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Fig. 1. Structure of the domain €2, , and the cell of periodicity.

1. Introduction

Steklov’s spectral problem is well known and it has been studied for several decades (see, for instance [1-5]). There are
numerous papers dealing with homogenization of problems in domains perforated along the boundary (e.g., see [6-15]).

In this paper, we study spectral problems with Steklov-type boundary conditions in 2D and 3D domains periodically
perforated along part of the boundary, which are of interest in connection with the applications. Under the assumption that
the ratio between the diameter of the cavities and the distance between them tends to zero, we present different cases of
the limiting behavior of eigenpairs.

2. Setting of the problem and main results

Let  be a bounded domain in RY, d = 2, 3, situated in the semi-plane x, > 0 for d =2 and in the semi-space x3 > 0 for
d = 3. Its boundary I" consists of two parts: I' =T"1 UT',, where I'y is the segment [0, 1] in the axis x, =0 for d =2 and
square [0, 1]? in the plane x3 =0 for d = 3. For d = 2, the part I', is infinitely differentiable and in a neighborhood of the
points (0,0) and (1,0) coincides with the lines x; =0 and x; = 1, respectively. For d = 3, the part I'; coincides with the
lateral faces of the cube [0, 1]% in a small neighborhood of the plane x3 =0 and, in addition, it is infinitely differentiable
everywhere, except the vertical edges.

Then assume that B is an arbitrary bounded domain with Lipschitz boundary. Denote Bg = {x : (a‘1 (x1 — by),
a'(x, —¢)) eB} for d=2, Bg={x: (a7 '(x; —by),a ' (x, —bz),a'(x3 — ¢)) € B}, j=1,2, for d =3, where 0 <b; <1,
c > 0 are arbitrary fixed numbers, a is a sufficiently small positive parameter, such that B, lies in the semi-strip
IT=(0,1) x (0, c0) for d=2 and in the semi-infinite parallelepiped IT = (0, 1)2 x (0, 00) for d = 3.

Denote BX = {x: (¢ 1x; —k,£7'x3) € B}, ke Z for d =2, BX , = {x: (¢71x1 — k1, £ 'xa —ka, €7 x3) € Ba}, k= (k1. k2),

ki eZ for d =3, Be g = UB}E"D. I'e.q = 0B¢ 4. Hereafter ¢ is a small positive parameter, ¢ = ey = % where N> 1 is a
Kk
natural number. Define the domain ;4 as 2\ B¢ 4 (see Fig. 1).
Consider the boundary value problems
—AUE!Q =0 in Qg,aa Ug,a =0 on Fs,a
au au (1)
—28 _\Ugq+f onTy, 29-0 only
av 1%
. 3UO 3U0
—AUp=0in £, W—l—cded(B)AUo:)\Uo—i-fonFL W:OOD I (2)

where v is an outer normal, A € R, and the respective spectral problems

—Augq=0 inQeq, Usq=0 onlgy

du du 3)
8?)’0 =Aealle,a ONI, “£=0 onl,

au au
—Aug=0in 2, a—vo—i—odCd(B)Au0=Aouo onTIy, a_vo =0onI, (4)

Hereafter 0y =21, 03 =4m, C2(B) =1 and C3(B) > 0 is the capacity of the domain B. In particular, C3(B) =1, if B is a
unit ball.
We prove the following statements.
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Theorem 2.1. Suppose that
1 a
——— —> A#0c0 ford=2, ——>A#o0 ford=3 (5)
elna £

f € Ly("1) and A is not an eigenvalue of the problem (4).

Then:
1) the boundary value problem (1) has a unique solution in W; (Q2¢,q) for any sufficiently small €, and moreover the following uniform
in € estimate:

||U8,a||W21(Q) < C||f||L2(I‘1) (6)

holds true, where the function Uy q is extended in B, 4 by zero;
2) for the solution to problem (1) the following strong convergence

Uea = Up inWl) (7)
e—
takes place, if A =0, and the weak convergence
Usa = Uo in Wl(Q) (8)
£—

holds true, if A # 0, where Uy is a solution to the homogenized (limit) problem (2).

Theorem 2.2. Suppose that the condition (5) holds, and the multiplicity of the eigenvalue g to the problem (4) equals to n. Then there
exist n eigenfunctions Aél?a of problem (3), I = 1, n (with respect to their multiplicities) converging to Lo as € — 0.

o0
Let ugl?a be orthonormalized in L,(T"1) eigenfunctions of problem (3), corresponding to )»g,)a. Then from the sequence {ek = Hk .
and any sequence {ai}2, (for which the convergence (5) takes place) one can choose subsequences {&y'}, {ay'} such that the conver-

gence
uly—u®  nwl@
T e—0

holds, if A =0, and weak convergence
uly —u®  inwl@)
e—0

holds, if A # 0, where the functions ug?a are extended in B, q by zero, and ui’) are orthonormalized in L,(I"1) eigenfunctions of
problem (4), corresponding to Ao (they depend on the choice of the sequence {ay};2 ; and the subsequence).

The solution to the problems (1), (2), (3), and (4) is understood in a weak sense (in the sense of the integral identity,
see, for instance, [16, Chapter IV]).

3. Construction of model functions in the semi-strip and in the semi-infinite parallelepiped

For d =2 we denote by ]Rz+ the semi-plane x; > 0, and by xék) the points with coordinates x; = by + K, X, = c. Here
k € Z. For d =3 we denote by Ri the semi-space x3 > 0, and by x(()k) the points with coordinates xj =b; +kj, j=1,2,

x3 =c. Here k= (k1, k) and k; € Z. Assume that xg := xf)o), y:=x—xpand L :={x:x1€(0,1),x; =0} ford=2, X :={x:
X1,%2 €(0,1), x3 =0} for d =3.

Define G(t) :=Int, G3(t) := —t~ L.

It is easy to prove the following lemma.

Lemma 3.1. There exists a function g4 € C* (Rﬂir\ U {xék) }) 1-periodic in x1 for d = 2 and in x1, xy for d = 3, which satisfies the
problem ‘
Agg=0 ifxell\ {xo}
[ % =0yq ifxeX

has the differentiable asymptotics

g4x)=0 (e’z’”‘d) ,  Xg— 400
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and in a neighborhood of xg has the representation
1
240 =Ga(ly) + 85" 0

where g((il) (x) is an infinitely smooth function in the neighborhood of this point.

Corollary 3.2. The differentiable asymptotics
.d
80 =Ga(lyD +ena+PTm+0(y?),  y—0

holds, where cry 4 is a constant and P{I'd(y) is a homogeneous polynomial of the first order.
Using [17, § 5.8] we prove the following lemma.

Lemma 3.3. There exist functions V(()d), V](d) € C™® (Rd\B), being solutions to the problems

Aav® =0, xerN\B, Vv@®=o0, xcB

and having differentiable asymptotics
VP@ =Inxl+cg+00x™"),  vI 0 =1-CB)x™" +PE2x >+ o(x3)
VP =P +T+ 0™, VP =PM3) - C3(P, B)xITT + 0(1x7?)

as |x| — oo, where Pf’3(y) is a homogeneous polynomial of the first order.

Lemma 3.4. Let d = 3. Then there exists a 1-periodic in X1, X, function g3 € C® (Ri\ U { x(()k) }) which satisfies the problem
K

Ag3=0 ifxeTl\ {xo}
! % =0 ifxeX
has the differentiable asymptotics
BE=0 (™), x5 +o0
and in a neighborhood of xo has the representation
B =P Wy +8

where §§1> (x) is an infinitely smooth function in the neighborhood of this point including this point.

Corollary 3.5. The differentiable asymptotics

B0 =PIy +Sn+0dyh, y—0 9
holds.

Denote I1, = IT1\B, (see Figure) and define in I1, the following function:

1
Wa(X) := (1 - X (%)) (1 ~“na (g2(%) +cp — Cn,z))
1 1yl @ (Y @ (Y -
" Ina” <a_ﬂ> (ve” (3)+a” (3)) ford =2
Wa(0) := (1 - X (%)) (1+aC3(B) (830 — cn 3) +@* (C3(P. B)gs (9) + B3())

() (09 () o ()

where € (0, 1).
Now, denote B}]‘ ={x:(x1—Kk,x2) € By}, ke Z for d =2, B(‘I‘ ={x:(x1 —k1,x2 —ka,x3) € Bg}, k= (k1,k2), kj € Z for d =3,
B'=J BL‘ and extend the function W (x) 1-periodically in x; for d =2 and in x1, x for d = 3, keeping the same notation

(10)

k
Wa(x).
Using Lemmas 3.1 and 3.3, we prove the following theorem.
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Theorem 3.6. The function W (x) € C* (]Ri\B“) is 1-periodic in x1 for d =2, and in x1, x; for d = 3, has the differentiable asymp-
totics

Wo(x)=1— ﬁ (cB —cn2+0 (e*z’”@)) as Xp — oo ford =2
Wo(x)=1—a (cg(B)cn,3 o0 (6_2”"3)) as x3 — oo ford =3

uniform in a, and satisfies the problem
AWg=F, ifxellg
We = 20 ford=2, We—qanC3(B) ford=3, ifxeXT
Wqe=0 ifxedBy

where Fq € C3° ().
Moreover,

1
11— WqllL,z) =0 <m> ford=2, 11— Wallyz)=0(a) ford=3

1 1
”1—(Wa+—(c3—cn,2)) :o( ) ford=2
Ina L2(Ia) |Inal

3
11— (Wa +aCs(Byen 3) oy = 0 (a+a% ) ford=3
|FallL, (g = O ( (aﬂ +al*2’3)) ford =2

IFallony = 0 (a3 + 048 4+ >4F)  ford =3

|Inal

4. Proof of Theorem 2.1

Before proving Theorem 2.1, we prove some auxiliary propositions. Using Theorem 3.6, we prove the following lemma.

Lemma 4.1. There exists a function W, q(x) from W] (Q%,q; Te.a) N W3 (Q.q), such that the relations

ow 27 ow
P =—"— ford=2, avgﬂ -
I

_ 47 C3(B)a
v [, €lna B
- Ws,a”Lz(Q);())O

ford=3

“ AWS,G ”LZ(Qe,a) — 0
e—0

1T —=Wealli,ay—>0
e—>0

—0
Ly(T) €0

IWe g
av

hold if (5) is true.
Next lemma follows from Lemma 4.1.

Lemma 4.2. Let condition (5) hold. Assume also that the function U 4 € W; (Qg,a; Fg,a) converges weakly

Ueg — U* inWhQ)

e—>0

Then for any functions v € C*°(Q) the convergences

f Us,a(VWs,a)dXﬁ/U*vdX
Qeq Q
f VUg,aV(vWE,a),dx—>/VU*Vvdx—f-adCd(B)A/U*vdx]
Qa,a Q I

take place.
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Proof of Theorem 2.1. Since the Fredholm alternative for problem (1) holds (see, for instance, [16, Chapter II, § 3]), then it
is sufficient to show the estimate (6) to prove 1).
The standard norm in Wzl(Q) is equivalent to the norm in |lu| 1 q), generated by the following scalar product:

(u,v)m(Q):/Vqudx—i-/uvds
Q I

(see, for instance, [16, Ch. III, §5.6]).
Using the identity of the problems (1), (2), and applying the Cauchy inequality, we get, for any fixed A € R, the a priori
estimate, uniform in ¢ and q, for the solution to problem (1), of the form

” Uea HHi(Q) =C (H Uea ”Lz(l"l) + ||f||Lz(F1)) (11)

If Ug,gy.q, =0 0N I'1, then estimate (6) follows from (11).
Then, applying Lemma 4.2, we prove the statement 2) and complete the proof. O

In an analogous way, using Lemma 4.2, one can derive the following assertion.

Lemma 4.3. Let the condition (5) hold, assume also that A is not an eigenvalue of problem (4), U¢ 4 is the solution to problem (1) for
f = fe.a, Uo is the solution to problem (2) for f = fo and the weak convergence:

fea = fo inLy(T'1) (12)
e—0

holds.
Then the convergence (7) and (8) take place.

Obviously the following proposition holds true.

Lemma 4.4. Suppose that A is not an eigenvalue of the problem (4), U*-® be is the solution to problem (2) for f = f¢ 4, Ug is the
solution to problem (2) for f = fo and the weak convergence (12) holds.
Then the weak convergence

Ut —~ Up  inWl(Q)

e—0
takes place.
5. Proof of Theorem 2.2
Denote by Pg, and P operators P q, Po : L2(T'1) — L2(I'1), mapping f to the traces on I'y of solutions to bound-
ary value problems (1) and (2), respectively, for A = —1. It follows from the definition that these operators are compact,

selfadjoint and positive.
Lemmas 4.3 and 4.4 lead to the following statements.

Lemma 5.1. If condition (5) and weak convergence (12) hold, then
Peafe.a—>Pofo. Pofea—>Pofo in L)
e—>0 e—>0

strongly.

Lemma 5.2. [f condition (5) holds, then
Pg,a j 7)0
e—>0

uniformly.

Denote by L¢q, Lo : L2(T'1) — La(I'1) the operators inverse to Pg g, Po : La(T'1) — La(I'1). From Lemma 5.2 and
[18, Ch.lV, §3.4] (see also [19, Ch. 9, §4]), we easily derive the following proposition.

Lemma 5.3. Suppose that the condition (5) holds, and the multiplicity of the eigenvalue Ag to the operator Ly equals to n. Then there

exist n eigenvalues Ag’)a of the operator L q, | = 1, n (with respect to their multiplicities) converging to Ag as &€ — 0.
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Since obviously A,(gl,)a = Ag?a +1, Ag = Ao + 1, then the next assertion follows.

Lemma 5.4. Suppose that the condition (5) holds, and the multiplicity of the eigenvalue Aq to the problem (4) equals to n. Then there
exist n eigenvalues )Lg,)a of problem (3), 1 = 1, n (with respect to their multiplicities) converging to Ag as € — 0.

Using the trick from the proof of Theorem 2.1, we prove the next lemma.

Lemma 5.5. Assume that condition (5) holds, )Lg,)a, I =1, n are eigenvalues of problem (3), converging to n-multiple eigenvalue iq of

the limit problem (4) and ug?a are the respective normalized in L,(I"1) eigenfunctions. Then, from a sequence &, = % and any sequence
ar —> 0 as k — oo, one can chose subsequences {&y'}, {ay }, such that the strong convergence
uly—u®  inwi@
T e—0

holds, if A =0 and a weak convergence
ully ~ u® in W)
e—0

holds if A # 0, where ufkl) are orthonormalized in L,(S2) eigenfunctions of the limit problem (4), corresponding to Ao (which in general
depend on the choice of the sequence a, —> 0 as k — oo, and the subsequence).

Proof of Theorem 2.2. The proof lies on Lemmas 5.4 and 5.5. O
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