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In this study, a phase-resolved and depth-averaged non-hydrostatic numerical model (SNH 
model) is developed. The non-incremental pressure-correction method is employed to solve 
the equation system in two successive steps. Firstly, an approximate Riemann solver in the 
framework of finite volume methods is employed to solve the hydrostatic shallow-water 
equations (SWE) on a collocated grid to obtain provisional solutions. Then, the intermediate 
solutions is updated by considering the non-hydrostatic pressure effect; a semi-staggered 
grid is used in this step to avoid predicting checkboard pressure field. A series of 
benchmark tests are used to validate the numerical model, showing that the developed 
model is well-balanced and describes the wetting and drying processes accurately. 
By employing a shock-capturing numerical scheme, the wave-breaking phenomenon is 
reasonably simulated without using any ad-hoc techniques. Compared with the SWE 
model, the wave shape can be well-preserved and the numerical predictions are much 
improved by using the SNH model.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The surf-zone and inner-shelf regions are of paramount importance for human beings. Accurate prediction of the flow 
motions in these regions is vital for designing and protecting engineering projects and is the basis for building early tsunami 
warning systems [1,2]. Besides, the prediction of flow features in these regions is important for studying coastal sediment 
transport and the associated beach profile changes [3–5].

For modeling the cross-shore hydrodynamics, phase-resolved and depth-averaged models are widely adopted. These 
models include the ones solving the nonlinear shallow-water equations (SWE), the Boussinesq-type equations (BTE) and the 
depth-averaged non-hydrostatic shallow-water equations (SNH). Of all the three types of models, the recently proposed SNH 
model framework [6] seems to be very promising. Firstly, compared with the SWE, which does not account for the wave 
dispersion effect, the SNH can represent weak wave dispersivity and thus is suitable for modeling long wave as well as 
short wave motions. Secondly, to simulate the wave-breaking phenomenon, which is commonly seen in the nearshore area, 
the BTE model generally requires an ad-hoc technique to numerically dissipate the wave energy during the wave-breaking 
process; in this regard, an artificial viscosity term [7,8] or a surface roller model [9,10], or a local switch from resolving 
the BTE to SWE in the vicinity of the breaking wave fronts [11–13], is widely used. Compared with a BTE model, the SNH 
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model has the potential to handle the wave-breaking process well when a shock-capturing numerical scheme is employed. 
Besides, the BTE contains high-order spatial derivatives that are difficult for numerical implementations, while for the SNH, 
the order of derivatives is generally one (when the diffusion terms are omitted) and thus easier for numerical realizations.

To date, very few SNH models have been developed and, among them, most are developed using the finite-difference 
method [6,14] or the finite-element method [15,16]. In viewing that the finite-volume Godunov-type schemes devised based 
on the hyperbolic conservation laws generally intrinsically have the shock-capturing property, in this study, we aim to 
develop a SNH model based on the finite-volume Godunov-type scheme to adapt to wave-breaking simulations without 
using any ad-hoc techniques. Also, the well-balanced property (e.g., the C-property) for the existing SNH models is generally 
not verified and in this work the developed SNH model will achieve this property. Note that it is important for a numerical 
scheme to satisfy the well-balanced requirement to accurately predict the wave phase speeds and the flow motions involving 
wetting and drying processes [17,18].

The rest of the paper is organized as follows. Section 2 presents the governing equations and the numerical algorithm 
for the SNH model. The specially designed grid layout and the essentials for the numerical discretizations are demonstrated. 
In Section 3, numerical tests are used to verify the various properties of the numerical model. Finally, conclusions and 
discussions are given in Section 4.

2. Numerical model

2.1. Governing equations

By depth-integrating the vertical 2D Reynolds-averaged Navier–Stokes equations and using the following kinematic 
boundary conditions at the free surface and water bottom

ws = ∂z

∂t
+ us

∂z

∂x
(1)

wb = ub
∂zb

∂x
(2)

the governing equations for the 1D SNH model can be derived as follows [6]
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Here, t denotes time; x denotes the horizontal coordinate in the cross-shore direction; z and zb respectively denote the 
water surface and bed elevations above a horizontal reference level; u and w are the velocity components in the horizontal 
and vertical directions; the subscripts ‘s’ and ‘b’ denote the values at the free surface and water bottom, respectively; 
h = z− zb denotes the water depth; qx = ū ·h is the discharge per unit width with (·) denoting the depth-averaging operator; 
�b denotes the non-hydrostatic pressure at the water bottom; ρ = 1000 kg/m3 is the density of water; g is the acceleration 
due to gravity; n is the Manning’s roughness coefficient. To be remarked that in the derivations, the non-hydrostatic pressure 
and the vertical velocity are assumed to vary linearly with water depth [6]; the shear stress at the water bottom (i.e., the 
bed friction force) is closed by the second term on the right-hand side of Eq. (4). For brevity, the overbar of variables in 
Eqs. (4) and (5) will be dropped hereafter.

2.2. Numerical algorithm

The non-incremental pressure-correction method is employed for solving the governing equations, which divides the 
solution into two successive steps, namely, the hydrostatic and non-hydrostatic steps.

2.2.1. Hydrostatic step
In the hydrostatic step, the classic SWE is solved, which in a conservative vector form can be written as

∂U

∂t
+ ∂ F
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= S (6)

where the vectors are defined by
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Fig. 1. Sketch of the semi-staggered grid layout.

For the numerical discretization of Eq. (6), a collocated grid is used so that the water surface elevation and the hori-
zontal velocity are defined at the same locations as shown in Fig. 1. Based on the collocated grid, an explicit second-order 
Runge–Kutta scheme [19] is used for the discretization of Eq. (6) as
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F n
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Here, the subscript ‘i’ denotes the cell index; the superscript ‘n’ denotes the value at the last time step, and ‘(1)’, ‘(2)’ 
and ‘m’ denote the intermediate values. The point implicit method [20] is employed for discretizing the friction source 
terms in Eq. (10).

The numerical fluxes in Eqs. (8) and (9) are computed by using the HLL approximate Riemann solver [21]. For the 1D 
problem, the HLL scheme is equivalent to the HLLC scheme [22] and reads
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where F L = F (U L) and F R = F (U R); ξ denotes wave speeds. The superscripts ‘L’ and ‘R’ mean that the variables are related 
to the Riemann states at the left and right sides of the cell interface. In this work, the Riemann states at the cell interface are 
reconstructed by using the hydrostatic-reconstruction approach proposed by Audusse et al. [23]; to achieve the second-order 
accuracy in space, the MUSCL piecewise linear reconstruction method [24] with the minmod slope limiter [25] is employed.

The source term −gh ∂zb
∂x in Eq. (7) is discretized as
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where (zb)i−1/2 = max(zL
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R
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i−1/2). Following the same procedures as done by Audusse et al. [23], one 
can easily prove that when the HLL solver is used for flux evaluations, the hydrostatic-reconstruction approach along with 
the source term discretized by Eq. (12) leads to a well-balanced numerical scheme for solving the SWE (Eq. (6)) under 
quiescent flow conditions.

The wave speeds in Eq. (11) are evaluated as [26]
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Here, u∗ and h∗ are calculated respectively by

u∗ = 1

2

(
uL + uR

)
+
√

ghL −
√

ghR (14)

h∗ = 1

g

[
1

2

(√
ghL +

√
ghR

)
+ 1

4

(
uL − uR

)]2

(15)



X. Lu et al. / C. R. Mecanique 344 (2016) 42–51 45
2.2.2. Non-hydrostatic step
In this step, the provisional solutions obtained from the first step are updated by solving the following semi-discretized 

equations
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Here, �qx = qn+1
x − qm

x .
To couple the velocity (discharge per unit width) and the non-hydrostatic pressure in Eq. (17) to avoid predicting checker-

board pressure field [27], a semi-staggered grid is used. As demonstrated in Fig. 1, the non-hydrostatic pressure and the 
vertical velocities are defined at the cell interfaces. Based on the semi-staggered grid, the spatial gradient ∂�b

∂x in Eq. (17) is 
discretized with a second-order central difference scheme, and Eq. (17) then becomes
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With the linear assumption for w in the vertical direction, Eq. (18) can be discretized as
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Note that the interface value hm
i−1/2 in Eq. (20) and the partial derivative term ∂(zm

i +(zb)i)

∂x in Eq. (19) are evaluated by an 
upwind scheme to ensure stability. For instance, the hm

i−1/2 is calculated as
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Eqs. (19) and (20) contain two equations but with four independent variables, namely, qn+1
x , �n+1

b , wn+1
s and wn+1

b . 
To close the solution, the following two steps are taken. Firstly, following Walters [15], and Wei and Jia [16], the vertical 
velocity at the water bottom is estimated from Eq. (2), which in a discretized form is
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where the interface value um
i−1/2 is determined according to Eq. (21). Note that the boundary layer is not resolved by 

the current depth-averaged model, and thus Eq. (22) can be viewed as an estimation of the vertical velocity immediately 
outside the boundary layer [28]. Secondly, the velocity field is enforced to satisfy the divergence-free condition, which in a 
discretized form gives:
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By assuming (qx)
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i hm
i and with some mathematical manipulations, the following tridiagonal system for �n+1

b
can be derived from Eqs. (19), (20) and (23):
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The detailed derivation for Eq. (24) and the coefficients Ai−1/2, Bi−1/2, Ci−1/2 and Si−1/2 are given in Appendix A. For 
solving Eq. (24), when Dirichlet boundary conditions are prescribed at both ends of the simulation domain, the tridiagonal 
matrix algorithm (TDMA) is used; otherwise, a preconditioned biconjugate gradient stabilized (Bi-CGSTAB) method [29] is 
invoked. Once �n+1

b is solved, qn+1
x and wn+1

s are computed from Eqs. (19) and (20), respectively. Then, the water level zn+1

is updated through Eq. (16), which in a discretized form can be written as
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Fig. 2. Computed water surface profiles at different time instances by the SNH model (— —) and SWE model (- - -) for solitary waves propagating over a 
constant water depth channel with H/d = 0.1 (a) and H/d = 0.2 (b). The analytic solutions are given in symbols (�).

2.2.3. Boundary conditions and stability criteria
For treatment of the boundary conditions, ghost cells are created outside the simulation domain. For an open boundary 

condition, all the variables in the relevant ghost cells are zeroth-order extrapolated from interior cells. For a closed boundary 
condition, the discharges in the relevant ghost cells are set to equal but opposite to the value in its neighboring interior 
cells, while the water depth at the ghost cells is set to the value in the adjacent interior cells. At the inlet boundary, �b = 0
is prescribed; this is reasonable as the flow at the inlet boundary is weak for all the tests considered in this work and 
thus the non-hydrostatic pressure effect there can be omitted. When the flow cannot reach the outlet boundary during the 
simulation, we impose �b = 0 in the relevant ghost cells to accelerate the solution to the pressure elliptic equation by using 
the TDMA solver (more efficient than the Bi-CGSTAB solver); otherwise, ∂�b

∂x = 0 is imposed and the Bi-CGSTAB solver is 
utilized.

A dynamic time step is used in the simulations according to the CFL condition:

�t = Cr × min

⎛
⎜⎝ �x

|un
i | +

√
ghn

i

⎞
⎟⎠ (26)

where the coefficient Cr should be specified.

3. Numerical tests

In this section, several benchmark tests are used to verify the performance of the developed numerical model. In all the 
tests, g = 9.81 m/s2 applies.

3.1. Solitary waves propagating over a constant water depth channel

In this test, solitary waves propagating over a constant water depth and 1000-m-long channel are simulated. The con-
sidered channel is frictionless and thus the solitary wave should travel with a constant wave phase speed and meanwhile 
maintain its initial shape. We consider two test cases with different wave-height-to-water-depth ratios, H/d = 0.1 and 
H/d = 0.2. Here, H denotes the initial wave height of the solitary wave; d is the still water depth and chosen as 10 m.

Initially, the water surface elevation and velocity components are prescribed according to

z(x, t) = d + H sech2

[√
3H

4d3
(x − c t − Xs)

]
(27)

u(x, t) = c (z(x, t) − d)

h(x, t)
(28)

ws(x, t) = −z(x, t)
∂u(x, t)

∂x
(29)

where c ≈ √
g(H + d) is the wave phase speed; Xs is the center of the initial solitary wave and is set to 200 m. In the 

simulations, a uniform mesh with 2000 mesh cells and Cr = 0.5 are employed. Open boundary conditions are imposed at 
both ends of the simulation domain.

Fig. 2 displays the water surface profiles computed by the SWE and SNH models at various time instances for the two 
test cases. The analytic solutions (described by Eqs. (27)–(29)) are also shown. It is obvious that the wave shape is accurately 



X. Lu et al. / C. R. Mecanique 344 (2016) 42–51 47
Fig. 3. Computed water surface profiles at t̃ = 30 (a), t̃ = 40 (b), t̃ = 45 (c), t̃ = 50 (d), t̃ = 60 (e) and t̃ = 70 (f). The thick solid (— —) and dashed (- - -) 
lines represent the solutions by the SNH and SWE models, respectively. The symbols (�) show the experimental data by Synolakis [30]. The thin solid line 
represents the bed topography.

Fig. 4. Computed water surface profiles at t̃ = 15 (a), t̃ = 20 (b), t̃ = 25 (c) and t̃ = 30 (d). The thick solid (— —) and dashed (- - -) lines represent the 
solutions by the SNH and SWE models, respectively. The symbols (�) show the experimental data by Synolakis [30]. The thin solid line represents the bed 
topography.

preserved by the SNH model for both test cases. However, the SWE model predicts unsymmetrical wave profiles and the 
predicted wave amplitudes are smaller than the analytic values (especially for the H/d = 0.2 test case).

3.2. Solitary waves running up and down a plane beach

In this test, we consider solitary waves running up and down a sloped beach, which were experimentally investigated 
by Synolakis [30]. The simulation domain is comprised of two parts: in the region x/d > −19.85, there is a plane beach 
with slope 1 : 19.85 and in the other region, the flume bottom is flat (zb = 0). Here, the origin (x = 0) is defined at a 
location where the horizontal line at an elevation of d intersects the beach surface. Two test cases with H/d = 0.0185
and H/d = 0.28 are considered. For the highly nonlinear test case (H/d = 0.28), the wave broke in the experiment while 
it was not for the weak nonlinear case (H/d = 0.0185). In the simulations, the initial conditions are prescribed according 
to Eqs. (27)–(29). The solitary waves are initially centered at Xs/d = −19.85 −

√
4d
3H arccosh

√
20. The simulation domain 

(x ∈ [−100d, 15d]) is subdivided into 920 mesh cells. At both ends of the simulation domain, open boundary conditions 
apply. In the simulations, Cr = 0.7 and n = 0.01 are used.

In Figs. 3 and 4, the computed water surface profiles by the SWE and SNH models at various time instances (t̃ = t
√

gd) 
are respectively shown for the H/d = 0.0185 and H/d = 0.28 test cases. The experimental data of Synolakis [30] are also 
presented. As can be seen from Fig. 3, for the weak nonlinear test case, the wave running up (Fig. 3(a)–(d)) and retreating 
(Fig. 3(e)–(f)) processes are reasonably modeled and the numerical results match the experiment data fairly well. For this 
test case, the numerical predictions by the SWE and SNH models are indistinguishable. For the highly nonlinear test case, 
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Fig. 5. Comparison of the computed water surface profile (— —) with the analytic solution (�) at t̃ = 70 for the well-balanced test. The thin solid line 
represents the bed topography. In (b), the variation of maximum |�b| with time is shown.

as can be seen from Fig. 4(a) and (b), the wave amplitude and the wave phase results in the wave shoaling processes are 
predicted in close agreement with the measured data by the SNH model, while the wave amplitude is predicted significantly 
lower and the wave phase speed is predicted much larger by the SWE model; in the later times (Fig. 4(c) and (d)), the 
difference in the results between the SWE and SNH models can be neglected. In both test cases, the SWE and SNH models 
are all capable of capturing the wet–dry fronts with great accuracy.

The well-balanced property of the SNH model is tested here. In the simulation, all the simulation parameters are kept 
the same as those in the test above in this section except that, initially the flow is at rest and a constant water surface 
elevation z = d is prescribed all over the simulation domain. In Fig. 5(a), the water surface profile computed by the SNH 
model at t̃ = 70 along with the analytic solution is displayed. It is seen that the computed water surface profile matches 
the analytic solution exactly, suggesting that the numerical model is well-balanced. The reason is that under a quiescent 
flow condition, the dynamic pressure �b and the vertical velocities ws and wb are negligible. In Fig. 5(b), the maximum 
absolute value of �b in the simulation domain is displayed and it is seen that the �b in the simulation domain is on the 
order of 10−12 and it does not grow with time. As a result, the terms on the right-hand side of Eq. (17) are too small to 
initialize a flow (actually these terms are divided by ρ (= 1000 kg/m3) in Eq. (17) to further minimize their effect to within 
machine accuracy).

3.3. Solitary waves running up a vertical wall

Experiments on solitary waves running up a vertical wall were conducted at the US Army Engineer Waterways Experi-
ment Station [31]. The glass flume in the experiment was 23.2 m long by 0.45 m wide. The flume consists of a horizontal 
bottom region (zb = 0) with length 15.04 m, followed by three plane beaches with different slopes (1:53, 1:150 and 1:13); 
a vertical wall is located at the end of the flume. The sketch of the flume is shown in Fig. 6. Ten capacitance wave gauges 
(part of their locations are shown in Fig. 6) were utilized in the experiment to record the surface wave elevations along the 
centerline of the flume. The offshore still water depth is d = 0.218 m.

Two cases with different wave-height-to-water-depth ratios, H/d = 0.039 and H/d = 0.264, are considered here. These 
test cases were used by Wei and Jia [16] to validate their SNH model developed using a finite-element scheme. Following 
Wei and Jia [16], the grid resolution is chosen so that at least 100 mesh cells are distributed in one wave length and thus 
�x ≈ 0.05 m and 0.02 m are respectively used in the simulations for the two test cases. The value of Cr is set to 0.25 to 
resolve the rapid transformations of the waves. The roughness coefficient is set to n = 0.01. The observed data at Gauge 5 
provides a reference for the adjustment of the timing of the computed waveforms.

Figs. 7 and 8 show the time series of the water surface elevations computed by the SWE and SNH models at different 
wave gauge locations for the two test cases. As can be seen from Fig. 7, two wave peaks occur at all the four wave gauge 
locations; the two wave peaks respectively correspond to the periods when the wave travels eastwards to interact with the 
vertical wall and when the wave is reflected back and travels westwards. For the weak nonlinear test case (H/d = 0.039), 
the computed results match the measured data reasonably well; the difference in the results predicted by the SWE and 
SNH models is small at all the four wave gauge locations, with the wave amplitude and wave phase results more accurately 
predicted by the SNH model. We also observe that the numerical predictions at Gauges 7–9 slightly deviate from the 
measured data in the later times after the wave is reflected back; this may be attributed to the experimental setup [16]. The 
numerical predictions for the highly nonlinear test case, as illustrated in Fig. 8, are similar to that for the weak nonlinear 
case (see Fig. 7), but the wave after being reflected back from the vertical wall for the highly nonlinear case becomes 
irregular and various small-amplitude waves are generated. Generally, the numerical results simulated by the SNH model 
for the highly nonlinear test case match the observed data well. From Fig. 8, it is clear that the SWE model cannot predict 
reasonable results for the highly nonlinear test case; for instance, the wave amplitude is predicted rather small compared 
with the measured data and the generation of small waves after the wave is reflected back cannot be well-predicted.



X. Lu et al. / C. R. Mecanique 344 (2016) 42–51 49
Fig. 6. Sketch for the solitary wave running up on a vertical wall test (not to scale). The shaded area shows the bed topography.

Fig. 7. Time series of the computed water surface elevation at Gauge 5 (a), Gauge 7 (b), Gauge 8 (c) and Gauge 9 (d) for the solitary wave running up a 
vertical wall test with H/d = 0.039. The solid line (— —) in black and the dashed line (- - -) in pink show the computed results by the SNH and SWE models, 
respectively. The symbols (�) show the experimental data by Synolakis [30]. (For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

Fig. 8. Same as Fig. 7, but for the H/d = 0.264 test case.

4. Conclusions and discussion

In this study, a depth-averaged non-hydrostatic numerical model has been developed using the non-incremental 
pressure-correction method. Based on a semi-staggered grid, the numerical scheme is devised using a hybrid finite-volume 
and finite-difference method. A Godunov-type scheme is used in the hydrostatic step to allow capturing shocks automat-
ically and thus to model the wave-breaking process well in the nearshore area. The developed numerical model is tested 
against several benchmark tests. The results show that the developed model is accurate, well-balanced and can model the 
wave propagation and transformation processes fairly well over irregular bed topography. Compared with the numerical 
results computed by the SWE model, the numerical predictions by the SNH model with considering the wave dispersion 
effect are significantly improved, especially for simulations with large wave-height-to-water-depth ratios.

The accurate prediction of the flow field is the basis for predicting the sediment transport and the morphological change 
processes, and in viewing that the SNH model is superior to the conventional SWE model in describing short wave motions 
in the nearshore area, we expect that the sediment motions can be more accurately predicted by combining the sediment 
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transport and bed deformation modules with the SNH model (compared with that combined with the SWE model) and this 
is left for future studies.
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Appendix A. Derivation of the non-hydrostatic pressure equation

In this appendix, a detailed derivation for Eq. (24) is given. Firstly, from Eq. (19), we have for cell i,
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and for cell i − 1,
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The subtraction of Eq. (A.2) from Eq. (A.1) and with the assumption (qx)
n+1
i ≈ un+1
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i , we have
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From Eq. (20), we obtain
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As seen from Eqs. (A.3) and (A.4), the velocity differences un+1
i − un+1

i−1 and (ws)
n+1
i−1/2 − (wb)

n+1
i−1/2 are functions of the 

non-hydrostatic pressure at the new time level. Hence, by substituting Eqs. (A.3) and (A.4) into Eq. (23), the following 
elliptic equation for non-hydrostatic pressure is obtained
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with coefficients given by
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