE+eE®™  divE=—A¢=4np

where E(® = —VV () These equations must be self-consistently satisfied. The variational formulation has been used also
to analyze the stability of the solutions of the Poisson-Vlasov equations [10].

We first consider the variation of the particle Action for a given potential ¢ and we determine the trajectory with given
endpoints X(t;) = Xo and X(ty) = Xp. The initial velocity vp is uniquely fixed by the boundary conditions. As a consequence,
by inverting the evolution with respect to Xp, vo, we obtain the distribution function in its Eulerian form f(x,v,t), which
satisfies the continuity or Liouville equation. In the present case the Hamiltonian is h = p?/2m + e¢ + eV and

of of e of
— — + —(E4+E¥*)— =0
ot +v8x+m( + )E)v

Imposing the variation with respect to ¢ to vanish, we obtain

tp tp
// % divES¢ dxdt — / / f (X0, Vo) edp dxpdvgdt =0
ta R3 ta RE

Changing the integration variable in the second integral from Xy, vg to X, v, we can replace f(Xp, Vo) with its Eulerian form,
since it is a canonical transformation and the Jacobian is 1. We get:

tp
1
//(EdivE—e,o>5¢dxdt=0 p:e/f(x,v,t)dv
R3

ta R3

The stationary condition with respect to ¢ imposes that the Poisson equation must be satisfied.
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The conservation laws follow immediately in this case. Indeed, defining the current according to

j:e/vfdv

R3

and using the Liouville equation, we have

a d Eo
—p——e/<v—f+e——f)dv:—divj

at X  m v
R3

Considering

m m
HP=/f5|V|2dV HP=/fE|V|2deV SP :j (E+E(ex))
R3 R3

where HP,HP, SP are the energy density, flux and source for the charged fluid, and computing the second moment "
partial derivative with respect to time, we obtain the local energy balance. Setting E® = 0, for the electric field, whose
energy density is 1" = E?/87, a similar balance holds:

aHP anf

— +divH =8P — =sF

at at

where SF = (4n)~'E- :E = —j-E and is opposite to the charged fluid source if the vector (4m)~'3E+j (whose divergence
is zero due to the continuity equation) vanishes.

3. Space-charge effects for a 2D beam

The space-charge effects are relevant for a beam, except at extremely high energies. In a ring, the beam moves with
a constant longitudinal velocity v close to c. If the charges are uniformly distributed over a cylinder, a test charge g
experiences a radial force gE; due to Coulomb repulsion in the beam rest frame, which in the laboratory frame becomes
qEr/y¢. vo being (1 —v3/c?)~1/2. The coordinate along the beam axis is s = vot and we define the transverse momenta as
p =V/vo =dx/ds so that the energy density for the transverse motion reads

E2
5=5F+5”=E+/f(x,p,s)h(x,p,s)dp
]RZ

where

2 2 2 2
_ px + Dy X y &
h= 5 + kox () 3 + koy () 5 + 2<z>(><,y,5)

The perveance & is defined by

2eQ v3 29Q [mc?\?
=\ ) T e
0 0
The quadratic term in the potential is due to the quadrupoles, but higher-order polynomials, due to higher magnetic multi-
poles, may be present. For a brief presentation see [11], while use [8] for an exhaustive discussion.

The stationary condition implies that x(s), p(s) satisfy Hamilton’s equations and consequently f satisfies the Liouville
equation, whereas the Poisson equation holds self-consistently for ¢:

el
a_£+[f,h]:0 Ap = —4mp pze/f(x,p,S)le

R2

Approximate solutions can be found using the PIC method [12-15], whose key feature is to be an efficient solver for the
Poisson equation [16].

Analytic solutions are known if kox = koy and if they are s independent (constant focusing case), since the axial symmetry
makes the problem one dimensional [8]. In this case, approximate analytic solutions can be found by using the Birkhoff
normal forms [17].

A family of stationary solutions is given by the distributions f = f(H) with support on 0 < H < E. Letting H = p?/(2m)+
W (r) where W =kor?/2 — %fg‘V(r) and W (R) = E the solution reads
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W (R) 4 d
1 ¢
p =2me / f(E)dE ?ara_—mr,o(r)
W)

with the normalization condition anORnrdr = 1. In the special case f(H)=38(H — E)fo, where fo = 1/mR?, the space
density is constant o = 1/(wR?) and the solution for the potential is ¢ = r?/R?. The Hamiltonian becomes quadratic and
the electric field is linear:
2
D k & 2X
h="—=+=-r" k=ko— = E=—
2 "2 07 R2 R2
In the case of periodic focusing, assuming that the bunches are very elongated along the s-coordinate, an analytic solution
can be found by choosing a distribution function f that depends on the invariant actions, which can be determined self-
consistently assuming a priori that the potential ¢ is still quadratic. This solution is due to Kapchinskij and Vladimirskij, see
[7,8]. The generating function F = F® + FY), where F® = tan(9 — Bx/2)x?/(2px) (the same for F,) changes h into a new

Hamiltonian A depending on the actions:

24 p2
Px T Dy | k(s ky(s . oF
_ Fx y+x()xz+ y()yz hehy ol _ JIx n Iy
2 2 2 05~ B By()
The function gy is related to the phase of the solution for the x coordinate x = A(s) cos(®(s) + yx) by By = 1/®y, where
Ax(s), Bx(x) satisfy

. JA 1 .
Ax— A—z +Hhe(®Ax=0 B+ ky(5) B2
X

h

and similar equations hold for the y coordinate. The first one is the envelope equation. The distribution function is chosen
according to

1 Jx -]J’>
X =220
fw Iy 472 Jox Joy (fOX " Joy

and since [f, ﬁ] =0, it is stationary. The manifold on which f has its support is the ellipsoid Jx/Jox + Jy/Joy =1 foliated,
by invariant tori T2 defined as the product of the ellipses:

2Bx Jx = %> 4+ (BxDx — Bx/2)> = A2 Ax= (2BJox)"/? and x—y

The density p(x, y, s), obtained from f, is constant in the ellipse with semi-axis Ax, Ay:

1 X2 y2
p= MW~
TAA, Az A2

As a consequence the electric field solution of the Poisson equation is linear within the elliptic bunch:

4x . 4x
=7 (n)  Ex=—_———0
Ax(Ax+ Ay) Ay(Ax + AY)

Ex (out)

where A} = (A2 + x)'/2, A}, = (A2 + x)"/? are the semi-axis of the confocal ellipse; namely y is defined by X2/A% +
yZ/A/y2 =1 and at large distance from the origin A} = A}, ~ x.

Since the field is linear, it is evident that the coefficients of the quadratic terms in the Hamiltonian are given by ky =
kox —2&/(Ax(Ax + Ay)) (and the same for ky) where

472 2
— ]0X+I<0X(S)AX=—§ and x—y

i
¥ A} (Ax+ Ay)

This equation admits periodic solutions B(s) and A(s) = JoB1/2(s), which are stationary. The effect of nonlinearities in the
lattice can be investigated using the normal forms in the case of constant focusing [12]. There are also quasi-periodic so-
lutions, which are not stationary and describe the so-called mismatched beam. By linearizing the envelope equation, the
frequencies of the mismatched solution can be determined [18]. In any other case, one has to rely on the PIC numerical
procedure to determine the solution. The distribution function is sampled with numerical particles, the density is interpo-
lated with linear splines and the Poisson equation is solved using a spectral or finite difference scheme. The Poisson solver
is the key algorithm and an efficient spectral algorithm capable of dealing with any assigned boundary conditions has been
developed by Bergamini et al. and discussed in [13].
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4. Adiabatic invariance for a flat 1D beam

As we have discussed in the previous section, only few explicit solutions of the Vlasov equation are known. Moreover,
the stability problem of the stationary solution is still open in many cases [19].
But the possibility of describing the Vlasov dynamics as a single-particle dynamics in a self-consistent potential allows
us to partially extend the averaging theorem results for Hamiltonian systems [20].
We explicitly consider when the single particle Hamiltonian reduces to a 1D integrable system with an elliptic fixed
point at the origin:
p?
Hx,p: fl=-—+VEtf) (1)
2m

The potential V (x, t; f) has a functional dependence from the particle distribution f(x, p, t) in the phase space, that satisfies
the non-linear Liouville equation:

Of _ 88 L3S 9yt
ot p8x+8p ax’ X ED (2)

Any stationary solution has to be a function of the invariants of the motion. For any given phase space distribution
f(x, p), one can introduce the action-angle variables (I, 6) in a neighborhood of the origin:

IE; f) = — f p(x. E) dx

2
H(x,p; /)=E
d
O, I f)=—FXxI f) (3)
al X
where F(x, I; f) is the generatrix function computed from the definition
X
Fougf)= [ pouEds 4)

H(f)=E

which depends on the given distribution. Then one has to look for a self-consistent stationary distribution f(I). We remark
that, in the definition of F(x, I; f), one can choose the origin of the angle ¢ in an arbitrary way: i.e., in any section of the
phase space. Letting H(I; f) the new Hamiltonian, we have the frequency of motion

dH(I;
Q(I;f)=((171f)

We assume that far from separatrix curves, the functional dependence of the Hamiltonian and the action-angle variables
from the distribution f(x, p) are regular. Indeed in the Vlasov problem the potential V (x; f) is linearly dependent on the
particle distribution, according to

Vi f)= / k(| —x|)f(x',p")dx'dp’ (5)
X' #x

where k(|x|) is the kernel that defines the electrostatic potential. Under these assumptions, if one considers a slowly varying
distribution f(x, p,t)

af |
HE =ex1 (6)

(=1 > 1 defines the slow time scale), the single particle dynamics has the property that the action variable I( f), computed
considering the distribution f constant (frozen system), is an adiabatic invariant,

1
[1(x(®), p(t).t: f) —Io| < O(e) fort =< - (7)

where (x(t), p(t)) is the solution of the Hamiltonian system (1). Eq. (7) means that, during the time evolution, the value of
the initial action can be considered constant for a time 1/€, which is the slow time scale. The same is true for any regular
function of the action. The proof of this result is a consequence of the perturbation theory and it holds for a whole class of
distribution functions f(x, p,t), with the adiabatic parameter

QZ—(f) <1 (8)

as only constraint.
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The condition (8) arises as we cannot apply the adiabatic theory near a separatrix curve where the unperturbed fre-
quency §2 — 0. The adiabatic property of the action variable can be understood if we choose a section # = const. in the
phase space (Poincaré section) and we denote {t;},cn, the sequence of crossing times of an orbit (x(t), p(t)) with the sec-
tion. Since the frozen energy H(x, p; f) is conserved up to an error of order O(¢), the solution (x(t), p(t)) for t € [tn, th+1]
is close to the curve H(x, p; f(t«)) = E«, where t, € [t;,tn+1] and E, € [Ey, Ep41]. Moreover, the dynamics of the angle
variables reads:

0=2(E f)+0()
Then we get the relation

do

and we can use the angle 9 as a parameter for the dynamics (x(t), p(t)). According to the results of perturbation theory [21],
we can write:

2
1 af
ln+1 _Inzfm</ k(|X —X|) dX dp
0

X' #X

ad
—</1uh’—xpggdxdpv)de+cmeﬁ (10)
X' #x
where () denotes the average with respect to the 6 variable. Since both the energy E and the distribution f can be

considered constant in time during the integration up to an error of order O(€), the integral vanishes and the previous
relation implies

Int1 — Inl = O (€?) (11)

Therefore, since the value of I varies by a quantity of order O(¢) in each interval [tp, tp+1], the adiabatic invariance holds
for a time of order O (1/€). The remark on the estimate of the adiabatic parameter (8) is needed to obtain the result (11).
In the adiabatic approximation for the dynamics, the angle variable reads

9m=/gmnm+0@r

where [ is kept constant in the integration. We will give a schematic road map to extend the previous argument to the
Vlasov problem, where one has to check if a small perturbation of the stationary solution, which evolves according to
the non-linear Liouville equation (2), satisfies the condition of the adiabatic approximation. Let the perturbed stationary
distribution be f'(I,t) = f(I)+6&f(l,0,t), then we assume the ansatz

af'

=€ 1 12
S| €S (12)

so that the adiabatic parameter

5l <

Qz(f)

is also small. We apply the adiabatic description of motion to get an approximate solution of the non-linear Liouville
equation (2)

—t
f’(9,1,t):f(1)+5f<9+/.(2(1,s; f)ds, I> (13)
0

with an error which remains of order O(€) for a time ~1/0(€). Then, to correctly apply the adiabatic approach, a consis-
tency condition on the estimate of the slow time scale (6) should be satisfied. Considering the leading terms, we get

[5el=I5

and the adiabatic invariance for the Vlasov problem requires the consistency condition

|AII+ 118 f 11821l (14)
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H H|A1|(6)+||5f||||9||<6 (15)

which can be reduced to a contraction principle if we use Eq. (10). Condition (15) can be satisfied if the derivative ||d f /01|
is sufficiently small: i.e. the dependence of the stationary distribution from the unperturbed action variable is not too steep.

In such a case, the adiabatic argument holds and the approximation (13) can be applied for a time o<|| || T so that we
have a stable solution up to that time scale.

5. The Maxwell-Vlasov equations

For simplicity, we consider the interaction of an electromagnetic field with only one species (electrons), since the exten-
sion to two or more species (electrons and ions in the plasma or in a driver bunch) is straightforward. We start again from
Low’s Lagrangian Action [9] following from the system written as the sum of the Action for the field and the Action for the
particle system (see [22] for a review):

tp
//fo(xo,vo)E(x v, t)dxodvodt—i—//CF dxdt
ta R6 ta R3

where x = x(Xg, Vo, t), v=dx/dt, fo(Xo, Vo) is the initial distribution of particles in phase space, ¢ is the particle Lagrangian
and £F is the field Lagrangian density, given by:

L2 e w2\
(=—y~ - -v-A =(1-—
Y~ (v)mc e¢+cv Y ( c2>
LF=E2—B2
8w

The electric and magnetic fields are expressed in terms of the scalar and vector potentials as usually

10A
Vo — — — B =rotA
c ot

and E, B are invariant with respect to the gauge transformation

adg
¢_>¢a—¢__5 A— Ay, =A+aVg
First we impose that the variation with respect to x vanishes, treating ¢ and Ay as assigned fields, and then we impose
that the variation on the fields ¢, A vanishes. As a consequence, we obtain the equations of motion and we can express the
distribution function in Eulerian form f(x, v, t), so that

md(v) eE+ev B
el — 2V X
dty c

of of e
E—i_ 8x+8 [f(eE—i—vaB)]:O

The equations for the fields provide the first two Maxwell’s equations

divE =4rm rotB = L 8E+4n j
=4 =ca !

where we have defined

p(X, t)_e/f(xvt)dv jx, t)_e/vf(xvt)dv
R3

The remaining two Maxwell equations, divB =0 and crotE = —9B/dt, are exactly satisfied thanks to the relation between
the fields and the potentials. Formulations in a different functional setting where the distribution function f is itself a field
and observables are functionals of this field have been introduced in both the Lagrangian and the Hamiltonian frameworks
[23,24].

The first invariance property is obtained by imposing that the Action does not change under the gauge transformation
on the fields.
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The variation of the Action for the free fields and for the interaction with the charged fluid is

dA ap
— = — +divj ) gdxdt =0
o / ( ot J) §
R4
The arbitrariness of g imposes that the continuity equation is satisfied.
The conservation laws in the fluid formulation have been derived using Nother’s theorem in [25].
We obtain a balance equation in the form:

on’ oHP  oHP
l‘i‘diVl‘lF:‘SF l_i__zsp
at ot aXj
where HF, HF, S and HP,HP, S? are the energy density, flux and source for the fields and the charged fluid.
E? + H? c
F: + HF:—EXB SF:_jE
8 47
HP:/y(v)mczfdv HP:/y(v)mczvfdv SP=j.E
R3 R3

The final form of the local energy conservation law is
ad .
prdl F+nP)+divHF +HP) =0

In a similar way, the local equation for the momentum balance, from which the fluid equations follow, can be obtained by
considering the action of space translations on the Lagrangian density.

6. Particle in cell approximation schemes

In order to develop numerical schemes to solve the Poisson-Vlasov equations, one can introduce two finite bases for the
potentials and for the charged fluid phase space distribution function [26,27]. Letting ¢,,, where ¢9 =¢ and ¢; = A;, we
consider the expansion

Pu D) =" Ppgt) Yg(x) (16)
g

where g = (i, j, k) and

Vg(X) = ¥i)V;(y)¥r(2) (17)

We may choose linear interpolating spline functions. For the distribution function, the common choice is
N
fovn== > o (x—Xe (1) (v —va (D)) (18)
o

where (X — Xy (£)) = (x — xo (1)) (¥ — Yo () (z — z4(t)) and the functions have compact support.
In this case the functions are positive and normalized: f C(x —xq)dx=1.
With this basis, the Lagrangian for the particles and their interaction with the fields becomes:

N
m 1,
Lh=3" Evaz + Z<—Pg¢g+ EJg'Ag>

a=1 g

where we have defined the current and the density components

N N
pg=eY Sg(Xa(D) jg=€) VaSg(Xa(®)
a=1

a=1

In the equations above, € = Ne/N and i = Nm/N denote the charge and the mass of the so called numerical particles.
Sg(X(t)) are new basis functions defined by

Sg(Ka () = / VgL (X — X (0) (19)

In a similar way one may compute the field Lagrangian that becomes a quadratic form in the field components ¢g and Ag.
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By taking the variations of the Action A= [ (LP + LF)dt with respect to the macro-particles coordinates X, and the po-
tential components ¢g, Ag, one can obtain a set of ordinary differential equations for these variables. An explicit integration
scheme in time, like the fourth-order Runge-Kutta one, allows us to obtain an approximate solution, where the conservation
laws are preserved up to the error due to the integration numerical scheme.

6.1. Standard particle in cell formulation

The more traditional scheme consists in solving the exact Maxwell equations for the fields E, B after expanding them on
the basis ¢g(x), according to [28,29].

Ex,0) =) Eg®)Ygx) BX 1) =) By(t)YgX) (20)
g g

By choosing for instance linear splines, one can obtain the discrete Maxwell equations projected on a staggered mesh (Yee’s
lattice) according to

dBg dEg 4

T D x Eg it =D x Bg C(])g
where D is the 2-point finite-difference operator. The condition D-B = 47 (p)g, true at t =0, is satisfied for t > 0 by centered
time differences. The condition D - Eg = 47 og, if true at initial time, is satisfied for t > 0 if the continuity equation holds. It
can be forced to hold following Esirkepov’s procedure. However, in this case, energy conservation is lost.

A parallel PIC code ALaDyn, based on second- and fourth-order schemes, has been developed by the group of the
University of Bologna [30,31]; a code based essentially on the same algorithms has been implemented on the GPU archi-
tectures [32]. Other approximations, based on a truncated moments expansion of the distribution function, suitable also to
describe the beam plasma interaction, have been proposed [33,34].

7. Beam plasma acceleration

In recent years, the AWAKE collaboration [35] has been created, with the aim of exploring the beam-driven Plasma
WakeField Acceleration (PWFA) based on protons as driver beam. Special emphasis was put on the analysis of the several
key processes that are needed to achieve successfully the goal of PWFA.

The first step in this process has been the proposal of using high-energy protons for performing PWFA of electrons
[6]. Numerical simulations [36] showed that a 1-TeV proton bunch, composed of 10'" particles and with an rms length
of 100 pm, can generate a large enough plasma wave. The key point is the generation of such a short proton bunch,
which is a true challenge. However, a milestone was achieved when numerical simulations showed [37,38] that even much
longer bunches, comparable with those that can be generated in existing facilities, can excite a plasma wave, as long as the
intensity of the proton bunch is modulated along its length. This opened the possibility of experimental verifications of the
proposal, and hence the AWAKE collaboration has been set up to [35]:

o study the detail of the process of self-modulation of the long proton bunches;

e probe the acceleration process properly, by studying the properties of the generated wakefield;

o study the injection mechanism of multi-GeV electron bunches;

e develop plasma cells and mechanisms to generate short proton bunches.

The issue of generating short bunches is certainly a crucial one and it has been considered in detail, e.g. in Ref. [39], where
several options have been considered, based on the performance of existing CERN accelerators and even including new
techniques. In a first stage, the use of proton bunches extracted from the CERN Proton Synchrotron (PS) at 24 GeV was
considered and numerical simulations [38] confirmed the validity of this option. Nevertheless, additional considerations,
based both on physical arguments and on available infrastructure, suggested that the best choice would be to use a 400-GeV
proton beam extracted from the CERN Super Proton Synchrotron (SPS) and this option (see Refs. [40-42] for more detail)
was retained in the official proposal [35]. In the following, the key points of the AWAKE Design Report are addressed. In the
case of LWFA, the driver is a laser pulse of length o, comparable to the plasma wavelength Ape:

4mepe 172
Mme

Oz=2Xe Withle= 2nc and we = <

We

Under these conditions, a longitudinal accelerating field can be generated proportional to the breaking field EWB [43], which

in turn is proportional to p;/ 2 All this favors short length for the laser pulse and high density for the plasma. Whenever the

typical bunch length o is of the order of 1001, then one has to operate in the so-called self-modulated PWFA regime [37].

In this regime, the transverse bunch size o; has to satisfy kpeo; < 1, with kpe = wpe/c. Hence, the condition on a short bunch

length can be translated into one on a small transverse bunch size, much easier to achieve even with conventional focusing
devices available in a beam transfer line.
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to Gran SDSSV

Fig. 1. (Color online.) Layout of the CNGS transfer line including the region where the AWAKE experiment should be installed (from Ref. [49]).

The self-modulated instability (SMI) generates a modulation of the bunch intensity along its length, and hence it can
drive resonantly the plasma so that wakefields are generated. Unfortunately, the instability destroys the micro-bunching
structure soon after the peak field is reached [44-46]. A mitigation measure was found in generating a plasma density
gradient. It is worth mentioning that seeding the SMI is also an important point that will be probed with AWAKE. Indeed,
the natural noise in the plasma should be enough to trigger the rise of the SMI [36]. Nonetheless, the SMI can be more
efficiently induced by means of a short bunch preceding the long driver bunch or by a short laser pulse. The SMI can arise
together with another instability, the hose instability (HI) [47] and in this respect seeding helps SMI to overcome HI [45,46].
The witness electron bunch will be side-injected into the plasma cell [48] at a longitudinal position where the amplitude of
the wakefield generated by the long proton bunch has already reached saturation. The long, o, > Ape, low-energy electron
bunch should be injected with an angle of few milli-radians with respect to the proton beam axis. The electrons will
approach the seeding bunch and will be trapped into the wakefield, and later will be accelerated by the resulting buckets
from the wakefield. In principle, a fraction of the electrons in the witness bunch corresponding to 5-40% should be trapped
and accelerated to higher energies with a rather small relative energy spread, at the level of a percent. The scientific
goals of the AWAKE collaboration rely heavily on the state-of-the-art in the field of instrumentation. The various devices
are based on transition radiation (TR), which is emitted when charged particles traverse media with different refraction
indexes. This type of radiation allows for fast diagnostic device, at the level of picoseconds. Two flavors of TR, namely
optical transition radiation (OTR) and coherent transition radiation (CTR), will be used for a complete characterization of
the bunch density distribution. An integral part of the beam instrumentation will be the electron spectrometer aimed at
an accurate measurement of the electron bunch energy at the end of the process. The final choice for the location of the
AWAKE experiment has been made: it will be located in the CERN Neutrino to Gran Sasso (CNGS) area (see Fig. 1).

The beam line to transfer the SPS-extracted proton beams towards the CNGS target will be re-used. However, the AWAKE
experiment will be housed just upstream of the target station (see Fig. 2 for a layout of the experimental area). This will
entail the modification of the last section of the existing proton beam line, in order to provide the required transverse
focusing of the driver bunch at the location of the plasma cell. Moreover, an additional beam line to transport the electron
beam to the plasma cell will be built.

The study and installation of the AWAKE experimental facility will be staged between the proton beam line, the proper
experimental area, and the electron source and related beam line [35]. These activities will span a time period of about four
years. The experimental activities with protons will be starting by the end of 2016, while those with electrons one year
later. Overall the data taking should take place over a period of three to four years.

7.1. PIC simulations

As an example of applications of the Vlasov equations, we consider the case of a driver beam of electrons or protons
exiting plasma waves by which a witness electron beam is accelerated. In a background plasma with electron density pe, an
electron or proton bunch with density pp < pe excites linear plasma waves whose longitudinal accelerating field is a few
GV/m. In linear regimes, reached for higher densities pp > pe, the wave breaks and a bubble is formed in the plasma just
like when the driver is a laser pulse. An energy doubling experiment in a nonlinear regime was carried out with a driver
beam of 42 GeV in a plasma wakefield accelerator of 85 cm at SLAC [5] and the accelerating field was of 52 GV/m. In the
bubble (blow out) regime, first proposed in [50], the radial confining field is linear E, =~ 27 per so that the electrons of the
witness beam are accelerated just as in a conventional RF cavity. The drawbacks of the bubble regime are the instabilities
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Fig. 2. (Color online.) Layout of the CNGS transfer line including the region where the AWAKE experiment should be installed (from Ref. [22]).

(wave-breaking spike on the first oscillation behind the beam driver), which do not allow a stable resonant response over
large distances.

To overcome these limitations, a quasi-nonlinear regime (QNL) has been proposed [51] to preserve some aspects of the
linear regime such as a constant plasma wavelength and maintain the resonance conditions.

The key parameter has then identified by the dimensionless charge quantity 0 = Nb(l<p)3e / Pe, Which is the beam charge
normalized to the electron charge located in a cubic plasma length k; 1= ¢/wp. As usual, wp = /AT epe/Mme is the electron
plasma frequency. Ny is the number of protons in the bunch.

For a bi-Gaussian beam charge distribution with (o, ;) sizes, the normalized charge reads:

A

Q= (271)3/2 % kgazcrrz

where k, = 27 /A, = wp/c. A linear regime is characterized by 0 <« 1. AQNL regime needs the peculiar condition that
Pb/pPe > 1 for bubble formation, but it has Q <1 to preserve some linear features of the wakefield.

The linear response requires kpo, > V2, so that the QNL regime thus requires very thin beams o, < 0. In this parameter
range, linear relations for the wakefield longitudinal field E, can be extended, up to a limiting value of the pp/pe ratio,
where wave breaking occurs:

E,~ @, ~100,/pe/e [cm=3]Vm™!

Numerical simulations using 3D 0OSIRIS PIC code [52] or 2D cylindrical [53,54] have already documented some aspects
of QNL regimes, relevant for experimental applications. For a proton bunch in the linear regime the maximum available
longitudinal field [6] is:

2
N 0.6
E, =240 b
4 x 10! J\ o, (mm)

A specific implementation of the standard PIC schemes has been achieved in the code ALaDyn [55] to include the
beam-driven PWFA conditions, in order to ensure accuracy and efficiency. As a first application, some examples of QNL
regime formation on short time scale, in configurations with one-driver or three-driver beams, have been provided. A similar
approach holds when the driver is a proton beam; the condition for linearity 0 <1 is the same.

Labeling with (Xe, pe) and (Xp, pp) the positions and momenta for electrons (macroparticles) of the background plasma
and of the bunch, we can say that both species have the same equations of motion. Charge densities and currents are split
according to p = pp+ pPe, ] =Jp +Je. Each species satisfies the corresponding set of Maxwell equations with its proper charge
density and current. For initial conditions, represented by a beam freely moving in space at speed vg along the z axis with
a density po(x) in the comoving frame, the initial current distribution is Jop = voqp in the rest frame. The potentials fields
in rest frame satisfy the equations

1 92 ) 2 (b)
Pg-kvl ¢ =—wypop, Az = PodpAr L =0
0

The corresponding electric and magnetic fields immediately follow, and it is clear that the components of the fields or-
thogonal to the propagation direction are dominant and provide the leading contribution to the Lorentz force. The sources
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Fig. 3. (Color online.) Two-dimensional plot of the E, wakefield on the (z,x), y =0 plane. The position for optimal acceleration of an electron witness
bunch is at z~ 6.8 mm.
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Fig. 4. (Color online.) Lineout of the E,(z) field with superposed density of the proton driver, to document the forward shifted wake structure compared to
the case of electron driven wakefield.

and the fields evolve by pure advection on a short time-scale and on a long time-scale they are modified by the plasma
wakefield.

On the computational side, this scale separation entails stiffness and errors on numerical integration. The transverse
fields decay as 1/r and involve problems with the boundary condition. This problem was solved by separating fields and
sources for the beam into the advected part and a remainder [54].

Pb = pPob(z—Vot,X, ) +8pp  Jp =Job(z— vot,x, y) + b
Ep =Eoh(z — vot,x,y) +8Ey, By =Bop(z — vot, X, ¥) + 6By

the residual parts can be evolved separately or can be reabsorbed in the plasma field components. Symbols with the zero
subscript denote initial values.

The application of this strategy to the case when the proton beam acts as a driver does not imply any significant change.
In the specific case of AWAKE, where the plasma wavelength is 1.35 mm and the longitudinal bunch length is 0.1 mm,
choosing a grid spacing Az =10 pum should allow one to simulate the beam propagation for about 1 m using a moderate
size parallel architecture.

Here we shortly report on a preliminary numerical investigation of a proton-driven wakefield, following the computa-
tional design introduced previously (see Figs. 3-5).

We have considered a Gaussian proton beam with size 0, = 0.1 mm, ox = 0y =207, and density parameter p,/pe =0.3,
where (pe/e) = 1.0 x 10'> cm~—3 is the electron density of the background plasma. The driven wakefield is in the linear
regime, allowing us to check the resulting maximum values of the longitudinal E, accelerating field against the available
analytical formulas [56].

8. Conclusions

The space-charge effects in high intensity accelerators and plasma acceleration, driven by a charged beam or a laser
pulse, have a common theoretical framework: the Vlasov equation coupled self-consistently with the Poisson or the Maxwell
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Fig. 5. (Color online.) The E, wake field, documenting the focusing-defocusing action of the transverse electric field.

equation. We have presented a brief review of this theory starting from the variational principles, which are the natural
framework to discuss the conservation laws and develop approximation schemes, like the particle-in-cell (PIC) method. For
the space charge, the analytic KV theory applicable to a 2D beam and the general adiabatic theory applicable to a flat 1D
beam have been summarized. For these problems, the core PIC approximations are an efficient Poisson solver. In the elec-
tromagnetic case, the Maxwell-Vlasov equations have been presented in the same variational framework. We have sketched
how to obtain the conservation laws and how to formulate the PIC approximation schemes. The result is based on the
introduction of a finite basis for the potentials and on sampling the distribution function with shaped numerical particles.
The exact formulation of the balance equations and conservation laws for PIC schemes is still an open problem, but the
variational framework is appropriate to provide the right answers. Finally, the problem of electron accelerators in the wake
field of plasma waves excited by a charged driver has been considered and illustrated with a simulation, based on the code
ALaDyn, in conditions similar to the AWAKE experiment, where the driver is a proton beam. The possibility of achieving
fields of some GV/m in the linear regime is confirmed starting from short bunches (below 1 mm). Their generation via mod-
ulation instabilities, even though it has been suggested by simulations, is waiting to be experimentally confirmed. In spite
of the challenges which include the stability on several meters of the driver and the control of longitudinal and transverse
growth, the AWAKE project opens a new route for electron acceleration up to the TeV threshold. On the computational side,
the search for more efficient and reliable PIC approximation is continuing. It was shown that high-order schemes may have
an advantage in the description of a laser pulse, since they improve the dispersion relation and reduce the noise. A bet-
ter control on the numerical heating and on the conservation laws for charge, energy and momentum might be achieved,
within the theoretical framework we have presented. Improvement of the PIC algorithms and of the underlying hardware
might allow us to gain one order of magnitude in performances within the next few years, as required for planning and
interpreting new challenging experiments like AWAKE.

References

[1] T. Tajima, J.M. Dawson, Laser electron accelerator, Phys. Rev. Lett. 43 (July 1979) 267-270.
[2] P. Chen, J.M. Dawson, RW. Huff, T. Katsouleas, Acceleration of electrons by the interaction of a bunched electron beam with a plasma, Phys. Rev. Lett.
54 (Feb. 1985) 693-696.
[3] P. Chen, ].J. Su, ].M. Dawson, K.L.F. Bane, P.B. Wilson, Energy transfer in the plasma wake-field accelerator, Phys. Rev. Lett. 56 (Mar. 1986) 1252-1255.
[4] W.P. Leemans, B. Nagler, A]. Gonsalves, C. Téth, K. Nakamura, C.G.R. Geddes, E. Esarey, C.B. Schroeder, S.M. Hooker, GeV electron beams from a
centimetre-scale accelerator, Nat. Phys. 2 (October 2006) 696-699.
[5] L. Blumenfeld, C.E. Clayton, FJ. Decker, M.]. Hogan, C. Huang, et al., Energy doubling of 42 GeV electrons in a metre-scale plasma wakefield accelerator,
Nature 445 (2007) 741-744.
[6] A. Caldwell, K. Lotov, A. Pukhov, F. Simon, Proton-driven plasma-wakefield acceleration, Nat. Phys. 5 (May 2009) 363-367.
[7] LM. Kapchinskij, V.V. Vladimirskij, Limitations of proton beam current in a strong focusing linear accelerator associated with the beam space charge,
in: 2nd International Conference on High-Energy Accelerators, HEACC 59, 1959, pp. 274-287.
[8] M. Reiser, Theory and Design of Charged Particle Beams, Wiley Series in Beam Physics and Accelerator Technology, Wiley, 2008.
[9] EE. Low, A Lagrangian formulation of the Boltzmann-Vlasov equation for plasmas, Proc. R. Soc. Lond. Ser. A, Math. Phys. Sci. 248 (1253) (1958)
282-287.
[10] PJ. Morrison, Variational principle and stability of nonmonotonic Vlasov-Poisson equilibria, Z. Naturforsch. 42a (1987) 1115-1123.
[11] G. Turchetti, Mathematical models in beam dynamics, in: P. Cerrai, P. Freguglia, C. Pellegrini (Eds.), The Application of Mathematics to the Sciences of
Nature, Springer, 2002, pp. 117-136.
[12] A. Franchi, M. Comunian, A. Pisent, G. Turchetti, S. Rambaldi, et al., HALODYN: a 3D Poisson-Vlasov code to simulate the space charge effects in the
high intensity TRASCO linac, 2002.
[13] F. Bergamini, G. Franchetti, G. Turchetti, The micromaps description of a beam with space charge, Il Nuovo Cimento A 112 (5) (1999) 429-435.
[14] G. Franchetti, I. Hofmann, S. Machida, et al., Towards the description of long term self-consistent effects in space charge induced resonance trapping,
in: Proc. of ICAP 2006, 2-6 October 2006, Chamonix Mont-Blanc, France, 2006.


http://refhub.elsevier.com/S1631-0721(14)00142-9/bib54616A696D615F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4368656E5F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4368656E5F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4368656E5F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C65656D616E73s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C65656D616E73s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib426C756D656E66656C64s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib426C756D656E66656C64s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib43616C6477656C6C5F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4B61706368696E736B696As1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4B61706368696E736B696As1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526569736572s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F77s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F77s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4D6F727269736F6E5F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5475726368657474695F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5475726368657474695F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42657267616D696E69s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4672616E6368657474695F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4672616E6368657474695F32s1

A. Bazzani et al. / C. R. Mecanique 342 (2014) 647-661 661

[15] G. Franchetti, MicroMAP library, http://web-docs.gsi.de/~giuliano/micromap_manual/micromap_reference_manual.html.

[16] S. Rambaldi, G. Turchetti, C. Benedetti, F. Mattioli, A. Franchi, Accuracy analysis of a spectral Poisson solver, Proceedings of the Workshop on High
Intensity Beam Dynamics Coulomb05 Workshop on High Intensity Beam Dynamics, Nucl. Instrum. Methods A 561 (2) (2006) 223-229.

[17] G. Turchetti, Hamiltonian maps and normal forms for intense beams, Proceedings of the Workshop on High Intensity Beam Dynamics Coulomb05
Workshop on High Intensity Beam Dynamics, Nucl. Instrum. Methods A 561 (2) (2006) 151-157.

[18] J. Qiang, R.D. Ryne, I. Hofmann, Space-charge driven emittance growth in a 3D mismatched anisotropic beam, Phys. Rev. Lett. 92 (Apr. 2004) 174801.

[19] Y.Y. Yamaguchi, ]. Barré, F. Bouchet, T. Dauxois, S. Ruffo, Stability criteria of the Vlasov equation and quasi-stationary states of the HMF model, Phys. A,
Stat. Mech. Appl. 337 (1-2) (2004) 36-66.

[20] R. Bachelard, F. Staniscia, T. Dauxois, G. De Ninno, S. Ruffo, Stability of inhomogeneous states in mean-field models with an external potential, J. Stat.
Mech. Theory Exp. 2011 (03) (2011) P03022.

[21] V.I. Arnold, E. Khukhro, V.V. Kozlov, A.l. Neishtadt, Mathematical Aspects of Classical and Celestial Mechanics, Encyclopaedia of Mathematical Sciences,
Physica-Verlag, 2007.

[22] PJ. Morrison, Hamiltonian and Action principle formulations of plasma physics, Phys. Plasmas (1994-present) 12 (5) (2005).

[23] H. Ye, PJ. Morrison, Action principles for the Vlasov equation, Phys. Fluids, B Plasma Phys. (1989-1993) 4 (4) (1992) 771-777.

[24] AJ. Brizard, New variational principle for the Vlasov-Maxwell equations, Phys. Rev. Lett. 84 (Jun. 2000) 5768-5771.

[25] AJ. Brizard, A new Lagrangian formulation for laser-plasma interactions, Phys. Plasmas (1994-present) 5 (4) (1998) 1110-1117.

[26] A.B. Stamm, B.A. Shadwick, E.G. Evstatiev, Variational formulation of macro-particle models for electromagnetic plasma simulations, ArXiv e-prints,
October 2013.

[27] E.G. Evstatiev, B.A. Shadwick, Variational formulation of particle algorithms for kinetic plasma simulations, J. Comput. Phys. 245 (2013) 376-398.

[28] R.W. Hockney, J.W. Eastwood, Computer Simulation Using Particles, Taylor & Francis, 2010.

[29] J.W. Eastwood, The virtual particle electromagnetic particle-mesh method, Comput. Phys. Commun. 64 (2) (1991) 252-266.

[30] C. Benedetti, A. Sgattoni, G. Turchetti, P. Londrillo, ALaDyn: a high-accuracy PIC code for the Maxwell-Vlasov equations, IEEE Trans. Plasma Sci. 36 (4)
(Aug. 2008) 1790-1798.

[31] P. Londrillo, C. Benedetti, A. Sgattoni, G. Turchetti, Charge preserving high order PIC schemes, Coulomb’09 - lons Acceleration with High Power Lasers:
Physics and Applications, Nucl. Instrum. Methods A 620 (1) (2010) 28-35.

[32] E Rossi, P. Londrillo, A. Sgattoni, S. Sinigardi, G. Turchetti, Towards robust algorithms for current deposition and dynamic load-balancing in a GPU
particle in cell code, AIP Conf. Proc. 1507 (1) (2012) 184-192.

[33] EM. Lee, B.A. Shadwick, Modeling asymmetric beams using higher-order phase-space moments, AIP Conf. Proc. 1507 (1) (2012) 393-398.

[34] B.A. Shadwick, G.M. Tarkenton, E. Esarey, EM. Lee, Hamiltonian reductions for modeling relativistic laser-plasma interactions, Commun. Nonlinear Sci.
Numer. Simul. 17 (5) (2012) 2153-2160, Special Issue: Mathematical Structure of Fluids and Plasmas, Dedicated to the 60th birthday of Phil Morrison.

[35] A. Caldwell, E. Gschwendtner, K. Lotov, P. Muggli, M. Wing, AWAKE design report: a proton-driven PlasmaWakeField Acceleration experiment at CERN,
Technical Report CERN-SPSC-2013-013, SPSC-TDR-003, CERN, Geneva, Apr. 2013.

[36] K.V. Lotov, Simulation of proton driven plasma wakefield acceleration, Phys. Rev. Spec. Top., Accel. Beams 13 (Apr. 2010) 041301.

[37] N. Kumar, A. Pukhov, K. Lotov, Self-modulation instability of a long proton bunch in plasmas, Phys. Rev. Lett. 104 (Jun. 2010) 255003.

[38] A. Caldwell, K. Lotov, A. Pukhov, G. Xia, Plasma wakefield excitation with a 24 GeV proton beam, Plasma Phys. Control. Fusion 53 (1) (2011) 014003.

[39] R. Assmann, M. Giovannozzi, Y. Papaphilippou, F. Zimmermann, A. Caldwell, G. Xia, Generation of short proton bunches in the CERN accelerator
complex, CERN-ATS-2009-050, 4 p., Sep. 2009.

[40] E. Gschwendtner, C. Bracco, B. Goddard, M. Meddahi, A. Pardons, E. Shaposhnikova, H. Timko, F. Velotti, H. Vincke, Feasibility study of the AWAKE
facility at CERN, CERN-ACC-2013-0275, 4 p., May 2013.

[41] C. Bracco, J. Bauche, D. Brethoux, V. Clerc, B. Goddard, E. Gschwendtner, LK. Jensen, A. Kosmicki, G. Le Godec, M. Meddahi, P. Muggli, C. Mutin, O.
Osborne, K. Papastergiou, A. Pardons, FM. Velotti, H. Vincke, Beam transfer line design for a plasma wakefield acceleration experiment AWAKE at the
CERN SPS, Technical Report CERN-ACC-2013-0087, CERN, Geneva, Jul. 2013.

[42] H. Timko, T. Argyropoulos, H. Bartosik, T. Bohl, J. Miiller, E. Shaposhnikova, A. Petrenko, Short high-intensity bunches for plasma wakefield experiment
AWAKE in the CERN SPS, Technical Report CERN-ACC-2013-0208, CERN, Geneva, May 2013.

[43] J.M. Dawson, Nonlinear electron oscillations in a cold plasma, Phys. Rev. 113 (Jan. 1959) 383-387.

[44] K.V. Lotov, Controlled self-modulation of high energy beams in a plasma, Phys. Plasmas (1994-present) 18 (2) (2011).

[45] A. Pukhov, N. Kumar, T. Tiickmantel, A. Upadhyay, K. Lotov, P. Muggli, V. Khudik, C. Siemon, G. Shvets, Phase velocity and particle injection in a
self-modulated proton-driven plasma wakefield accelerator, Phys. Rev. Lett. 107 (Sep. 2011) 145003.

[46] C.B. Schroeder, C. Benedetti, E. Esarey, FJ. Griiner, W.P. Leemans, Growth and phase velocity of self-modulated beam-driven plasma waves, Phys. Rev.
Lett. 107 (Sep. 2011) 145002.

[47] D.H. Whittum, W.M. Sharp, S.S. Yu, M. Lampe, G. Joyce, Electron-hose instability in the ion-focused regime, Phys. Rev. Lett. 67 (Aug. 1991) 991-994.

[48] K.V. Lotov, Optimum angle for side injection of electrons into linear plasma wakefields, J. Plasma Phys. 78 (2012) 455-459.

[49] AWAKE Collaboration, http://awake.web.cern.ch/awake/physics.html.

[50] J.B. Rosenzweig, B. Breizman, T. Katsouleas, J.J. Su, Acceleration and focusing of electrons in two-dimensional nonlinear plasma wake fields, Phys. Rev.
A 44 (Nov. 1991) R6189-R6192.

[51] J.B. Rosenzweig, N. Barov, M.C. Thompson, R.B. Yoder, Energy loss of a high charge bunched electron beam in plasma: simulations, scaling, and accel-
erating wakefields, Phys. Rev. Spec. Top., Accel. Beams 7 (Jun. 2004) 061302.

[52] W. Lu, C. Huang, M.M. Zhou, W.B. Mori, T. Katsouleas, Limits of linear plasma wakefield theory for electron or positron beams, Phys. Plasmas (1994~
present) 12 (6) (2005).

[53] ]J.B. Rosenzweig, G. Andonian, M. Ferrario, P. Muggli, O. Williams, V. Yakimenko, K. Xuan, Plasma wakefields in the quasi-nonlinear regime, AIP Conf.
Proc. 1299 (1) (2010) 500-504.

[54] ].B. Rosenzweig, G. Andonian, S. Barber, M. Ferrario, P. Muggli, B. O’Shea, Y. Sakai, A. Valloni, O. Williams, Y. Xi, V. Yakimenko, Plasma wakefields in the
quasi-nonlinear regime: experiments at ATF, AIP Conf. Proc. 1507 (1) (2012) 612-617.

[55] P. Londrillo, C. Gatti, M. Ferrario, Numerical investigation of beam-driven PWFA in quasi-nonlinear regime, Proceedings of the First European Advanced
Accelerator Concepts Workshop 2013, Nucl. Instrum. Methods A 740 (2014) 236-241.

[56] C. Joshi, B. Blue, C.E. Clayton, E. Dodd, C. Huang, K.A. Marsh, W.B. Mori, S. Wang, MJ. Hogan, C. O’Connell, R. Siemann, D. Watz, P. Muggli, T. Katsouleas,
S. Lee, High energy density plasma science with an ultrarelativistic electron beam, Phys. Plasmas (1994-present) 9 (5) (2002) 1845-1855.


http://web-docs.gsi.de/~giuliano/micromap_manual/micromap_reference_manual.html
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib52616D62616C6469s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib52616D62616C6469s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5475726368657474695F34s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5475726368657474695F34s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5169616E67s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib59616D616775636869s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib59616D616775636869s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42616368656C617264s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42616368656C617264s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib41726E6F6C64s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib41726E6F6C64s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4D6F727269736F6E5F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5965s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4272697A6172645F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4272697A6172645F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib457673746174696576s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib486F636B6E6579s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib45617374776F6F64s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42656E6564657474695F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42656E6564657474695F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F6E6472696C6C6F5F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F6E6472696C6C6F5F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F737369s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F737369s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6565s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib536861647769636Bs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib536861647769636Bs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib43616C6477656C6C5F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib43616C6477656C6C5F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F746F765F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4B756D6172s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib43616C6477656C6C5F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42726163636Fs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42726163636Fs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib42726163636Fs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib54696D6B6Fs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib54696D6B6Fs1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib446177736F6Es1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F746F765F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib50756B686F765F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib50756B686F765F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib536368726F656465725F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib536368726F656465725F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib5768697474756Ds1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F746F765F33s1
http://awake.web.cern.ch/awake/physics.html
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C755F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C755F31s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F34s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib526F73656E7A776569675F34s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F6E6472696C6C6F5F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4C6F6E6472696C6C6F5F33s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4A6F7368695F32s1
http://refhub.elsevier.com/S1631-0721(14)00142-9/bib4A6F7368695F32s1

	Case studies in space charge and plasma acceleration of charged beams
	1 Introduction
	2 The Poisson-Vlasov equation
	2.1 Variational formulation

	3 Space-charge effects for a 2D beam
	4 Adiabatic invariance for a ﬂat 1D beam
	5 The Maxwell-Vlasov equations
	6 Particle in cell approximation schemes
	6.1 Standard particle in cell formulation

	7 Beam plasma acceleration
	7.1 PIC simulations

	8 Conclusions
	References


