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distributions are derived using a thermodynamic approach, thus providing closed-form
solutions. Nanocantilevers and fully campled nanobeams are considered to investigate the

ﬁiﬁvg;re?r'm size-dependent static behavior of the proposed model in terms of torsional rotations and
Size effects moments. The results are thus compared to those of the Eringen model, gradient elasticity
Nonlocal thermodynamics theory and classical (local) model.

Nonlocal torsion © 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Analytical solutions

1. Introduction

Micro- and nano-elements are particular structures whose characteristic size (thickness, diameter, etc.) is in the order
of the micron and the sub-micron. These elements are widely used (see, e.g., Kahrobaiyan et al. [1], Li et al. [2], Tajalli et
al. [3]) and it is well known that they are size dependent, see, e.g., Fleck et al. [4], Lam et al. [5], McFarland and Colton [6].
In particular, a size-dependent torsional behavior has been observed in [4] during micro-torsion tests on thin copper wires.

Nanobeams subjected to torsional loading conditions and/or prescribed torsional displacements are widely used in many
kinds of micro- and nano-electromechanical systems (MEMS and NEMS) such as torsional microscanners (Arslan et al. [7]),
torsional micromirrors (Huang et al. [8], Zhang et al. [9]), micro-gyroscopes (Maenaka et al. [10]) and torsional springs in
NEMS oscillators (Papadakis et al. [11]).

Hence, the accurate modeling of torsion of nanobeams seems to be crucial in order to study the mechanical behavior of
such systems.

The small-length scales involved in nanotechnology applications, such as the development of small actuators, are required
to account for the effects of interatomic and intermolecular forces, commonly named size-dependent behavior (Arash and
Wang [12], Rafiee and Moghadam [13], Marotti de Sciarra and Barretta [14]). Since classical continuum mechanics is inca-
pable of capturing the size effect, some nonclassical continuum theories such as the nonlocal (Eringen [15,16], Barretta and
Marotti de Sciarra [17], Canadija et al. [18], Marotti de Sciarra [19]), strain gradient (Aifantis [20,21], Peerlings et al. [22],
Marotti de Sciarra [23], Askes and Aifantis [24], Pardoen and Massart [25], Xu et al. [26]) and couple stress (Lam et al. [5],
Yang et al. [27], Asghari et al. [28]) theories have been introduced to investigate nanostructures.

In particular, some material parameters are considered in nonlocal models, in addition to the classical elastic constants in
order to capture the size-dependent behavior. To determine the length-scale parameter for a specific material, some typical
experiments such as micro-bend test, micro-torsion test and, recently, micro/nano indentation tests can be carried out (Fleck
et al. [4], Paliwal et al. [29], Brcic et al. [30], Song et al. [31]).
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In this paper, a new constitutive model of torsion of nanobeams is formulated based on the nonlocal model of Eringen
[15,16] and on the elasticity gradient theory (Aifantis [21], Xu et al. [26], Ru and Aifantis [32], Tenek and Aifantis [33]).

The proposed model (FTGEM) can be considered as a first-order gradient version of torsion based on Eringen nonlocal
theory characterized by two length-scale parameters corresponding to the nonlocal behavior associated with the classical
Eringen model (TEM) and with the gradient one (TGM).

Nonlocal thermodynamics is utilized to obtain the variational formulation of the new nonlocal model. Then the governing
differential equation of nonlocal torsion with classical and non-classical boundary conditions are derived in a straigthforward
manner. As special cases the known nonlocal torsional theories based on the Eringen model (TEM) and on the gradient
elasticity model (TGM) are recovered. As case studies, the exact solutions of nanocantilevers and fully clamped nanobeams
modeled by the FTGEM are presented and the results are compared with those of the TEM, TGM and classical (local) theory.

2. Preliminaries

Let us consider a straight homogeneous isotropic nanobeam of length L occupying a domain B of the Euclidean space
and let Q be a two-dimensional domain representing the circular cross-section of the nanobeam. The x-axis is taken along
the length of the nanobeam and is orthogonal to the plane of the cross-section containing the axes y and z.

The components of the displacement field for the torsion of the nanobeam are expressed as

sx(x,¥)=0, Sy (X, y)=-9(X)z, SzXY)=90®y (1)

where sy, sy and s, denote the displacements along the axes (x, y,z) and ¢ stands for the twist angle.
Cartesian components of shear strain vector y, position vector r and 7 /2 counterclockwise rotation R are respectively
given by

r=[] 2] w0 ] @

Denoting by the apex o™ the n-derivative along the nanobeam’s axis, the kinematically compatible deformation field is
provided by the formulae
ex=€y=6 =Y,y =0, y=Rrp® (3)

Note that the vector Rr=[—z, y]' provides the 7 /2 counterclockwise rotated of r.
Moreover, the circular cross-sectional area A and the polar moment of area | are given by

(A,J)=/Q(1,l‘-l‘)dA (4)

where the symbol - denotes the single (or double) index saturation.

The first law of thermodynamics for isothermal processes and for a nonlocal behavior can be formulated in a global
form, while the second principle is expressed in its usual local form (see, e.g., [34-36]) so that the vanishing of the body
energy dissipation for the considered nonlocal elastic model can be expressed as follows:

/Br;"dV:/B\ﬁdV (5)

where i denotes the Helmholtz free energy of the nanobeam and 7 = (ryx, ‘L'ZX) is the nonlocal shear stress vector. The
superscript dot denotes differentiation with respect to time.

In order to derive a nonlocal model of torsion, a suitable definition of the free energy is given in the next section, so
that the related nonlocal variational form can be provided and the corresponding differential equations with the required
boundary conditions can then be consistently derived.

3. Eringen model

Let us preliminarily discuss the formulation of the elastic equilibrium of a nanobeam under torsion (TEM) with the
following constitutive behavior according to the Eringen model [15,16]:

T -c2t?P =Gy (6)

with ¢ = egl, being [ a length-scale parameter and ep a material constant, and G the shear modulus. Performing the inner
product of Eq. (6) by Rr and integrating on the cross-section €2, we get:

/r-erA—czfr(z)-erA:/Gy-erA (7)
Q Q Q
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Introducing the classical shear stress 7o and the stress resultant moments (M, My¢) given by
70=Gy =GoDRr

(M¢, Mot) = f (T -Rr, 7o -Rr)dA (8)
Q

and recalling the differential equilibrium equation Mg” = —my¢, being m; the distributed torque-per-unit-length about the
x-axis, we get the relation

M, = —c*m{" + Moy (9)
The expression of the torsional curvature takes then the form

M sz(l)

19(1) _ 1t + t (10)
G G
M, ) 2.1

Setting 9§, = — and ¥gg = ——, Eq. (10) can be interpreted as an additive decomposition formula of the torsional
ER G] G]

curvature in an elastic and inelastic (imposed) part.

Accordingly, the torsional rotation field in Eringen’s model can be obtained by considering an equivalent classical (lo-
cal) nanobeam, having the same kinematic constraints, loading conditions and local elastic parameters as the nonlocal
nanobeam, which is subjected to a prescribed torsional curvature dgg describing nonlocality effects.

Finally, multiplying Eq. (9) by the torsional curvature #» and integrating along the beam axis x, we get the variational
formulation of the TEM:

L L L
/ Mtﬁ(”dx:/ MOtﬁ(l)dx—/ Cngl)f?(l)dx (11)
0 0 0

4. Governing equations for nonlocal torsion

Following the analogy provided in Section 3, a first-order gradient version of the Eringen constitutive model for the
torsion of nanobeams (FTEGM) can be obtained by considering an equivalent classical (local) nanobeam, having the same
kinematic constraints, loading conditions and local elastic parameters as the nonlocal nanobeam, which is subjected to a
prescribed strain py describing the nonlocal effects.

Accordingly, the shear strain p of the nonlocal nanobeam is assumed to be additively decomposed into an elastic part y*¢
and into a prescribed shear strain y

y=v+y (12)

Hence the FTGEM can be formulated by assuming the following expression of the free energy

vy V) =360 -7 -+ 56 (rO -5 D) (yO - pO) (13)

where the coefficient c; = egly incorporates the small-scale effect, Iy the material’s length scale and eg a material con-
stant [16].

Further, the prescribed strain y has the following expression:
2mM

G

where ¢ = egl; | is a length scale parameter and m; represents the distributed torque-per-unit-length about the x-axis.

y = (14)

Remark 1. The free energy expression (13) can be straightforwardly extended to include higher-order gradient models of
nanobeams by considering the following expression

vy M) =260 -p @ -7
+%Gic? (r?=7)- (r*-»?) (15)
i=1

where ¢; is the i-length scale parameter.
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The free-energy time rate is then given by
V=6 -p-p+ac(y?-3®).p (16)

being )7= 0, so that using Egs. (3),, (14) and (16), we have:

L
fr;‘zdv:/ r-erde:/ M3 Ddx
B B 0
/1/’/dV=/ G(y—?)~?dV+/c%c(y“)—;‘z“)).y(”dv
B B B
=/ rO-RrinV—/ G;‘z.Rné(”dVJrf A" Red@dv
B B B
—/ Gy . Red@dv
B
L L N L .
=/O MOtﬁ“)dx—/o ?m! )0(l)dx+/(; AM{P D@ dx

L
—/ 2EmPH@dx (17)
0

where g is the classical shear stress and (M, Mq;) are the stress resultant moments reported in Egs. (8).
Hence, the variational condition for the nonlocal FTGEM can be obtained from the thermodynamic condition (5) in the
following form:

L L L L
/ Mtz?(])dx=/ MOtﬂ(l)dx—/ c2m§”z9“)dx+/ MG D Pdx
0 0 0 0
L
—/ AAmPH@dx (18)
0

Remark 2. The nonlocal variational formulation (18) of the FTGEM can be specialized to the variational formulation of the
nonlocal torsional model of the Eringen type (TEM) by setting c; = 0 and to the one corresponding to the nonlocal torsional
model of the gradient type (TGM) by setting ¢ = 0.

The differential equilibrium relation can be recovered by integrating by parts the Lh.s. of Eq. (18) and, imposing the
equality with the external virtual power, we get M< ) = —m¢. Moreover the boundary conditions at x = {0, L} are My = M;
where M, denotes the classical torque acting on the end sections of the nanobeam.

4.1. Strong form

The differential equation and the relevant boundary conditions for the FTGEM, corresponding to the variational condition
reported in Eq. (18), can be obtained by using a standard localization procedure based on the Green formula of integration
by parts.

Accordingly, the nonlocal differential equation of the FTGEM is given by

—3MY + MY = —me + 2mP® — 2cAm® (19)
and the boundary conditions are

specify & or —cj M(z) + Mot = M+ m(]) czc%ma)

specify »V  or 3 M(()l) = czc%mgz) (20)

The nonlocal differential equation (19) and the relevant boundary condition (20) can be expressed in terms of the twist
angle ¢ of the nanotube about the x-axis by noting that the stress resultant moment Mo can be recovered from Eqgs. (8) in
the following form:

or =G (21)

Hence the nonlocal differential equilibrium equation of the FTGEM for nanobeams can be obtained by substituting (21) into
(19) and (20) to get

—2G@ + G ® = —mi+*m® — AAm® (22)
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and the related boundary conditions are

; 3 1 M _ c2c2 3)
specify ¢ or —c G]z?( ) —|—sz9( )= M +c? myg cocymyg
specify or ¢ c? C]m
ify 9 2619 @ = @ (23)

The expression of the torsional moment follows from an integration by parts of the nonlocal elastic equilibrium condi-
tion (18). Enforcement of the boundary condition (20); and of Eq. (21) provide the following equalities:

M = MOt—clM(z) c m(]) +c? 1 m(g)
=gV —c2gw® - m + 22m?® (24)
Remark 3. The FTGEM can be specialized to recover the following special cases.
e (1 =0 - TEM. The variational formulation (18) pertaining to the FTGEM degenerates to the corresponding variational

formulation of the nonlocal torsional nanobeam theory based on the Eringen model (TEM) given by Eq. (11). Hence the
governing differential equation (22) becomes

@ = —m; + *m® (25)

and the boundary conditions (23) are given by

specify 9 or GJo D = M, + 2m" (26)

The TEM is derived in Section 3 following a classical scheme based on the Eringen expression of the shear stress.
e ¢ =0 - TGM. The variational formulation (18) pertaining to the FTGEM collapses to the corresponding variational formu-
lation of the nonlocal torsional nanobeam theory based on the gradient elasticity model (TGM) given by

L L L
[OMt{s(”dx=/0 MOtzé“)derfo MY H@dx (27)

Accordingly, the governing differential equation (22) becomes

-3 + @ = —mq (28)

and the boundary conditions (23) are given by

specify9  or —c3G9® + g =M,
specify »V  or 3G ? =0 (29)

e c=1c1 =0 - Local model. If both the parameters ¢ and c; are equal to zero, the governing equation (23) and the
boundary conditions (24) reduce to those of the classical (local) beam model subjected to a torsional load.

Remark 4. It is well known that the Eringen nonlocal model is free of small-scale effects under special cases, see [17,37,38]
for a theoretical analysis. On the contrary, the proposed FTGEM does not suffer from these drawbacks.

5. Closed form solutions

Eq. (22) is a fourth-order non-homogeneous linear ordinary differential equation with constant coefficients that can
m
be solved analytically. Assuming a quadratic distribution of torque per-unit-length m¢(x) = L—zxz, the analytical solution of
Eq. (22) for the FTGEM is:

mx? mx? (c? — c?)

¥ fe A +ett Ay + Az +xA 30
12GJ12 GJI2 ! 2T A3 TR (30)

V(x) =—

In this equation, Aq,..., A4 are four constants that will be obtained by applying appropriate four boundary conditions.
In order to delineate the nonlocal torsion of a nanotube, numerical examples for nanocantilevers and fully clamped
nanobeams are presented.
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5.1. Nanocantilever

The fixed-free boundary conditions for the nanocantilever are provided by the four conditions:

9(0)=0
19 @(0) = c?m? (0) (31)
3
~26A L) + D) = 2mM (1) - 22mP (L)
G A1) = AmP (1)
Hence the twist angle (30) becomes:
L_x Lx
c2mx? et “mct ect "o me?
Vee(X) = 01(%) + gz m + m
(—1 +ea ) G (—1 + e ) G
L_x A_x
mx2c3  2mc} 2ed amcf 2ea amcf
N 2 o2 2L 2L
oL Gt (—1 fed ) G2 (—1 ted > GJI2
L+L X
2ed e 2ef mc]
+ 2L - 2L (32)
(—1 + eﬁ) GJI? <—1 + eﬁ) GJI?
where ¥ is the twist angle of the local model
mix  mx?
=5 - - (33)
3G/ 12GL

Note that the upper bound of the nanocantilever twist angle 9¢¢ for c; — 0 is provided by the twist angle ¥ of the
TEM (see Eq. (35) below). The lower bound ¥cg~ can be evaluated by taking the limit of ¥gg for c; — oo and is given by

mx (L3 4 4c%x)
4GJ12

Hence the twist angle ¥gg of the FTGEM belongs to the strip bounded by the functions ¥ and ¥gg. Note that the upper
and lower bounds ¥ and Y¥¢gs, are prescribed once the length-scale parameter ¢ has been fixed.

Finally, the torsional moment (24) of the nanocantilever under the quadratic torque distribution reduces to its classical
m(L3 = x3)

3L2

According to the results reported in Remark 3, the FTGEM can be specialized to the following nonlocal models.
e 1 =0 - Torsional Eringen model (TEM). The twist angle ¢ can be obtained from (32) by setting c; =0

VGEoo (X) = (34)

(local) counterpart M(x) =

21004,2

mx
GJI?

IE(X) = D) + (35)

The twist angle ¥ of the TEM is bounded below, i.e. for ¢ — 0, by the local twist angle ¢ but it is not bounded above, i.e.
for ¢ — oo.
e =0 - Torsional gradient elasticity model (TGM). The twist angle ¢ can be obtained from (32) by setting c =0

L

|>

2 et

et e mc? et imc?
e (%) = 01(x) — ” + ”
<—1+ea>G] <—1+e5>G]
L_x A_x
mx*c2 2mc} 2et amcf 2et aimc}
- 2 o2 2 2L
GJL GJL (—1 +ed > GJI? (—1 +ed ) GJ12
LJ’,L X
2ec amcy 2e® mc]

+ 2L - 2L
(—1 +ed ) GJI? <—1 +ea ) GJL?
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The upper bound of ¥ is obtained by ¢ — 0 and is provided by the local twist angle. The lower bound ¥ can be
evaluated by taking the limit of ¥¢ for c; — oo or, equivalently, by setting c =0 in Eq. (34), and is given by

Pone(x) = T (37)

Gt = 4

Hence the twist angle ¢ of the TGM belong to the strip bounded by the functions ¢ and ¥g~. Note that the upper and
lower bounds ¥ and ¥ are independent of the length-scale parameters.
e c=c1 =0 - Classical (local) torsional model. In this case, the nonlocal model collapses to the local model and the twist
angle ¥¢g coincides to ¥ given by Eq. (33).

5.2. Fully clamped nanobeam

The fixed-fixed boundary conditions for the fully clamped nanobeam are provided by the four conditions:

$(0)=0
G @(0) = 2m® (0) 38)
H(L)=0
A (L) = 2mP (L)
The twist angle (30) becomes
e_ﬁm af L x X L
Pce(x) = (%) + TR — 2cilea —1 (efl — ]) e —ec
<eﬁ — 1) GJI?
x (2 L L x L
+c2ed <ef1 - 1) x(x—L)+c3 <_eq LP+eti a[?4eax’—et Xz)) (39)
where the twist angle of the local model ¥; is
mLx mx?
B(x) = (40)

126 1212
The upper bound of the nanocantilever twist angle 9gg for c; — 0 is provided by the twist angle ¢ of the TEM (see Eq. (42)
below). The lower bound ¥ges can be evaluated by taking the limit of 9¢g for c; — oo and is given by
c2mx (L — x)

GJL?
Hence the twist angle ¥¢cg of the FTGEM belongs to the strip bounded by the functions ¥ and ¥gg~o. Note that the upper
and lower bounds ¥ and ¥ggs, are prescribed once the length-scale parameter ¢ has been fixed.

According to the results reported in Remark 3, the FTGEM can be specialized to the following nonlocal models.
e (1 =0 - Torsional Eringen model (TEM). The twist angle ¥ can be obtained from (39) by setting c; = 0:

VGEco (X) = — (41)

cAmx® c2mx

VE(X) =H(X) + —— — —— 42
E(X) = Di(x) o oL (42)
The twist angle ¥¢ of the TEM is bounded below, i.e. for ¢ — 0, by the local twist angle ¥, but it is not bounded above, i.e.
for c — oo.

e =0 - Torsional gradient elasticity model (TGM). The twist angle ¢ can be obtained from (39) by setting ¢ = 0:

e_%c%m S L x x L
Ve (%) = % (x) + Ar TR — <2c1 <e51 — 1) (efl — 1) (efl —eﬁ)
( a >G]L2

ecr —1
L L x L
—et[>4et al?tetix?—ed Clxz) (43)

The upper bound of ¥¢ is obtained by c¢; — 0 and is provided by the local twist angle. The lower bound ¥ can be
evaluated by taking the limit of ¢¥¢ for c; — oo and is given by ¥ceo(x) = 0.

Hence the twist angle ¥¢ of the TGM belongs to the strip bounded by the functions % and the vanishing function 9.
Note that the upper and lower bounds % and Yo are independent of the length-scale parameters.
e ¢ =c1 =0 - Classical (local) torsional model. In this case, the nonlocal model collapses to the local model and the twist
angle ¥gg coincides to ¥ given by Eq. (40).
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0.15 i e TGM =03
) i ‘g 9(;/;@
0.10 Z
0.05
3
0.2 0.4 0.6 0.8 1.0

Fig. 1. (Color online.) Dimensionless twist angle #¢; of the FTGEM for a nanocantilever, with 7 =0.2, 71 =0.1 and T =0.2, Ty = 0.3 compared with the
solutions of the TEM ¢ with T =0.2, TGM with 71 =0.1 and 71 = 0.3 and the local behavior #;*. Upper and lower bounds of ¥ are provided by ¥ and
Vg With T=0.2. Upper and lower bounds of #¢ are provided by ¥ and 9¢ ..

The torsional moment (24) of the nanocantilever under the quadratic torque distribution differs from its classical (local)
counterpart My, by the term —c?m/L, so that we have:

Moo m(L3-4x%)  m Mo () c*m (44)
XN Y=——————— — — = X) — —

‘ 1212 L u L

It is apparent that M depends only on the length-scale parameter c, since the torsional moment of the TGM coincides with
the classical one My,.

6. Examples and discussion

Let us now introduce the following dimensionless quantities

E=—- T=- T =— ¥ = ﬂi
T A ~ L2
Nanocantilever under torsional loading. The dimensionless twist angle ¥ obtained by the FTGEM is reported in Fig. 1
considering the following pairs of dimensionless small-scale parameters T =0.2, 71 =0.1 and 7 = 0.2, 11 =0.3.

The solutions of the FTGEM turn out to be stiffer than the solution obtained by the TEM with the corresponding value
of 7, i.e. T=0.2, as shown in Fig. 1. For a given t and for increasing 71, the dimensionless twist angle ¥&; of the FTGEM
decreases. Moreover, both FTGEM and TEM result to be stiffer than the TGM for the corresponding parameters t; = 0.1 and
71 = 0.3. The upper and lower bounds of the twist angle ¥&; are provided by #f, obtained by the TEM, and by #¢  with
T=0.2.

The maximum dimensionless twist angle @*(1) of the local model coincides with #¢ (1) and with 9¢(1) obtained by
the FTGEM. The maximum dimensionless twist angle ¥ (1) of the TEM coincides with ¥ (1) and with 9¢;(1). Moreover,
¥¢ (1) of the TEM is related to the dimensionless twist angle of the local problem by the relation ¥ (1) =9 (1) + 72,

The two-dimensional plot of the maximum dimensionless twist angle ¥, i.e. 9¢;(1), of the FTGEM versus the length-
scale parameters 7 and 77 is reported in Fig. 2.

For a given 7, the maximum dimensionless twist angle ©#%;(1) of the FTGEM is independent of the length-scale param-
eter 71, as shown in Fig. 3. On the contrary, if 77 is fixed, the maximum dimensionless twist angle ¥ (1) depends on the
length-scale parameter t, but it is independent of the assumed value for 77, see Fig. 3.

The dimensionless maximum twist angles 9F ., ¥& .., O¢p m. Of the TEM, TGM and of the proposed FTGEM are
reported in Table 1 for several values of the length-scale parameters T and 7;. The results reported in Table 1 show that
the dimensionless maximum twist angle increases for increasing values of the length-scale parameters. The dimensionless
twist angle field of the TEM differs from the local one, see, e.g., Fig. 1, but the dimensionless maximum twist angle & .
coincides with the local one @ . for any value of 71. As a consequence, the dimensionless twist angle fields of the TEM
and FTGEM are different from each other, and, for a given 7, the dimensionless maximum twist angles 97 . and 9¢; .
coincide for any value of 71. The dimensionless maximum twist angles ¥ V&g max iNCreases for increasing v and the
TEM and FTGEM are less stiff than in the local model, as shown in Table 1.

X c c1 (45)

max ~

Fully clamped nanobeam under torsional loading. The dimensionless twist angle ¥ obtained by the FTGEM is reported

in Fig. 4 considering the following pairs of dimensionless small-scale parameters t =0.2, Ty =0.1 and 7 =0.2, 71 =0.3.
The dimensionless maximum twist angles 9¥F ., ¥& .., O¢p . of the TEM, TGM and of the proposed FIGEM are

different from each other and, moreover, they are attained at different values of the dimensionless nanobeam abscissa &max

depending on the values of the length-scale parameters t and ty, as shown in the next Table 2.



F. Marotti de Sciarra et al. / C. R. Mecanique 343 (2015) 289-300 297

Fig. 2. (Color online.) Two-dimensional plot of the maximum dimensionless twist angle 9¢; for the nanocantilever.

5
HGE(I)
8
7,=0.1
6 7;=0.2
=2
47
2F
=1
7=0.5
. . L - .71
0.5 1.0 1.5 2.0 2.5 3.0

Fig. 3. (Color online.) Cutting of the two-dimensional plot of Fig. 2 for different values of 7 € {0.5, 1,2} and for any value of 7.

0*
0.04 TGM ©=0.1__
0,03 FTOEM =02 u=0.1

FTGEM ©=0.2 7,=0.3

-0.01

Fig. 4. Dimensionless twist angle 9. of the FTGEM for a fully clamped nanobeam, with T =0.2, 77 =0.1 and 7 = 0.2, 71 = 0.3 compared with the solutions
of the TEM ¥¢ with 7 =0.2, TGM with 71 =0.1 and 71 = 0.3 and the local behavior 9. Upper and lower bounds of ¥ are provided by ¥¢ and 9¢;.
with 7 =0.2.

The results reported in Table 2 show that the dimensionless maximum twist angle of the considered models decreases
for increasing values of the length-scale parameters. The FTGEM is the stiffest model and the TEM is the most deformable
one so that, for a given values of the dimensionless length-scale parameter 7, the FTGEM is stiffer that the TEM for any
value of the dimensionless length-scale parameter 7.

The dimensionless maximum twist angle 9 for the TEM decreases for increasing values of the dimensionless length-
scale parameter T and the related dimensionless abscissa &max increases. On the contrary, both the dimensionless maximum
twist angle 9¢ - and the related dimensionless abscissa émax for the TGM decreases for increasing values of the dimen-
sionless length-scale parameter 71. For a given 7, both the dimensionless maximum twist angle ©&; .. and the related

dimensionless abscissa £max for the FTGEM decreases for increasing values of the dimensionless length-scale parameter tq,
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Table 1
Dimensionless maximum twist angles of TEM, TGM and FTGEM in terms of
the length-scale parameters 7 and t;.

Nonlocal model T T1 Vhax
TEM 0.0 0.25
0.1 0.26

0.2 0.29

0.3 0.34

TGM 0.0 0.25
0.1 0.25

0.2 0.25

0.3 0.25

FTGEM 0.0 0.0 0.25
0.1 0.1 0.26

0.2 0.26

0.3 0.26

0.2 0.1 0.29

0.2 0.29

0.3 0.29

0.3 0.1 0.34

0.2 0.34

0.3 0.34

0.4 0.1 0.41

0.2 0.41

0.3 0.41

0.5 0.1 0.50

0.2 0.50

0.3 0.50

Table 2

Dimensionless maximum twist angles of TEM, TGM and FTGEM versus the
related dimensionless abscissa &max.

Nonlocal model T T Emax [
TEM 0.0 0.629956 0.0393725
0.1 0.63678 0.0370503
0.2 0.660843 0.0302118
TGM 0.0 0.629956 0.0393725
0.1 0.603297 0.0355893
0.2 0.571123 0.0277056
FTGEM 0.0 0.0 0.629956 0.0393725
0.1 0.1 0.60924 0.0332021
0.2 0.576656 0.0252601
0.2 0.1 0.630967 0.0261322
0.2 0.599173 0.0179887
0.3 0.1 0.685607 0.014861
0.2 0.677354 0.0063844
but, for a given 71, the dimensionless maximum twist angle 9% . for the FTGEM decreases for increasing values of the

dimensionless length-scale parameter 7, and the related dimensionless abscissa &max increases.
7. Conclusion

The elastostatic problem of nanobeams under torsion, with nonlocal constitutive behavior, proposed by Eringen (TEM)
has been preliminarily investigated. It has been proven that small-scale effects can be effectively assessed by resorting to
an analogy with a local nanobeam subjected to a torsional curvature distortion equivalent to the nonlocality effect. The
shear strain field in an Eringen nonlocal nanobeam is thus interpreted as the sum of elastic and inelastic contributions.
This observation leads naturally to the definition of the new first-gradient nonlocal model (FTGEM) formulated in Section 4,
in terms of the elastic shear strain field and of its derivative along the nanobeam axis. The treatment involves the shear
modulus of a linearly elastic isotropic material and two length scale parameters T and 7;. The ensuing equations of elastic
equilibrium for the FTGEM have been consistently derived by a variational thermodynamic approach. The associated strong
form has been analytically solved for nanocantilevers and fully clamped nanobeams under quadratic distributions of torques.
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Further comments are briefly listed as follows.

e By virtue of the analogy enlightened between Eringen and local nanobeams under torsion, the solutions of nanobeams
formulated according to the FTGEM can be detected by solving the elastic equilibrium problem of classical gradient
nanobeams (TGM) under prescribed torsional distortions describing the Eringen effect.

e Variational formulations based on Eringen and gradient constitutive models (TEM and TGM) are obtained by the FTGEM
for special values of the length scale parameters.

e TEM coincides with the local linearly elastic model for point or uniformly distributed torques. This pathological behavior
is overcome by the new gradient model FTGEM.

e Exact solutions contributed for nanocantilevers and fully clamped nanobeams, according to the FTGEM, provide new
benchmarks for computational analyses.

e For nanocantilevers, formulated according to the FTGEM, the maximum dimensionless twist angle increases by increas-
ing T and is independent of ;. The structural response is stiffer than the one associated with local model. On the
contrary, the structural response of fully clamped nanobeams formulated according to the FTGEM is soften with respect
to the one corresponding to the local model.
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