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Iéijgv:ggsﬁows and nanoparticles concentration are tackled numerically using a semi-discretisation finite-
Nanofluids difference method together with a Runge-Kutta-Fehlberg integration scheme. Numerical
Variable viscosity results for velocity, temperature, and nanoparticles concentration profiles are obtained and
Entropy generation utilised to compute the skin friction, the Nusselt number, the entropy generation rate, the
Bejan number irreversibility ratio, and the Bejan number. Pertinent results are displayed graphically and

discussed quantitatively.
© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Heat-transfer enhancement in engineering and industrial systems is one of the hottest topics in research today. With
the growing demand for efficient cooling systems, more effective coolants are required to keep the temperature of heat-
generating engines and engineering devices such as electronic components below safe limits. In recent time, the use of
nanofluids has provided an innovative technique to enhance heat transfer. Nanotechnology has been widely used in en-
gineering and industry, since nanometer-sized materials possess unique physical and chemical properties. The addition of
nanoscale particles into the conventional fluids like water, engine oil, ethylene glycol, etc., is known as nanofluid and was
firstly introduced by Choi [1]. Moreover, the effective thermal conductivity of conventional fluids increases remarkably with
the addition of metallic nanoparticles with high thermal conductivity. Nanofluids may be considered as single phase flows in
low solid concentration because of very small sized solid particles. There are many experimental and theoretical studies on
the flow of nanofluids in different geometries [2-9]. A numerical study of buoyancy-driven flow and heat transfer of an alu-
mina (Al,03)-water-based nanofluid in a rectangular cavity was done by Hwang et al. [10]. The nanofluid in the enclosure
was assumed to be in a single phase. It was found that for any given Grashof number, the average Nusselt number increased
with the solid volume concentration parameter. Nield and Kuznetsov [11] investigated numerically the Cheng-Minkowycz
problem for a natural convective boundary-layer flow in a porous medium saturated by a nanofluid. Oztop and Abu-Nada
[12] considered natural convection in partially heated enclosures having different aspect ratios and filled with a nanofluid.
They found that the heat transfer was more pronounced at low aspect ratios and high volume fractions of nanoparticles.
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Fig. 1. (Colour online.) Schematic diagram of the problem under consideration.

Ibrahim and Makinde [13] studied the effect of double stratification on the boundary-layer flow and the heat transfer of
nanofluid over a vertical plate. The buoyancy effects on the stagnation point flow and heat transfer of a nanofluid past a
convectively heated stretching/shrinking sheet with or without magnetic field were considered by Makinde et al. [14]| and
Makinde [15]. Wang and Mujumdar [16] presented a comprehensive review of heat transfer characteristics of nanofluids.
Detailed reports on convective transport in nanofluids can be found in Buongiorno [17], Mutuku-Njane and Makinde [18],
Tiwari and Das [19], etc.

Meanwhile, in the nanofluids flows, the improvement of the heat transfer properties causes a reduction in entropy
generation. The foundation of knowledge of entropy production goes back to Clausius and Kelvin’s studies on the irreversible
aspects of the second law of thermodynamics. Since then the theories based on these foundations have rapidly developed,
see Bejan [20,21]. However, the entropy production resulting from heat and mass transfer coupled with viscous dissipation
in nanofluids has remained untreated by classical thermodynamics, which motivates many researchers to conduct analyses
of fundamental and applied engineering problems based on second law analysis with respect to nanofluid. Based on the
concept of efficient energy use and the minimal entropy generation principle, optimal designs of thermodynamic systems
have been widely proposed base on the second law of thermodynamics [22]. It is possible to improve the efficiency and
overall performance of all kinds of flows and thermal systems through entropy minimisation techniques. The analysis of
energy utilisation and entropy generation has become one of the primary objectives in designing a thermal system. This has
become the main concern in many fields such as heat exchangers, turbo machinery, electronic cooling, porous media and
combustion. Several studies have thoroughly dealt with conventional fluid flow irreversibility due to viscous effect and heat
transfer by conduction [23-26]. Makinde et al. [27] performed numerous investigations to calculate entropy production and
irreversibility due to flow and heat transfer of nanofluids over a moving flat surface. They found that the entropy generation
in the flow system can be minimised by appropriate combination of parameter values together with nanoparticles volume
fraction.

In the present study, we analyse the combined effects of thermophoresis, Brownian motion, and variable viscosity on
the entropy generation rate in an unsteady channel flow of water-based nanofluid under the influence of convective heat
exchange with the ambient surroundings. Such flows are very important in engine cooling, solar water heating, cooling of
electronics, cooling of transformer oil, improving diesel generator efficiency, cooling of heat exchanging devices, improving
heat-transfer efficiency of chillers, domestic refrigerator and freezers, cooling in machining and in nuclear reactor. In the
following sections, the problem is formulated, numerically analysed, and solved. Pertinent results are displayed graphically
and discussed.

2. Mathematical model

Consider the unsteady flow of an incompressible variable viscosity nanofluid in a channel between two parallel plates
under the combined action of a constant pressure gradient and convective heat exchange with the ambient surrounding. It
is assumed that the channel width is 2a and the flow is symmetrical with no slip at the walls as depicted in Fig. 1.
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u=0, —ki— =h(T —T,)
ay

Using the Buongiorno nanofluid model [17] with the Brownian motion, thermophoresis and nanoparticle volume fraction
distributions, the governing equations for continuity, momentum, energy and nanoparticle concentration are:
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9 oP 9 9
pf_l—l=——+—<ﬂf(T)_u) 2)



40 M.H. Mkwizu, 0.D. Makinde / C. R. Mecanique 343 (2015) 38-56

oT 32T 3T8 Dy [T o (T) [ 9\ >
ar e ¢+ T + te(T) (du (3)
ay dy 3y ke ay
= UB —~

ot 4% 3y2
3T
ot dy? ( ><8y ) @
where Dp and Dt are the Brownian and thermophoretic diffusion coefficients respectively, u is the nanofluid velocity in the
x-direction, T is the temperature of the nanofluid, P is the nanofluid pressure, t is the time, T, is the ambient temperature,
which also correspond to the nanofluid initial temperature, ¢ is the concentration of nanoparticles, pf is the density of
the nanofluid, wuf is the viscosity of the fluid fraction, oy is the thermal diffusivity of the nanofluid, k¢ is the thermal

conductivity of the fluid fraction and 7 is the ratio of the heat capacitance of solid particles to that of the nanofluid. The
dynamic viscosity of the nanofluid is assumed to be temperature dependent, as follows:

() = proe” =1 (5)

where ¢ is the nanofluid viscosity at the ambient temperature T,, m is a viscosity variation parameter, which depends on
the particular fluid. The initial and boundary conditions are given as follows:
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where h is the heat transfer coefficient and ¢ is the nanopartlcles initial concentration. We introduce the non-dimensionless
variables and parameters as follows:
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The dimensionless governing equations together with the appropriate initial and boundary conditions can be written as:
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where Nb is the Brownian motion parameter, Bi is the Biot number, Nt is the thermophoresis parameter, Sc is the Schmidt
number, Pr is the Prandtl number, Ec is the Eckert number and A is the pressure gradient parameter. The quantities of
practical interest in this study are the skin friction coefficient Cf and the local Nusselt number Nu, which are defined as
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where 1, is the wall shear stress and qy, is the heat flux at the channel walls given by
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Substituting Eqgs. (17) into (16), we obtain:
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3. Entropy analysis

In the nanofluids flows, the improvement of the heat transfer properties causes a reduction in entropy generation. How-
ever, a convection process involving a channel flow of nanofluids is inherently irreversible. The non-equilibrium conditions
due to the exchange of energy and momentum, within the nanofluid and at solid boundaries, cause continuous entropy
generation [20,21]. One part of this entropy production results from heat transfer in the direction of finite temperature
gradients, while another part arises due to the fluid friction, nanoparticle concentration and complex interaction between
the base fluid and the nanoparticles. According to Woods [22], the local volumetric rate of entropy generation is given by:
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The first term in Eq. (19) is the irreversibility due to heat transfer; the second term is the entropy generation due to viscous
dissipation, while the third and the fourth terms are the local entropy generation due to mass transfer of the nanoparticles
and their complex interaction with the base fluid. Using Eq. (9), we express the entropy generation number in dimensionless
form as

a?s”  [36\° IEVAY 9H\* 9H 96
Ns = =(—) +Bre — ) +A— ) +—— (20)
ke an an an an an
where Br = EcPr is the Brinkmann number, A = ¢oDp/ks is the nanoparticles mass transfer parameter. Let
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The irreversibility distribution ratio is defined as @ = N;/(N; + N3). Heat and nanoparticles mass transfer irreversibility
dominates for 0 < @ < 1 and fluid friction irreversibility dominates when & > 1. The contributions of both irreversibilities
to entropy generation are equal when @ = 1. We define the Bejan numbers (Be) mathematically as
N1+ N 1
_M 3 _ (22)
Ns 14+

From Eq. (22), it is very obvious that the Bejan number ranges from O to 1. The zero value of the Bejan number corresponds
to the limit where the irreversibility is dominated by the effect of fluid friction, while Be =1 is the limit where the irre-
versibility due to heat and nanoparticles mass transfer dominates the flow system. Heat and mass transfer, together with
fluid friction irreversibilities, are the same when the Bejan number equals 0.5.

Be

4. Numerical procedure

Eqs. (10)-(15) constitute a system of nonlinear initial boundary value problems (IBVPs) and are solved numerically
using a semi-discretisation finite-difference method known as method of lines. A partition of the spatial interval 0 <n <1
into N equal parts is introduced such that the grid size An =1/N and grid points n; = (i — 1)An, 1 <i < N + 1. The
semi-discretisation finite difference technique known as method of line [28] is employed to tackle the model nonlinear
initial boundary value problem in (10)-(15). The discretisation is based on a linear Cartesian mesh and a uniform grid
on which finite differences are taken. The first and second spatial derivatives in Eqs. (10)-(12) are approximated with
second-order central finite differences. Let W;(t), 6;(t) and H;(t) be approximation of W (n;,t), 6(n;,t) and H(n;,t), then
the semi-discrete system for the problem becomes

dw; Wig1 —2Wi+ W)
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Fig. 2. (Colour online.) Velocity profiles across the channel with increasing time.
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with initial conditions

Wi(0) =6;(0) =0, Hi(0)=1, 1<i<N+1 (26)

The equations corresponding to the first and last grid points are modified to incorporate the boundary conditions, as
follows:

Wy =Wy, 0, =01, Hy = Hq, Wn1 =0

(ON+1 —ON) (27)
Nb

There is only one independent variable in Eqs. (23)-(26), so they are first-order ordinary differential equations with known
initial conditions. The resulting initial value problem can be easily solved iteratively using the Runge-Kutta-Fehlberg integra-
tion technique [28] implemented on computer using Matlab. From the process of numerical computation, the skin-friction
coefficient and the Nusselt number in Eq. (18) are also worked out and their numerical values are presented.

On+1 =06n(1 — BiAn), HNny1=HN — Nt

5. Results and discussion

Numerical solution for the representative velocity field, temperature field, nanoparticles concentration, skin friction, Nus-
selt number, entropy generation rate and Bejan number have been carried out by assigning some arbitrary chosen specific
values to various thermophysical parameters controlling the flow system (see Figs. 2-35). Following Hwang et al. [10], the
Prandtl number (Pr) of the pure water-based nanofluid under consideration is assigned the value 6.2.

5.1. Effects of parameter variations on velocity profiles

Figs. 2-6 depict the effects of various physical parameters on the nanofluid velocity profiles. Generally, the velocity profile
is maximum along the channel centreline and minimum at the walls. This can be attributed to the strong boundary layer
effects at the walls due to the nanofluid viscosity and the impose no-slip condition at the walls. It can be noted in Figs. 2-3
that as time t increases, the velocity increases across the channel until it attains a steady-state profile for a given set of
parameter values. Fig. 4 shows that the nanofluid velocity profile decreases with increasing convective cooling at the walls
as the Biot number Bi increases. This may be attributed to an increase of the rate of heat loss at the channel walls, leading
to an increase in the nanofluid thickness and a decrease in the flow speed. In Fig. 5, we observed that the velocity of the
nanofluid increases with a decrease in viscosity due to a temperature increase. This is expected, since, as B increases, the
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Fig. 3. (Colour online.) Velocity profiles across the channel with increasing time.
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Fig. 7. (Colour online.) Temperature profiles with increasing time.

fluid’s viscosity decreases due a temperature rise; consequently, the fluid becomes lighter and flow faster. A similar trend
is observed in Fig. 6, with an increase of the Eckert number Ec due to viscous dissipation. The nanofluid kinetic energy
increases with viscous heating; this invariably leads to a decrease in the fluid viscosity and an increase in the velocity
profile.

5.2. Effects of parameter variations on temperature profiles

Figs. 7-11 illustrate the effects of unsteadiness and parameter variation on the temperature profiles. In Figs. 7-8, we
observed the nanofluid temperature increases across the channel with time and space. However, the temperature tends to
be lower within the channel centreline region. Fig. 9 shows that the fluid temperature decreases across the channel with
increasing convective cooling due to increasing heat loss toward the ambient surrounding from the walls. As B increases, the
nanofluid viscosity decreases; consequently, the kinetic energy of nanoparticles increase and a rise in nanofluid temperature
is observed, as shown in Fig. 10. A similar trend is noticed with increasing Ec in Fig. 11: the temperature of the nanofluid
increases due to an increase in the viscous heating effect.

5.3. Effects of parameter variations on nanoparticles concentration

Figs. 12-18 depict the effects of various physical parameters on the nanoparticles concentration profile. It is observed that
the concentration of nanoparticles increases along the channel centreline region 0 < 7 < 0.5 and decreases near the walls
as time increases, as shown in Figs. 12-13. Fig. 14 shows that nanoparticle concentration decreases within the centreline
region, whereas it increases near the walls as Bi increases. This may be attributed to the fact that the kinetic energy of
the nanoparticles increases towards the wall with a rise in convective heat loss to the ambient. In Figs. 15-16, a rise in
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Fig. 11. (Colour online.) Temperature profiles with increasing Ec.
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Fig. 12. (Colour online.) Nanoparticle distribution with increasing time.
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Fig. 13. (Colour online.) Nanoparticle distribution with increasing time.
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Fig. 18. (Colour online.) Nanoparticle distribution with increasing Nb.

nanoparticles concentration towards the channel centreline region is observed, with an increase in 8 and Ec. Interestingly,
as B and Ec increase, the viscosity of the nanofluid decreases while the temperature and velocity increase towards the
channel centreline; consequently, nanoparticle concentration increases along the centreline region and decreases near the
walls. A similar trend is observed in Fig. 17, with an increasing thermophoresis effect Nt due to the temperature gradient,
leading to an increase in nanoparticle concentration towards the channel centreline region. Moreover, an increasing motion
of particles (Brownian motion Nb) in a fluid, as shown in Fig. 18, may cause a decrease in nanoparticle concentration within
the centreline region and an increase near the walls.

5.4. Effects of parameter variations on skin friction and the Nusselt number

Table 1 shows the effect of parameter variation on skin friction. It can be seen that skin friction at the channel walls
increases with time and when increasing the values of Bi, 8, Nb, and A. This may be attributed to a rise in the velocity
gradient at the walls due to combined effects of convective cooling, viscosity variation, Brownian motion and pressure
gradient. Meanwhile, a decrease in skin friction is observed with increasing parameter values of Ec and Nt. In Fig. 19, we
observed a rise in the heat flux at the walls with time and when increasing the values of Ec, Bi, and . It is evidenced that
a decrease in fluid viscosity, coupled with the combined increase in viscous heating and convective cooling, increases the
temperature gradient at the channel walls; consequently, the Nusselt number increases.



M.H. Mkwizu, 0.D. Makinde / C. R. Mecanique 343 (2015) 38-56 49

Nt=0.1, Nb = 0.1
A=1,Sc=1,Pr=6.2

] Bi=1,2,3
1eeeee- B=03,06,1
0000 Ec=10.1, 0.3, 0.6

154

Nu
l -
0.5
0-
0 1 2 3 4 5
{
Fig. 19. (Colour online.) Nusselt number profiles.
Table 1
Computation showing the skin friction Pr=6.2, Sc=1.
T Bi B Ec Nt Nb A Ct
1.0 1.0 0.1 0.1 0.1 0.1 1.0 1.087385958
3.0 1.0 0.1 0.1 0.1 0.1 1.0 1.097675134
5.0 1.0 0.1 0.1 0.1 0.1 1.0 1109142224
3.0 3.0 0.1 0.1 0.1 0.1 1.0 1113883200
3.0 5.0 0.1 0.1 0.1 0.1 1.0 1120076893
3.0 1.0 0.5 0.1 0.1 0.1 1.0 1656399435
3.0 1.0 1.0 0.1 0.1 0.1 1.0 2.854667188
3.0 1.0 0.1 0.5 0.1 0.1 1.0 1.070051922
3.0 1.0 0.1 1.0 0.1 0.1 1.0 1032125297
3.0 1.0 0.1 0.1 0.3 0.1 1.0 1.083224047
3.0 1.0 0.1 0.1 0.5 0.1 1.0 1.068774187
3.0 1.0 0.1 0.1 0.1 0.3 1.0 1.102492475
3.0 1.0 0.1 0.1 0.1 0.5 1.0 1103455943
3.0 1.0 0.1 0.1 0.1 0.1 2.0 1192432794
3.0 1.0 0.1 0.1 0.1 0.1 3.0 1.282885825

5.5. Effects of parameter variations on the entropy generation rate

Figs. 20-26 illustrate the effect of parameter variation on the entropy generation rate across the channel. From
Figs. 20-21, it can be seen that the entropy generation rate increases with time and is minimum along the channel centre-
line and maximum at the walls. This may be attributed to the fact that entropy production depends on velocity, temperature
and nanoparticle concentration gradients, which vanish along the channel centreline, leading to a minimum entropy gen-
eration within this region. Moreover, an increase in the Biot number decreases entropy generation within the channel, but
increases entropy generation at the walls, as shown in Fig. 22. In Figs. 23-24, we observe a general increase in entropy pro-
duction across the channel with increasing viscous heating and a decrease in nanofluid viscosity. A similar trend is observed
in Fig. 25 with increasing entropy production as the pressure gradient increases. This is because mixtures of nanoparticles
in the fluid with different responses to the pressure gradient increase the velocity gradient; consequently, the entropy gen-
eration rate increases. Fig. 26 shows that an increase in the thermophoresis effect due to temperature gradient increases the
entropy generation rate within the channel and at the walls.

5.6. Effects of parameter variations on the Bejan number

The variation in the Bejan number with time and the transverse distance is shown in Figs. 27-35 for different parameters.
In Figs. 27-28, one can observe that the Bejan number increases with time within the channel and at the walls. Moreover,
a maximum value of the Bejan number is noticed along the channel centreline region as compared to the walls. Clearly,
increasing the Bejan number provokes a rise in the dominant effects of heat transfer and an irreversibility of the mass
transfer of the nanoparticles along the centreline region and at the walls. It is noteworthy that a region very close to the
walls exists where the Bejan number is zero and the irreversibility is dominated by the fluid friction. Fig. 29 shows that
the Bejan number decreases along the centreline region and increases near the walls, with a rise in convective cooling;
consequently, the dominant effect of fluid friction irreversibility increases along the centreline region, while the heat and
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Fig. 22. (Colour online.) Entropy generation with increasing Bi.
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Fig. 30. (Colour online.) Bejan number with increasing f.

mass transfer irreversibilities effect dominates along the walls. In Figs. 30-34, we observed that the Bejan number increases
along the centreline region and at the walls with an increase in the parameter values of 8, Ec, A, Nt, and A. This implies
that a decrease in nanofluid viscosity coupled with a combined increase in viscous heating, thermophoresis, and pressure
gradient may enhance the dominant effect of heat and mass transfer irreversibilities along the centreline region and at the
walls. As the Brownian motion parameter Nb increases, the dominant effects of fluid friction irreversibility are enhanced
both along the channel centreline region and at the walls, as illustrated in Fig. 35.

6. Conclusions

The flow structure, heat transfer and entropy generation in an unsteady channel flow of a variable viscosity water-based
nanofluid with convective heat exchange with the ambient atmosphere at the walls are numerically investigated. Using a
semi-discretisation finite-difference method together with a Runge-Kutta-Fehlberg integration scheme, the model nonlinear
initial boundary value problem is tackled. Some of the results obtained can be summarised as follows:

e the nanofluid’s velocity and temperature profiles increase with increasing t, 8, Ec, but decreases with increasing Bi;

e nanoparticle concentration increases along the centreline region and decreases near the walls, with an increase in t, 8,
Ec, Nt. However, an increase in Bi or Nb causes a decrease in nanoparticle concentration along the centreline region,
whereas the concentration increases near the walls;

e the skin friction increases with t, 8, Ec, Nt and A, but decreases with Ec and Nt. The Nusselt number increases with t,
Ec, Bi and B;
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Fig. 33. (Colour online.) Bejan number with increasing Nt.
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Fig. 35. (Colour online.) Bejan number with increasing Nb.

e the entropy generation rate generally increases with ¢, Ec, 8, A, Nt. A Bi increase increases entropy generation at the
walls, but decreases entropy generation within the channel;

e the Bejan number within the centreline region and at the walls increases with t, Ec, 8, A, Nt and A; consequently, the
dominant effects of heat transfer and nanoparticle mass transfer irreversibilities increase.

Finally, from the above, we conclude that with careful combination of parameter values, the entropy production within
the channel flow of a variable-viscosity water-based nanofluid in the presence of convective cooling can be minimised.
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