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Based on the acquired length and angle data of bat skeletons, a four-degree freedom robotic 
bat wing and an identical computational model with flap, sweep, elbow and wrist motions 
were presented. By considering the digits motions, a biomimetic bat skeleton model with 
seven-degree freedom was established as well. The effects of frequency, amplitude and 
downstroke ratio, as well as the components of inertial power and force on different 
directions, were studied. The experimental and computational results indicated that the 
inertial power and force accounted for the largest part on flap direction, the wing fold 
during upstroke could reduce the inertial power and force.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Bats have heavy muscular wings with joints that enable higher degrees of dexterity [1]. For different bat species, although 
the wing mass account for only 11% to 20% of the total bat mass [2], it generates enough lift and thrust to maintain 
bat flying. The distinctive capacity for powered flight subjects the limb skeletons of bats [3]. The skeletons are important 
constitutive parts of the wing. They are used to support the wing membrane to generate lift and thrust, to resist primarily 
bending forces and large torsional forces, to withstand the loads applied to them, and to achieve complex movements by 
changing the angles between different bones.

The inertial power and force are the power and force needed to make the wings oscillate [4]. Unlike fixed-wing aircrafts, 
flying organisms cannot continuously generate constant lift and thrust [2]. In each flap cycle, the wing has two accelerations 
and two decelerations, and the inertial power and force will be changed along with the change of velocities and accelera-
tions. Although the inertial power of native bat wing has already been studied [2,5,6], these results often include the effects 
of wing membrane, and the effects of the skeleton on the inertial power and force require further investigation.

A flying bat must do work with its flight muscles to move the wings; the rate at which this work is done is the 
mechanical power [4]. The ratio of inertial power to mechanical power remains controversial [4–9]. Although the inertial 
power might account for a small percentage of the total power for some native bats [10], this may not be applicable for 
the robotic bat. By analyzing the recently designed and fabricated robotic bat wings, we found that it is different from the 
native thinner skeletons; the robotic bat skeletons were often strengthened by increasing the size or selecting high-density 
materials to keep the rigidity [11–15]. Therefore, for the robotic bat wing, the inertial power and force might be larger than 
the actual bat skeletons and cannot be neglected.
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Fig. 1. The motions and structure of the robotic bat wing. (a) Solid works model. (b) Fabricated model.

The inertia force is also an important factor that needs to be considered for the future robotic bat wing design, especially 
for the large-scaled models. Some simple theoretical formulas of flap motion have been proposed to investigate the factors 
that affect the inertial power [6,16], but not enough attention has been paid on the effects of inertial force. Meanwhile, 
some parameters, such as the frequency, amplitude, downstroke ratio, etc., which affect the flight efficiency remarkably 
might have obvious influence on the robotic bat wing as well. How these factors affect the inertia power and force on bat 
skeletons still needs to be revealed. As a result, models or equations that can reflect the relationships between the above 
parameters and inertial power and force need to be established.

For the robotic bat wing, multiple motors were combined to realize complicated manoeuvres of the wing [12–15]. But 
for a particular motor, it can only change one motion direction. The flap, sweep and elbow motions were three major 
movements that accounted for the largest proportion of inertial power [13], and these three motions correspond to the 
inertial power on up–down, forward–backward and expand–contract directions. On the other hand, the robotic wing was 
installed on the test section and the instantaneous inertial forces quantified with load cells [12–15]. For a full-motion bat 
wing, it imposes inertial force on the lift direction, the drag direction, and the spanwise direction. The analysis of inertial 
power and force on different directions can help to choose appropriate motors and load cells for future robotic bat design 
and application.

In the present study, the influence of bat skeleton movements on inertial power and force were studied. Based on the 
size and real-time angle data of Eptesicus fuscus, a 4DOF (four degrees of freedom) robotic bat wing was designed and 
fabricated (Fig. 1). Uniformly, a same 4DOF bat skeleton computational model with divided fragments was established to 
compare the inertial values with the robotic bat wing. Appended with the digit motions, the 4DOF model was then extended 
to a more accurate 7DOF (seven degrees of freedom) calculation model. Combined with the 4DOF computational model, 
the sinusoidal flap theoretical equations were detailed to indicate the impact factors to the inertial power and force. The 
influence of frequency, amplitude, downstroke ratio on the inertial power and inertial force of the 4DOF robotic bat wing, 
4DOF and 7DOF computational models were compared together. The inertial power and force components on up–down, 
stretch–shrink, and fore–aft directions of different fragments were also studied.

2. Materials and methods

2.1. Robotic bat wing

For a bat in level flight, the right wing was used to define the coordinate system. The positive X direction was along the 
bat tail to head, the positive Y direction was along the wing root to wingtip, the positive Z direction was perpendicular to 
the XY plane and pointing up. Seven angles were used to describe the complex movements between different skeletons of 
the bat’s wing. These angles reflect the bat wing’s flap motion, stretch-shrink motion, rotate motion and motions between 
digits. For a horizontal flight bat, the flap angle was defined as the angle between the humerus and the horizontal plane. 
The sweep angle was defined as the angle between the humerus and the vertical plane. The elbow angle was calculated as 
that between the humerus and the radius. The wrist angle was the angle between two planes, one plane was composed 
by shoulder joint, elbow joint and wrist joint, another plane consisted of wrist joint, digit3 and digit5 tip markers. Three 
radius-digit angles were defined as the angle between the radius and the corresponding digit. Nontoxic markers were drawn 
on the joints and tips of the bat wing, and high-speed cameras (Photron Fastcam-X 1280 PCI camera) were used to track 
the marker positions during the bat’s flight. The real-time angles were calculated based on the obtained marker positions. 
Fig. 2 shows the real-time angle changing curves of a typical bat.

Based on the measured bat skeleton length and angle data, a 4DOF robotic bat skeleton model was established in 
Solidworks software and manufactured by a 3D printer (Dimension 1200es, Stratasys). The robotic bat wing was composed 
by pedestal, body, humerus, radius and digits. To reduce the number of motors and the complexity of the model, the 
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Fig. 2. Real-time angle curves of a typical bat. Ra-D5, Ra-D4, Ra-D3 represent the angles between radius and digit5, digit4, digit3, respectively.

movements of the digits were not added in this model (Fig. 1). The material of the skeletons was ABS and the size of 
robotic wing was scaled two times as native bat wing. Because the material we used to make skeletons does not have 
enough rigidity and flexibility as native bat bones, the robotic bat wing was scaled larger to strengthen the rigidity and 
avoid breakdown. The geometric, kinematic and dynamic similarities were considered when the robotic wing was scaled. As 
we mainly considered the relationship between power, force and some flight parameters in this paper, for a specific robotic 
bat wing, the scaled size has little influence over the regulations between these factors.

The accurate motions were respectively powered by four motors (BE163CJ-NFON, Parker Compumotor) and controlled by 
a DMC controller (DMC-4060, Galil Motion Control); the trajectory of each motion was followed by the bat angle data we 
got. Steel wires, plastic hollow tubes and metal pins were used to connect different bones and transmit movements from 
motors to bat wing.

The robotic bat wing was fixed on the test section and mounted on top of the wind tunnel. Lift and drag were measured 
by two cross vertical distributed load cells, and power was calculated as the product of motor torque and velocity. The load 
cells were calibrated and validated, the force and power data were fitted and a variety of error factors were considered to 
eliminate or reduce the errors. The required frequency, amplitude and downstroke ratio were achieved by controlling the 
motor rotation speed and the amplitude in a cycle. The initial position of the robotic bat wing was selected at the middle 
downstroke position. At that moment, the flap angle was 0, the wrist angle was close to the minimum and other five 
angles approximated to the maximum. Sequentially, the flight motion was divided into four phases in this paper, downward 
deceleration, upwards acceleration, upwards deceleration, and downward acceleration phase [13,15,18,19].

2.2. Computational model of bat wing skeletons

Based on the flap angle data (Fig. 2) and other simplified models to calculate the inertial power of bats [7], the flap 
motion can be simplified to a sinusoidal movement when small deviations are not considered. For a rigid wing, the transient 
flap angle r(t), the transient angular velocity dr/dt , and the transient angular acceleration d2r/dt2 can be described by the 
following equation:

r(t) = 1

2
ϕ sin(2π f t) + ϕ0

dr

dt
= π f ϕ cos(2π f t)

d2r

dt2
= −2π2 f 2ϕ sin(2π f t) (1)

where ϕ is the amplitude, ϕ0 is the initial amplitude, f is the frequency. The inertial energy E(t) and inertial power P of 
sinusoidal flap during a complete wingbeat cycle can be calculated as:

E(t) =
∫ (

I × dr

dt
× d2r

dt2

)
dt = −

∫
Iπ3 f 3ϕ2 sin(4π f t)dt = 1

4
Iπ2 f 2ϕ2 cos(4π f t) + C

P = −4

1
4 f∫

0

Iπ3 f 4ϕ2 sin(4π f t)dt = Iπ2 f 3ϕ2 (2)

where C is the integration constant, I is the moment of inertia. The values of inertial energy and power are in accordance 
with D.K. Riskin’s results [6], but account for half of C. Vandenberg’s ones [7]. These differences might lie in different 
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approaches dealing with the negative power. The instantaneous inertial power is positive at the acceleration stage, but 
negative at the deceleration stage. Whether the negative power can be stored or converted into useful aerodynamic work 
that occurs during wing deceleration was still controversial, and these controversial results lead to a one to two times 
difference in the total power [6,7]. Unlike the native flight animals, the motors that are used to measure the power have 
no devices, such as elastic elements, to store the negative energy and convert it into useful work during the acceleration 
stage. So only the positive work for two acceleration phases of one wing beat was considered, and the inertial power 
was calculated by multiplying the positive work by the wing beat frequency. In accordance with the experimental settings, 
the negative power was also neglected in the computational models. While frequency, amplitude and downstroke ratio to 
the inertial power and force were mainly considered in the present study, this assumption would not affect the variation 
tendencies.

The inertial force can be calculated as the product of mass m and linear acceleration a. The total inertial force of the 
wing is the superposition of three orthogonal components. Analogously, when flap movement of rigid wing simplified to 
a simple harmonic motion, the linear displacement s(t), the linear acceleration d2s/dt2 and the inertial force F of each 
component can be expressed as

s(t) = 1

2
x sin(2π f t) + x0

d2s

dt2
= −2π2 f 2x sin(2π f t)

F = −2mπ2 f 2x sin(2π f t) (3)

where x is the maximum displacement and x0 is the initial displacement. Note that, for any point of the rigid bat wing 
skeleton of flap motion, it only has the movements on up-down (Z ) direction and stretch-contract (Y ) direction. The total 
inertial power and inertial force result from the superposition of these two components. In this respect, the wing has only 
two-dimensional motions in a plane. But when sweep, elbow, wrist motions and movements among digits are considered, 
the wing has a complex three-dimensional movement in space, and the above simplified models are not applicable in this 
case. To achieve accurate results, the bat wing skeleton was divided into small fragments. The inertial energy and force were 
first calculated for each small part, and then accumulated to get the overall results of the bat wing skeletons. The inertial 
power is the sum of all positive changes in inertial energy over the course of the wingbeat cycle multiplied by the wingbeat 
frequency. The inertial energy E , the inertial power P and inertial force F of the bat wing skeleton are as follows:

E = 1

2

k∑
n=1

mn v2
n

P = E f = 1

2
f

k∑
n=1

mn v2
n

F = ma =
k∑

n=1

mnan (4)

where n is the nth segment, k is the total number of segments, a is the synthetic acceleration and v is the relative velocity 
of the segment to the shoulder.

As the velocity and acceleration are varying at different positions on the wing, it is not accurate to calculate the inertial 
power and force by using the wing centroid velocity and acceleration. In another previous model, the wing was divided 
into small segments to calculate the inertial power and force separately, and the separate results were summed to calculate 
the total values [5]. However, these segments were mainly cut to the long rectangular shape, and the masses, velocities 
and accelerations were calculated based on rectangular strips [5]. Because of the complexity of the bat wing’s movements, 
the rectangle strips might have the fold and twist of locomotion. And the velocities and accelerations would be different at 
the two sides, so the centroid velocity and acceleration could not accurately represent the real values of the corresponding 
strip. In our computational model, the wing skeletons were divided into small segments directly (Fig. 3 and Fig. 4); each 
part had no definite shape and the mass distributions along the bone nearly constant with respect to digit, radius, humerus 
and body part (Table 1 and Table 2). Due to the rigid connection and small size of the segments, the fold and twist effect 
can be neglected.

A computational model with the same size and mass properties as our robotic bat wing was presented to calculate 
inertial power and force. As the pedestal part did not move during the simulation, only the effects of the other four parts, 
including digits, radius, humerus, and body, were analyzed. Although the mass of the digits is small, they might have 
more complicated motions and higher velocities and accelerations. To get accurate results, the digits were divided into 
more segments than the other three parts. The skeletons were divided into 35 fragments in total to ensure the accuracy 
of calculations (see appendix). The Adams software was used to simulate the bat wing’s motions. The size, material, forms 
of motion, direction of motion, degrees of freedom, and initial position of the model were defined or set the same as the 
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Fig. 3. The fragments and the mass distribution of the 4DOF robotic bat wing skeleton. The solid circles refer to the mass center of small fragments, with 
different edge colors refers to different parts of the robotic bat wing skeleton. The digit, radius, humerus and body parts were divided to 24 (d1–d8), 
4 (r1–r4), 4 (h1–h4) and 3 (b1–b3) fragments respectively, with 35 fragments in total.

Fig. 4. The fragments and mass distribution model of the 7DOF bat wing. The solid circles refer to the mass center of small fragments, while different 
filled colors refer to different parts of the robotic bat wing skeleton. The humerus, radius, wrist, digit1, digit2, digit3, digit4 and digit5 were divided into 
4 (h1–h4), 5 (r1–r5), 1 (w1), 1 (d1), 3 (d21–d23), 7 (d30–d36), 6 (d41–d46) and 6 (d51–d56) fragments respectively, with 33 fragments in total.

Table 1
Mass distribution of the 4DOF bat wing skeleton model.

Mark Mass (g) Mark Mass (g) Mark Mass (g) Mark Mass (g) Mark Mass (g)

d1 0.054 d35 0.154 d46 0.074 d6 1.032 h1 1.738
d21 0.155 d36 0.157 d51 0.089 d7 0.730 h2 1.086
d22 0.126 d41 0.084 d52 0.083 d8 0.905 h3 0.816
d31 0.117 d42 0.078 d53 0.116 r1 1.581 h4 5.090
d32 0.129 d43 0.103 d54 0.118 r2 1.049 b1 7.474
d33 0.169 d44 0.080 d55 0.110 r3 0.971 b2 16.222
d34 0.155 d45 0.094 d56 0.128 r4 0.771 b3 13.858

Table 2
Mass distribution of the 7DOF bat wing skeleton model.

Mark Mass (mg) Mark Mass (mg) Mark Mass (mg)

h1 263.96 d21 7.85 d42 7.96
h2 185.58 d22 6.20 d43 6.43
h3 127.32 d23 4.15 d44 5.64
h4 84.615 d30 5.38 d45 4.71
r1 203.97 d31 7.96 d46 2.60
r2 213.90 d32 9.06 d51 7.43
r3 146.91 d33 8.55 d52 7.49
r4 109.53 d34 5.74 d53 5.64
r5 115.15 d35 4.12 d54 5.76
w1 62.45 d36 2.46 d55 3.73
d1 14.64 d41 8.30 d56 3.22
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experimental robotic bat wing. The continuous velocities and accelerations of each fragment within a wingbeat cycle were 
calculated automatically by the software. And these data were exported to Matlab software to calculate the inertial power 
and force of the separated fragments and the total bat skeleton.

Due to the manufacture, assemblage and rigidity requirements, the size of the robotic bat wing was two times that of 
the native bat. Some parts such as the digits were also strengthened to ensure the rigidity, and only four main motions were 
used to imitate the wing movements. Therefore, the robotic bat wing and the 4DOF model have some differences with the 
native bat wing. To develop a discrete mass system that can represent the bat wing more accurately, a 7DOF bat skeleton 
model was established. The lengths and diameters of one bat wing skeletons, including the taper digits, were measured in 
detail. Then the three-dimensional bat wing skeleton model was set up in Solidworks software. Compared with the 4DOF 
model, three more degrees of freedom were added to simulate the digits motions. The angle changes between radius and 
digit3, radius and digit4, radius and digit5 were newly added. The distal radius was separated as a wrist joint part, which 
has a rotary motion perpendicular to the radius. Because digit1, digit2 and digit3 had similar movements during bat flight, 
the angle changes between digit1 and radius, digit2 and radius were set the same as digit3 and radius, and these three 
digits were fixed as one part in the simulation model. A constant density was set to the bones at 2000 kg/m3 based on 
typical values for compact cortical bone in mammals [2]. For a single bat wing, the mass of skeletons in our model was 
1.6 g. Compared with the native bat Eptesicus fuscus, it took about 5% to 11% of the total mass of the bat [20]. In one flight 
cycle, 50 equidistant spacing points from each bat angle changing data were used to mimic the real bat angle curves (Fig. 2). 
These data were fitted to seven smooth paths for that the corresponding skeleton followed by. The initial location of the 
model was set at the middle downstroke position. At this moment, the flap angle and the wrist angle were apparently at 
the minimum values, while other five angles at their maximum values.

3. Results

3.1. The effects of frequency, amplitude and downstroke ratio

Frequency, amplitude and downstroke ratio (τ ) are three main factors that affect the inertial power and inertial force. 
The downstroke ratio is defined as the downstroke fraction of one wingbeat cycle [21]. In consideration of the native bats’ 
parameters range and the bearing capacity of our robotic bat wing, the frequency, amplitude and downstroke ratio scope 
of the experiment and of the computation were set as 0.5 to 5 Hz, 18 to 144◦ and 0.35 to 0.65, respectively. The default 
values of these three parameters were 3 Hz, 126◦ and 0.5. When one parameter was studied, the other two were kept 
constant. The inertial force at different directions was considered separately. It was decomposed to inertial lift (FL) on the 
Z axis and inertial drag (FD) on the X axis. The total experimental errors, including system errors and random errors, were 
basically constant. The maximum absolute errors of power and force were less than 0.1 W and 0.1 N severally. Except for 
the experimental errors, the calculation errors of 4DOF model and 7DOF models were negligible under ideal conditions. 
The influence of frequency, amplitude, downstroke ratio on the inertial power and inertial force were plotted in Fig. 5. The 
results showed that, within the scope of the experimental and computational values, the inertial power, inertial lift and 
drag increased along with amplitude and frequency. Moreover, the inertial power, lift and drag decreased when going from 
low to medium downstroke ratios (0.35 to 0.55) and then increased slightly when downstroke ratio (0.55 to 0.65) increased 
further. Comparing the same 4DOF model of experiment and computation results, the computational power and force were 
smaller than the experimental values.

3.2. The inertial power and force on different coordinate axes

According to different flap amplitudes, the inertial power and force had obvious variations on three directions. Under 
different experiment conditions and for different bat species, the flap amplitudes of bats were also quite different. For the 
lesser dog-faced fruit bats (Cynopterus brachyotis) tested in the wind tunnel, the flap amplitudes were about 50◦ to 65◦
under lower to higher wind speed [22]. For the big brown bat (Eptesicus fuscus) in free flight, the flap amplitudes we got 
were across a range of 75◦ to 130◦ . The flap amplitude presented in the following model was 40◦ , 90◦ , 140◦ and 180◦ , 
these four characteristic values included the maximum values, minimum values and special values that adapted to all bat 
species.

For the simple sinusoidal flap motion of the 4DOF model, the variation tendencies of velocity, acceleration, inertial power 
and inertial force were studied. For the flap motion only, the variation tendency in a cycle of each arbitrary marker was 
the same as that of other separated or integrated markers. As there was no relative movements on the X axis, the inertial 
power and force on X direction were 0. Representative curves of wrist velocity, acceleration, inertial power and inertial force 
were presented in Fig. 6. The results indicated that when amplitude increased, the velocity, acceleration, inertial power and 
force on the Y axis and Z axis were also increased, but the increasing extent of these parameters on the Y axis was higher. 
The cycles, positive peaks and negative peaks of F Z and FY were highly related to the flap amplitude. At higher amplitudes, 
the curves of P Z , FY and P Y had relatively flat changes at the reversal position of upstroke and downstroke. In view of 
the normalized expressions, the resultant acceleration and force curves coincide. Therefore, only the resultant velocity, force 
and power curves were shown in Fig. 6. The cycle of these curves were twice of flap frequency. The resultant power and 
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Fig. 5. The influence of frequency, amplitude, downstroke ratio on the inertial power and inertial force. Exp represent the experiment results of robotic bat 
wing, 4D, 7D respectively represent the calculation results of four degrees and seven degrees of freedom model. P , FL, FD represent the inertial power, 
inertial force on lift direction and inertial force on drag direction. Note that, for the 7DOF model, the power data were magnified 100 times and the force 
data were magnified 10 times to compare the results in a graph.

velocity curves was similar to sine curves and the resultant force curves had a nearly reversal from small to large flap 
amplitude.

For the 7DOF model, the inertial power and force were also decomposed on three directions. According to different 
fragments, as each part has different mass, speed and acceleration properties, the inertial power and force were quite 
different from each other. Different from the flap motion only, the inertial power and force along the X axis were no longer 
0 under the combination of all motions (Fig. 7). The effects of humerus, radius and five digits on inertial power and force 
were studied separately. The results showed that the inertial power and force on the X axis was larger than values on the 
Z and Y axis. The inertial cost on the X , Y and Z axes hold approximately 20%, 30% and 50% of the total power and the 
proportion of the inertial force on X , Y and Z axis was about 35%:25%:40%. For the energy expenditure and inertial forces, 
the radius accounted for the largest proportion, while the humerus and digit1 took the smallest proportions (Fig. 8).

4. Discussion

4.1. The effect of three parameters on inertial power and force

The inertial power and force are related to the mass, velocity and acceleration. But, for a particular robotic bat wing, 
because of the constant density and size, the mass is unchangeable. When frequency, amplitude and downstroke ratio 
are compared together, because changing the downstroke ratios is made through varying the upstroke and downstroke 
frequencies in a cycle, this can also be attributed to the frequency factor [21]. So amplitude and frequency are two main 
and changeable factors that affect the inertial power and force. When the frequency increased, the flap time is decreased 
in one cycle and thus the velocity and acceleration are increased. Similarly, increasing the amplitude can increase the 
maximum flap distance and therefore promote velocity and acceleration likewise. From the theoretical equation (2), we 
find that the inertial power is proportional to the square of amplitude and the cubic of frequency, while the inertial force is 
proportional to amplitude and to the square of frequency. Compared with the results obtained with real bats, the theoretical 
and practical proportionality coefficient are slightly different [18]. One reason might due to that the theoretical motions are 
simplified to sinusoidal flap, but actually the motions of native bats are complicated. Another reason might be that when 
one parameter is studied, the changes in other parameters are not considered in our models. However, some parameters
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Fig. 6. The wrist joint velocity, acceleration, inertial power and force of the 4DOF model. vY , v Z , aY , aZ , P Y , P Z , FY , and F Z represent the wrist joint 
velocity on the Y axis, the velocity on the Z axis, the acceleration on the Y axis, the acceleration on the Z axis, the inertial power on the Y axis, the 
inertial power on the Z axis, the inertial force on the Y axis, the inertial force on the Z axis. Rv, RP, RF respectively represent the resultant velocity, resultant 
power and resultant force of the wrist joint. The flap amplitude of the first-row figures (a1, a2, a3), second-row figures (b1, b2, b3), third-row figures (c1, 
c2, c3) and fourth-row figures (d1, d2, d3) are 40◦ , 90◦ , 140◦ , 180◦ respectively. The left and right axis units of the first- and second-column figures are 
velocity (m/s), acceleration (m/s2), inertial power (W), and inertial force (N), respectively. The axis units of the third column figures are normalized between 
0 and 1 to compare velocity, power and force together. The gray backgrounds represent the downstroke period of a flap cycle.

will be changed simultaneously during bat flight [23], and each parameter has its upper and lower limits [4]. Such as the 
Cynopterus brachyotis flow in the wind tunnel, with wingbeat frequencies ranging between 7.6 Hz and 9.9 Hz, wingbeat 
amplitudes from 50◦ to 140◦ [2]. As it is difficult to establish precious theoretical equations on the inertial power and force 
of native bats, and the motions of robotic bat wings were often simplified to simple sinusoidal movements [11–15], the 
simple equations of flap flight still can provide some implications for robotic wing movements.

During the deceleration stage, the negative power will be generated (Fig. 6). However, our motors have no device to 
store the negative power. Even for the native bat, although some storage may occur late in upstroke, it does not appear to 
be large enough to account for the power loss [8]. So the wings of robotic bats should have a low inertia to minimize the 
inertial power requirements of flapping flight [17]. To decrease the inertial power or force for the future robotic bat wing, 
amplitude and frequency are two convertible characteristics needing to be reduced. Due to the scope of each factor, either 
of these parameters cannot be too big or small to reach the ideal values, but by properly controlling these two parameters, 
more efficient flight of the robotic bat wing can be achieved.

When the downstroke ratio deviated from the symmetric center (τ = 0.5), it increases the upstroke or downstroke 
frequency and thus increased the maximum inertial power and force. For the symmetrical flap motion, the change trends 
should be standard symmetrical U-shaped curves. But our results showed that the effect of downstroke ratio to inertial 
power and force were not symmetrical U-shaped curves, and the values were a little smaller at higher downstroke ratio. 
These results indicated that at the same frequency, the inertial power and force of upstroke are smaller than downstroke. 
As the wings are mainly expanded at the downstroke but folded at the upstroke, this result verified that the biomimetic 
wing folding can reduce the inertial power and force [5].

For the same 4DOF model, the power and force of the computational values are smaller than the experimental results of 
robotic wing. The power differences may be due to the following reasons. One is that the experiment power is calculated 
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Fig. 7. The inertial power and force changing trends of different fragments. The fragments of a1 and a2, b1 and b2, c1 and c2, d1 and d2 are the elbow 
(r4) joint, the wrist (w1) joint, tip3 (d36) and the total skeletons respectively. The units of the first- and second-column figures are inertial power (W) and 
inertial force (N) respectively. The gray backgrounds represent the downstroke period of a flap cycle.

Fig. 8. The inertial power and force of different parts on three axes. H, R, D1, D2, D3, D4, D5 respectively represent humerus (h1–w1), radius (r1–r4), digit1 
(d1), digit2 (d30–d23), digit3 (d31–d36), digit4 (d41–d46) and digit5 (d51–d56) part. X , Y , Z represent the values on the X , Y , Z axes. Total and Res 
represent the total power and the resultant forces on three axes.

as the energy cost of the motors, not the wing directly, and the motor efficiency is smaller than 1. The second is that the 
experimental wing is heavier as it contains the steel wire, metal pins or even small adhesive markers, which are neglected 
in the calculation model. The third is due to the frictions between different joints, and these are also not considered in 
calculation. The fourth is that the experimental results also contain the aerodynamic cost and aerodynamic force of the 
skeletons, although this effects are small. All these factors would make the experimental values larger than the results of 
theoretical calculations. The second to fourth reasons are also suitable for the explanation of the force differences.

4.2. The components of inertial power and force

For the sinusoidal flap motion only, the flap angle r(t) and velocity dr/dt are presented in Eq. (1). The velocity compo-
nents on horizontal axis (vY ) and vertical axis (v Z ) can be calculated as follows
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vY = ϕπ f cos(2π f t) × sin

(
ϕ

2
cos(2π f t)

)

v Z = ϕπ f cos(2π f t) × cos

(
ϕ

2
sin(2π f t)

)
(5)

and the accelerations (aY , aZ ) can be calculated as the derivative of the velocities (vY , v Z ). So the curves and change 
trends in Fig. 6 can be formulated when different amplitudes (ϕ) are substituted in the equations. For the flap motion, the 
calculation results demonstrated that the inertial power and force are related to the flap amplitude. At minor amplitude, the 
inertial power and force on the Y axis (P Y , FY ) are negligible. When amplitude increased, the increasing scope of inertial 
power and force on the Y axis (P Y , FY ) are larger than on the Z axis (P Z , F Z ). These are mainly due to the fact that the 
growth rates of velocities and accelerations on the Y axis are larger than that on the Z axis. At the beginning and end 
of sinusoidal flap in a cycle, the changes in velocity and acceleration are slight, and these effects are more noticeable at 
higher amplitude, so some power and force curves had more or less flat trends according to the stroke reversals (Fig. 6). For 
the resultant power, the results were consistent with the conventional ratiocinations. The cycles of inertial power are twice 
as wing beat frequency, and with positive peaks during up-acceleration and down-acceleration stages, with negative peaks 
during up-deceleration and down-deceleration stages [15]. But the inertial forces are different, and no generic curve can be 
used to represent the changes at different amplitudes.

For the full motions, the inertial power and force still account for the largest part of the total value in the flap direction 
(Fig. 8). In comparison with the flap motion, the inertial power and force on the X direction are no longer 0. The proportion 
of power and force on the Z axis are decreased, but are increased on the X and Y axes. This implies that wing folding may 
decrease the inertial power and force on up–down direction but increase the values on expand–contract and back–forth 
direction. The increased force in the expand–contract direction means that more ‘centripetal force’ will be generated. For 
the robotic bat wing that uses flexible connection, such as scopes or wires, to connect skeletons and transfer motions, the 
sweep and elbow angles are not preciously constant during motions. The ‘centripetal force’ probably increases the angle 
differences from the set or required values. So when more degrees of freedom are added, measurements should be taken to 
avoid these problems.

In general, the fragments which are near the shoulder have relatively large masses, but have small velocities and accel-
erations, but it is exactly opposite when the fragments are far from the shoulder. The resultant values of the power and 
force depend on the interaction of these two factors. Although the mass of the radius are 22 times as the digit3 (Table 2), 
the inertial power and force of radius are roughly 2.7 and 8 times that of the digit3 (Fig. 8). Therefore, for the digit and 
other bones of the same mass, the digits need to bear larger forces. But digits are delicate and easy to break compared with 
other skeletons [13], so the stiffness of the digits should be strengthened in the design and fabrication of future robotic bat 
wings. Comparing the results in this paper with other literature data is difficult because the available data on the inertial 
power and force of native bat wing often include the power and force of the whole wing, including bat membrane [2,4,7]. 
The membrane occupies a large part of bat wing, and its effect on inertial power and force still needs to be further studied. 
Collecting accurate data on wing movements and membrane deformations are crucial for establishing a biomimetic bat wing 
model, and the inertial power and force of the whole bat wing can be estimated based on the new model.
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Appendix A

A.1. Theoretical derivations on flap movement of inertial power and force

For a rigid wing, when the wing flaps with amplitude ϕ , the angular velocity ω, the transient flap angle r(t), the transient 
angular velocity dr/dt , and the transient angular acceleration d2r/dt2 can be described by the following equation

r(t) = 1

2
ϕ(ωt) + ϕ0

dr

dt
= 1

2
ωϕ′(ωt)

d2r

dt2
= 1

2
ω2ϕ′′(ωt) (6)

where ϕ0 is the initial amplitude, the transient angular velocity, and the transient angular acceleration are the first- and 
second-order derivatives of the transient flap angle, respectively. The inertial energy E of one wing can be calculated as the 
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product of the moment of inertia I , the angular velocity dr/dt , the angular acceleration d2r/dt2 and time t . The inertial 
energy through time can be modeled by the following integral equation:

E(t) =
∫ (

I × dr

dt
× d2r

dt2

)
dt = 1

4

∫
Iω3ϕ′(ωt)ϕ′′(ωt)dt = 1

8
Iω2[ϕ′(ωt)

]2 + C (7)

where C is the integration constant. The inertial power can be calculated as the product of inertial energy E and fre-
quency f . During one flap cycle, the wing has two acceleration and two deceleration phases, the acceleration inertial cost is 
the same as the deceleration inertial cost [7]. So the inertial power is four times that of each acceleration phase. To calculate 
the inertial power P , the positive increase in E(t) over the course of one-fourth wingbeat cycle from t = 0 to t = 1/(4 f ) is 
summed, the total inertial power is four times that period:

P =
1

4 f∫
0

f Iω3ϕ′(ωt)ϕ′′(ωt)dt (8)

based on the bat flap angle data (Fig. 1) and other simplified models to calculate the inertial power of a bird or a bat [7]; 
when small deviations are not considered, the flap motion can be simplified to a sinusoidal movement, the transient angle 
is given by

ϕ(ωt) = ϕ sin(2π f t) (9)

Combining equations (6), (7), (8) and (9) gives the following equation (10) of the transient flap angle r(t), the transient 
angular velocity dr/dt , and transient angular acceleration d2r/dt2.

r(t) = 1

2
ϕ sin(2π f t) + ϕ0

dr

dt
= π f ϕ cos(2π f t)

d2r

dt2
= −2π2 f 2ϕ sin(2π f t) (10)

the inertial energy and inertial power of sinusoidal flap during a complete wingbeat cycle can be calculated as

E(t) =
∫ (

I × dr

dt
× d2r

dt2

)
dt = −

∫
Iπ3 f 3ϕ2 sin(4π f t)dt = 1

4
Iπ2 f 2ϕ2 cos(4π f t) + C

P = −4

1
4 f∫

0

Iπ3 f 4ϕ2 sin(4π f t)dt = Iπ2 f 3ϕ2 (11)

The values of E(t) and P are in accordance with D.K. Riskin’s results [6], but half those of C. Vandenberg [7]. These 
differences lie in the different process methods to the negative power. The instantaneous inertial power is positive at the 
acceleration stage and negative at the deceleration stage. Whether the negative power can be stored and converted into 
useful aerodynamic work that occurs during wing deceleration was controversial, and these controversial results lead to a 
one to two times difference in the total power [6,7]. Unlike the native flight animals, the motor we used to measure the 
power has no device, such as elastic element to store the negative energy and convert to useful work during the acceleration 
stage. So only the positive work for two acceleration phases of one wing beat was considered, and the inertial power was 
calculated by product the positive work to the wing beat frequency. In accordance with the experimental settings, the 
negative power is also neglected in the following computational models. From the point of view of the variation tendency, 
while frequency, amplitude, and downstroke ratio to the inertial power and force were mainly studied in the present study, 
this assumption would not affect the variation pattern.

The inertial force F can be calculated as the product of mass m and linear acceleration a. The inertial force of the wing 
can be expressed as superposition of three orthogonal components values of the bat wing coordinate system. For each 
component, the linear displacement s(t), the linear acceleration d2s/dt2 and the inertial force F are given by

s(t) = 1

2
x(ωt) + x0

d2s

dt2
= 1

2
ω2x′′(ωt)

F = 1
mω2x′′(ωt) (12)
2
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where x is the maximum displacement and x0 is the initial displacement at each direction. Analogously, when the flap 
movement of a rigid wing skeleton is simplified to a simple harmonic motion, the linear displacement s(t), the linear 
acceleration d2s/dt2 and the inertial force F of each component can be expressed as:

s(t) = 1

2
x sin(2π f t) + x0

d2s

d t2
= −2π2 f 2x sin(2π f t)

F = −2mπ2 f 2x sin(2π f t) (13)

Note that, for any point of the rigid bat wing skeleton of flap motion, it moves in the up-down (Z ) and stretch-contract 
(Y ) directions. The inertial power and the inertial force are the superposition of these two components. In this respect, 
for the flap motion only, the wing has only two-dimensional motions in a plane. But when sweep, elbow, wrist and finger 
motions are considered, the wing has complex three-dimensional movements in space, and the above simplified models are 
not applicable in this case. To achieve accurate three-dimensional calculation, the bat wing skeleton was divided into some 
small parts. The inertial energy and inertial force were first calculated for each small part, and then accumulated to get the 
overall results of the bat wing skeleton. The inertial power is the sum of all positive changes in inertial energy over the 
course of the wingbeat cycle multiplied by the wingbeat frequency. The inertial energy E , the inertial power P and inertial 
force F of the bat wing skeleton are as follows:

E = 1

2

k∑
n=1

mn v2
n

P = E f = 1

2
f

k∑
n=1

mn v2
n

F = ma =
k∑

n=1

mnan (14)

where n is the nth segment of the total separated part, k is the total number of the small intersected part, a is the synthetic 
acceleration and v is the relative velocity of the segment to the shoulder.

A.2. The number of divided segments

Some factors such as the number of skeleton divided parts may also affect the inertial power and force. To compare 
with the 35 fragments of the 4DOF model used in this paper, the fragments of the identical model were cut to 22 small 
fragments. With each 3 fragments at body, humerus, radius, digit3, digit4 and digit5 skeletons, and each 1 fragment at 
digit1, digit2, wrist joint and wrist-radius connect skeletons. The same strategy for these two models was used to calculate 
the inertial power and force, and the results indicated that the difference in inertial power between these two models was 
less than 3%. For the strip model results of native bat wing, the analysis indicated that when the number of strips was no 
less than 15, the ‘doubled strip width error’ was less than 3% [7]. This means that more divided parts cannot improve the 
accuracy of the calculation results.
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