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and rapidly oscillating density q (x, p,‘]x), where q(x, ¢) is a 1-periodic in ¢ function, Q (&)
is a function with compact support, the integral of which is equal to one, 0 € I, u,¢&
are small positive parameters, » € R. By combining homogenization and the method of
Keywords: matched asymptotic expansions, we construct solutions to the problems up to O (g + ).
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1. Introduction

Studies on the vibrations of a string with inhomogeneous rapidly oscillating density have been conducted for a long time
(see, for instance, [1-3]). In these monographs, using the homogenization method, the authors constructed asymptotics with
respect to a small parameter (the period of the oscillations) of solutions to the boundary value problem.

The vibration of a string with a concentration of mass on a small set has been studied by means of other methods
for a long time, too. The convergence of solutions to the respective boundary value problem was investigated in [4], and
the asymptotics with respect to a small parameter was constructed in [5] by means of the method of matched asymptotic
expansions [6]. The analogous spectral problem for the Laplace operator in 3D space was considered in [7]. Note that a close
mathematical problem on the convergence of the Schrédinger operator with §-type potential on the axis was studied in [8].

In the present paper, using the combination of homogenization and the method of matching of asymptotic expansions [9],
we study the case when the string with a concentrated mass has an inhomogeneous rapidly oscillating density. We get the
homogenized (limit) solution to a boundary value problem, up to O(u + ¢), where w is a period of rapid oscillations of the
density, and ¢ is the order of the length of the small part of the string, on which the concentrated mass is located.

2. Settings of the problem and main result
Let I be (a, b), {0} € I. Consider the problem

d%u X X
Ly elye:=— dxg,g + (q (x, ﬁ) —I—s‘UzQ (E)) Upe=f®, xel
laty ¢ := hauﬂ,g(a)—Hau;L’g(a):O lpy e = hbuﬂ,s(b)+Hbu;M(b):O (1
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where q(x, ¢) is a 1-periodic in ¢ function belonging to C%%(I x (—oo, 00)), q(x,¢) > 0, Q (£) € Co(—00, o),
o
[ aeus=1
—00

0< &<k, hg, hy, Hg, Hy >0, hg + Hg > 0, hy + Hy > 0, f € L?(I). Although, for the concentrated mass, » > 0 and
Q (&) > 0, we consider a more general case, when x € R and Q (¢§) can take negative values as well. We will assume that
suppQ (§) C [-1,1].

For functions G(x), we use the notation {G}(0) = G(+0) — G(—0), and for 1-periodic in ¢ functions g(x, ) we denote

1

[g] ) :zfg(x, $)de
0

Since q > 0, the boundary value problems

d2u0

dx?
Ly=0, xel\{0}, ILy=Ilpy=0, y0)=1

Lug :=— +lqluo=f, xel, lug=Ilug=0

have unique solutions in H(I) and H'(I) N H2(a, 0) N H%(0, b), respectively. It is easy to see that if x = xp := {y'}(0), then
the function

100 = o) + 209z (2)
xo — %

solves uniquely the boundary value problem
cl=f, xenfoy, lu’=pu’=0, [(u°}©) =xu’0) (3)

for any f e L2(I) in H'(I) N H%(a, 0) N H2(0, b).
The main result of the paper is the proof of the following proposition.

Theorem 2.1. Assume that x # xg. Then for sufficiently small € and 4, the solution to boundary value problem (1) is uniquely deter-
mined in H2(I) and satisfies the uniform estimate

lue = w0l < (4 &)CH fll2q) (4)

where u%(x) is a solution to boundary value problem (3).
3. Preliminaries and auxiliary assertions

Consider the following boundary value problems:

_ dluy X
Ly =— 0 +q x,; uy=f, xel, lauy =lpu, =0 (5)
Lyyu=0, xel\{0}, lyyu=by,=0, yu0)=1 (6)
Lyut=f, xel\0}, lu"=hLu*=0 {W")}0)=2xu"0) (7)

Since g > 0, the boundary value problems (5) and (6) have unique solutions from H2(I) and H'(I) N C3[a, 0] N C2[0, b],
respectively, and the estimate

lupllipzay < ClFllzgy (8)
holds true.
It is easy to see that if x # x, := {y;t}(O), then the function
0
w0 =0+ Dy ) € HU) N H2 @, 0) 1 (0, ) 9)
XM — X

is a unique solution to problem (7) for any f € L%(I), in addition, because of (8) and the embedding of H'(I) in C(I) (see,
for instance, [10, Chapter III, §6]), which satisfies

120
wam@m+nwwm@m<cT——il (10)

x|
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Since q(x, ¢) € C>%(I x (—o0, 00)) and q(x, £) > 0, then the construction of asymptotics of the functions Uy, (x) and y, (%)
by the homogenization method leads to:
lup — wollgry < Cull fllzgys 1Y = Ylcigo1 1Y — Ylicipo,p = 0 (W) (11)

From (11) and the embedding theorems, it follows that

[up (@) —uo(O) < uCllfllizay, #u=x0+ 00, NYp—Ylgiay = 0w (12)

Due to (2), (9), (11) and (12), we derive for x # x¢ and sufficiently small @ the estimate
= ul g gy < Cell Flli2ry (13)
4. Existence and uniqueness of a solution to boundary value problem (1)

Let Ea be equal to hgH, !, if Hy # 0, and ﬁa =0, if H; = 0. We define in an analogous way Eb. The quadratic forms of
the boundary value problems (5), (7) and (1) read as

hpulul = / ((u’(x))2 +q (x, ﬁ) u2(><)) dx + hau? (@) + hpu?(b),
I

b [u] = by [ul + %u?(0),

Buelul = b [u] + xe ™! / Q (g) u?(x)dx — xu?(0)
1

correspondingly, where u(a) =0, if H; =0, and u(b) =0, if H, =0.
Let us show the validity of the following estimate

by lu] — b (]| < Mye"? ull 2 + Mae /2 [u] (14)
Denote v(x) = u(x) — u(0). Then v(0) =0, v/(x) = u'(x),

/s—l Q (f) w2 (0 dx — u2(0) =2/s—1Q (f) u(0)v(x)dx+fs—‘ Q (f) V2 (x)dx
£ £ €
I I I

The Friedrichs-Steklov inequality leads to the estimate

&

2 /8_1(2 (f)u(O)v(x)dx <2/8_1 max|Q| - |u(0)v(x)|dx
€ R
1 -
</8*1 max|Q | (81/2u2(0)+8’1/2v2(x)> dx
R
gmﬂgxmlsl/z 2u2(0)+/(v’)2(x)dx
—
So, we derive

8_1/Q(§> u®(x)dx — u?(0) §2max|Q|81/2u2(0)+max|Q|(81/2+8)/(u’)2(x)dx
€ R R

I —&
<CePulfy gy, ueH' D) (15)

Due to the definition of the quadratic forms and estimate (15), we get that the forms b, ., h* are bounded from below,
and for » > 0, inequality (14) holds.

Let x < 0. Consider the case Hy + Hp # 0. It is known (see, for instance, [10, Chapter, §4]) that for any fixed interval
I’=(d’,b’) such that T c I’ and any u € H!(I), there exists a continuation U € H'(I’) such that

U@)=u@)=0, U1y < Mllullgay, NU N2y < Mllull g2 (16)

2

Since oz|\u||H1(l)

<bylul, @ >0, due to (16) we derive
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o
Rl = hy[u] + 5 (0) > allully ) + %> (©) > LU ) +%U%(0)

0
_« 2 / o 2 2 —Ty2
- M”UHHl(l’) +27{/U (X)U(X)dx > M”U”Hl(l’) + (V ||U”L2(l’) + V ”U ||L2(l’)>

a/
> (2 4y ) WU gy + 27 10y > (2 + 277 ) Ml g, + ey Milul
= M H(I") L2 = M H(I) L2(])
So, for large y > 0 we have
Il gy < Killullfsg) + KR [l Ki>0

This estimate and inequality (15) imply estimate (14). In case » <0, Hy = H, = 0 the proof is similar and more simple.
Since —>0x0 (see, (12)), then estimate (14) by means of [11, Chapter VI, Theorem 3.9] shows that, for » # »g and
n—

sufficiently small p, boundary value problem (1) has a unique solution in H?(I). Moreover, for solutions to boundary value
problems (1) and (7), the following uniform estimate in w:

e —ulllizgy < CeV2 fllzq (17)
holds true. From this estimate and (13) we derive

lupe —u®ll2gy < CE2+ Wl fll2q (18)

Thus, to complete the proof of Theorem 2.1, it is sufficient to improve estimate (18) to get (4).
From inequalities (17) and (10), it follows that, for » # »p and sufficiently small u, the solutions to (1) satisfy the
uniform in p and ¢ estimate |[uy gll;2(;) < CIlfll 2(¢)- On the other hand, this inequality leads to the estimate

w2y < C(IIF N2 + |Al+ BI) (19)
for solutions to the boundary value problem

Lpuew=F, xel, law=z lbw=§
outside a vicinity of the point xq for sufficiently small .

5. Derivation of estimate (4)

The construction of a formal approximation Z,(x, &) of solutions to the boundary value problem (1) is based on the
well-known method of matched asymptotic expansions [9,12]. Hence, we omit trivial explanations on getting the structure

of Z,,(x, ).
Denote
& &
viu(&) = xu*(0) S/Q(f)df— / tQ(n)dt | + (u*) (—0)&

Viu@) =viu@) — (') (F0)§, FE>0
Zu(x.&) = w0 + 671, (%) (20)
Then, Z, € H2(I) due to (9) and since V'{,,L(E) =xut(0)Q (&), then due to (7) we have

LueZy(x.6)=f)+I)xe)+I,x ) +Tux. ), xel

oo

laZ), =0, IbZ, = —gut (0)hpx / TQ (1)dt (21)
—00

where

o) =% (3) (0 - u©0 - (") FOx). Fx>0

I (x.€) =¢q (x, %) Vi (g) . Jux, ) =xQ <§> Vi (g)

From (20), (10) and the embedding theorems it follows that
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IZ7 N2ty + o Zpul < €C1f N2y (22)

If f e C(I), then, using for I}l (x, &) the formula for the remainder term of the Taylor series in the integral form and the
equation from (7), we get

I\ e)=e%Q (f) /(x —t) (q (t, i) uk(t) — f(t)) dt
e m
0

Then, keeping in mind the Cauchy-Bunjakovski-Schwarz inequality and estimate (10), we derive

IZ} 2y < €CHLF 2y (23)

uniformly in p. Since the set C(T) is dense in L2(I), then this estimate is valid for any f e L2(I).
However, it easy to see that || Jull2(y = 0(g'/%). Consequently we need a corrector term for the function Z,(x,€). Let
us define that

¢ £
Vo u€) = S/v],M(f)Q(f)dt—ffvm(f)Q(r)dr (24)
Wy, 8) 1= Z, (x, &) + £2Va (g) (25)

Then W, € H2(I) and since v/z’yﬂ(é) =v1,,(£)Q (%), then by means of (21) we have

Ly eWy (x,6) =f(x)+Il1L(x, 8)+Ii(x, s)+I,3L(x,8), xel

LW, =0, lbW,L:le,L+sx/vLM(t)Q(r)(hb(b—st)+Hb)dt (26)
—00
where
3 - N (XY e2q(x X7, o, (X
Iu(x,e)_er (S)szﬂ <8>+8 q(x, M)Vz’ﬂ (8) (27)

From (27), (24), (20), (22), (23) and (10) we get

IZ) 2y + 1T N2y + 12 N2y + Wl < €CHLF L2
Then, due to the problems (1) and (26) we get

Ly e(Up,e — WM)”LZ(]) +la (uu,s - Wp.) |+ Ilp (Up.,s - Wu) | < 8C||f||L2(1)
uniformly in w; and using (19), we derive

lupwe = Weullzgy < €CIfll2q (28)

From (20) and (10), it follows that

lu¥ = Zulizay < eCllfll2q (29)
In an analogous way, using (25), (24), (20) and (10), we get

Wy —Zpll2gy < eClfllzgy (30)
The inequalities (28), (29), (30) and (13) lead to estimate (4).
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