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linear time-dependent spatial difference equation associated with the lattice problem is
presented for some given initial and boundary conditions. This exact solution is compared

gzvtvif;tion to the quasicontinuum approximation built by continualization of the lattice equations.
Lattice A rational-based asymptotic expansion of the pseudo-differential problem leads to an
Fourier’s law equivalent nonlocal-type Fourier’s law. The differential nonlocal Fourier’s law is analysed
Nonlocal thermodynamics with respect to thermodynamic models available in the literature, such as the Guyer-
Gfac}ieml Fourier's law Krumhansl-type equation. The length scale of the nonlocal heat law is calibrated with
Nonlocality

respect to the lattice spacing. An error analysis is conducted for quantifying the efficiency
of the nonlocal model to capture the lattice evolution problem, as compared to the
local model. The propagation of error with the nonlocal model is much slower than
that in its local counterpart. A two-dimensional thermal lattice is also considered and
approximated by a two-dimensional nonlocal heat problem. It is shown that nonlocal and
continualized heat equations both approximate efficiently the two-dimensional thermal
lattice response. These extended continuous heat models are shown to be good candidates
for approximating the heat transfer behaviour of microstructured rods or membranes.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Diffusion equation

1. Introduction

This paper deals with a nonlocal generalization of the heat equation that can be based on lattice arguments. Such non-
local theories may be useful to capture the scale effects of microstructured solids, when the discreteness at a subscale may
play a predominant role at a larger scale. Such scale effects have been experimentally or numerically (based on molecular
dynamics simulations) observed, for small scale structures, where size-dependent thermo-mechanical behaviour is noticed.
Although the paper is mainly focused on thermal diffusion, fluid infiltration in porous media or electrical conductivity may
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be considered as alternative basic diffusion problems [1]. Nonlocal thermomechanics has been developed since the 1960s
based on well-founded thermodynamic arguments [2]. Eringen and Kim [3] or Eringen [4] calibrated the nonlocal elas-
ticity kernel (uncoupled mechanical problem) from lattice mechanics. Lattice mechanics is typically governed by discrete
equations, whereas continuum models are known to be better suited for engineering applications, with some more math-
ematical available framework. There is a need to develop some continuous models which possess some information of the
lattice ones. In that spirit, Collins [5] introduced the concept of quasicontinuum to representing a transition medium be-
tween the discrete lattice and the asymptotic local continuum. Collins [5] defined this quasicontinuum for a mechanical
lattice, with specific application to the soliton phenomenon (see also [6,7]). Rosenau [8] obtained a nonlocal wave equation
by continualization of the discrete wave equation. This nonlocal wave equation can be shown to be cast as a differential-
based nonlocal model [4], also called a stress-gradient nonlocal model. More recently, the source of nonlocality has been
investigated, especially with respect to the inherent microstructure, and in particular for uncoupled mechanical problems
(see, recently, [9-11] for nonlocal elasticity problems). Challamel et al. [12] also showed the key role of different microstruc-
tures, namely a concentrated or some distributed microstructures. Nonlocal mechanics may be used for characterizing the
behaviour of the quasicontinuum. To the authors’ knowledge, this methodology has not yet been applied to the thermal
analysis of the lattice, so the main aim of this paper is to fill this gap.

It has been demonstrated that the nonlocal kernel for elasticity problems may be related to the discreteness of the
material at a fine scale, using a nonlocal differential model introduced by Eringen [4]:

o —1?6"=Ee withe=u’ (1

where o is the uniaxial stress, ¢ is the uniaxial strain, u is the axial displacement, E is the Young modulus, and I is
a characteristic length which accounts for the specific lattice effect of the equivalent quasicontinuum. For axial vibrations
problems, Challamel et al. [11] showed that the length scale of the nonlocal model can be calibrated from the lattice spacing
a using:

) @

=15 2)
This value is slightly different from the one calibrated by Eringen [4] by comparing the wave dispersive properties of the
nonlocal model with the lattice one, also referred to as the Born-Karman lattice model.

In this paper, we adopt the same methodology used and applied in a one-dimensional problem of thermal diffusion evo-
lution. Nonlocal heat equations have been recently considered using space-fractional derivative operators instead of integer
derivative ones [13-17]. In these approaches, the attenuation functions can be introduced by fractional derivative theory,
leading to equivalent fractional power law decaying functions. Atanackovic et al. [13] considered a generalized fractional heat
equation (also called fractional Cattaneo-type equation) (from the initial work of Cattaneo [18] - see also [19]) with both
space- and time-fractional operators, and presented some numerical and analytical solutions. Some more general results in-
cluding existence and uniqueness properties of Cattaneo-type space-time fractional heat equation (and nonlocal wave-type
equations) are available in the books of Atanackovic et al. [20,21]. Michelitsch et al. [14] studied nonlocal wave propagation
and nonlocal diffusion processes for self-similar harmonic interactions media using fractional derivatives. Sapora et al. [15]
investigated a spatially nonlocal heat equation involving space-fractional derivative operators. Michelitsch et al. [14], Tarasov
[16] or Zingales [17] built some space-fractional derivative nonlocal heat equations from a lattice model. Michelitsch et
al. [14] or Tarasov [16] considered long-range lattice interactions (nearest-neighbour ones, but also interactions including
some other neighbouring) for the physical justification of fractionality, whereas Zingales [17] investigated only nearest-
neighbour interactions with power-law lattice non-uniformity. Deseri and Zingales [22] considered a time-fractional Darcy
equation (diffusion equation), which can be also considered as a kind of generalized Cattaneo-type equation. Yu et al. [23]
coupled Eringen’s nonlocal elasticity (integer order spatial differential model) with time-fractional order derivative for the
heat conduction. Challamel et al. [9] analytically studied wave propagation in a nonlocal fractional differential-based model,
highlighting the possible link between fractional nonlocality and Eringen’s differential-based model (see [4] for Eringen’s
differential model applied to elasticity). Peridynamic heat transfer modelling (which makes use of nonlocal type diffusion
equations) has been investigated by Oterkus et al. [24]. Recently, Zhan et al. [25] numerically noticed some length-dependent
thermal conductivity in a one-dimensional carbon nanomaterial - diamond nanothread (DNT) - based on non-equilibrium
molecular dynamics simulations.

In this paper, we consider an Eringen-type differential model for the nonlocal one-dimensional (and later two-
dimensional) generalization of Fourier’s law:

q—12q" =T’ (3)

where q is the heat flux, T is the temperature, A is thermal conductivity, and I is a characteristic length which contains the
microstructure information related to the discreteness of the material. The meaning of this nonlocal parameter is discussed
further below. In Eq. (3), we can recognize an Eringen-type nonlocal differential model [4], where the heat flux acts as the
stress and the temperature may be associated with the displacement in the analogous case of nonlocal elasticity. Eq. (3)
can also be classified as a Guyer-Krumhansl-type equation [26-29], restricted to the nonlocal space contribution as recently
highlighted by Sellitto et al. [30], Jou et al. [31] or Jou et al. [32]. The additional nonlocal terms may appear in the kinetic
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theory of gases in the so-called Burnett approximation [33]. Jou et al. [32] provided some thermodynamic arguments to
justify such a family of models.
The energy balance equation may be written as:

pcT =—q' (4)

where p denotes the density and c is the specific heat capacity of the rod. Coupling Eq. (3) with Eq. (4) leads to the nonlocal
heat equation:

T=aT’ + 27" (5)

where o = A/pc is the thermal diffusivity. Eq. (5) is the Eringen-type nonlocal diffusion equation, which may be also
formally valid for diffusion in porous media or electrical conduction.

This equation has been considered by Barenblatt [34] for the flow of liquids in fissured rocks (see also [35]). Some
mathematical solutions in reference configurations are presented by Barenblatt [34] and Ting [36] (see also [37]). Recent
studies on so-called weak nonlocal thermo-mechanical problems have been carried out by Maugin [38], Berezovski et al.
[39], and Filopoulos et al. [40,41].

2. Solution to the nonlocal heat equation

We are searching for a solution to this spatially nonlocal evolution equation with the following boundary and initial
conditions:

TO,t)=T(L,t)=0 and T(x,0) = f(x) (6)
Using the method of separation of variables, based on T (x, t) = X(x)Z(t), the nonlocal evolution equation gives:
Z 17 /7 Z
. 7
VA X th X Z ()
We can assume that % = —ay and then & = a:zzlz = —42 with the following solutions:
Z(t) = Ae ¥t (8)
X(x) = Bsin(x) + C cos(5x) 9)
From the boundary conditions, T(0,t) = T(L, t) = 0, which is equivalent to X(0) = X(L) =0, we can therefore write:
. [ mmnx . mm
X(x):Bsnl(T) w1th5=T,m=1,2,3... (10)
Introducing § = "%, m=1,2,3... into XYN = a:]’:zl% = —§2, we obtain:
mm\2
_ ( 2L ) (11)
1+1(TF)?
The general Fourier series solution can be expressed as:
00 mx —otmznzt
T(x,t)= ZAm sin(T)e’g”’z“zﬂ2 (12)
m=1
By setting I. = 0, the solution is reduced to the classical local solution (see, for instance, [1]):
> C(max\ _m e
T(x,t)=ZAmsm<T>e 12 (13)

m=1

To satisfy the initial condition, we require for x € [0; L]:

f(x):n;Am sin(?) (14)

where the coefficient Ap, is given by:

L
2 . (mmx
Am:z/f(x)mn(T)dx (15)
0
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Fig. 1. Lattice thermal behaviour.

for a specific hat function such as:

To2, 0<x<

To2—2), L<xs<

L
2 (16)
5 =< L

ﬂm=[

Based on Eq. (15), the coefficient Ap, is calculated as:

L)2 L
4Ty . (mmnx 4To/ . (mnx
An=— | xsin| — |dx + — L —x)sin| — )dx
m 2 < i ) + 2 ( ) I
0 L2

8Ty in(mn>_{ 8To_(—1)™=D/2 m s odd

— (mm)?
(mm)2 2 (an

0, m is even

The general Fourier series solution can then be expressed as:

2.2,

8T mmx —am Tt
Txt= Y. (—nm-1/2_ =0 sin(—n )el?mz"zﬂz (18)

2 L
m=1,3,5,... (m)
The dimensionless parameters can be introduced as:

T X A~ e t
* oS — —
T = —, k=1, lc_f and T=ar (19)

The general Fourier series solution can then be expressed in a dimensionless form:

_m22

N 8 . A -
T*R,T) = Z (—1)(’“_”/2—2 sm(mnx)e”’g"'z"zr (20)
m=13.5,... (m)

3. Exact solution for the thermal lattice equation

In this study, we consider heat transfer in a lattice of n rigid elements (see Fig. 1). a is the lattice spacing, which
has a physical meaning with respect to the physical discreteness of the thermal lattice. A similar lattice with additional
inhomogeneities was recently studied by Zingales [17]. The discrete-based (or lattice) approach adopted here is based on
the following spatially discrete Fourier’s law:

gi=—h—r— (21)

and the discrete energy balance equation, which may be written as:

,OCT,' =—¥ (22)

We then investigate the discrete diffusion equation formulated with:

o Tip1 —2Ti+Tiq

-
1 {12

(23)
where again, = 1/pc is the thermal diffusivity and a = L/n is the lattice spacing.

Exact solutions of thermal lattice equations have been published with respect to the numerical treatment of the dis-
cretized time and spatial local heat equation (see [42-44] - see more recently [45]). It is noteworthy that the thermal
lattice equations in the present paper coincide exactly with the finite-difference formulation of the spatial local heat equa-
tion with a continuous time parameter.

Following the methodology already described for the nonlocal heat equation, we use the method of separation of vari-
ables, based on T;(t) = X;Z(t), thus leading to:
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Fig. 2. Evolution of heat transfer using the lattice model, the local model and the nonlocal model based on lg =a%/12 and n = 4.

z Xit1 —2Xi + Xi—1

Z a2X; (24)
We can assume that Z = —ay Z, which is easily integrated:

Z(t) = Ae ¥Vt (25)
and then a linear second-order difference equation in space needs to be solved:

Xit1 + (B —2)Xi+ Xi-1 =0 withp=ya? (26)
whose solution can be expressed by (see, for example, [11]):

Xi = Bsin(¢i) + Ccos(¢pi) with ¢ = arccos (1 - g) (27)
From the boundary conditions, To(t) = T,(t) =0, which is equivalent to Xy = X;; =0, we can therefore write:

. (mmi . mx

Xl:BSIH(T> W1th¢:7,m:1,2,3 (28)

Introducing ¢ = %,m =1,2,3... into ¢ = arccos(1 — VT‘JZ), we obtain:
4n? sin? (LX)
y = 5 2n (29)

The general Fourier series solution can be expressed as:

2 2 mn
—adn“ sin“ (5>)
2n "¢

Ti(t) = Z Am sin(me)e 2 (30)
m=1

The local solution is again found when n tends to infinity. Using the Fourier decomposition given by Eq. (17), the exact
solution of the thermal lattice equation is then written as:

8 mrti : mn
nm= 2, Vs Si“(T)e{‘lnzsmz(ﬁ)h 31)
m=1,3,5,...

The temperature evolution of the lattice is represented in Figs. 2 and 3 for a lattice with n =4 elements. It is clearly shown
that the temperatures of the lattice model are higher than the values obtained with the local model.
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Fig. 3. Comparison of heat transfer evolution for the lattice model, the local model and the nonlocal model based on zg =a%/12 and n = 4.

4. Identification of the length scale through microstructure analysis

Using a continualization procedure, it is possible to expand the spatial difference operators in Eq. (23) with a Taylor
expansion based on T; = T (x = ia) for a sufficiently smooth temperature function:

> kak

a‘o ad
Tx+a)y=Y_ ’dx T(x) =e"*T(x) withd,= o (32)
k=0

This continualization method has been widely used for mechanical problems (see [5,6,8,46-48], but very few results are
available for the diffusion equation. It is worth mentioning that Nielsen and Teakle [49] used a similar continualization
approach for a Fick diffusion process, based on a Taylor-based asymptotic expansion of the field variable defined at discrete
points.

The second-order finite difference operator can then be formulated using the pseudo-differential operator:
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Fig. 4. Evolution of heat transfer using the lattice model, the local model and the non-local model based on 2 =a?/12 and n=8.

Tit + Tizq — 2T; = [e% 4 %% — 2]T(x) = 4sinh® (;BX>T(X) (33)

The diffusion problem is then governed by the following system of pseudo-differential equations, obtained from Eq. (33):
. o a
T =4— sinh? (—ax> T (34)
a 2

Since the pseudo-differential operator can be efficiently approximated by a Padé approximant (for axial wave applications,
see [8,46,48,49]):

1— 1292 12
By inserting the rational approximation Eq. (35) in Eq. (34) and by multiplying by 1 — 1383, Eq. (34) can then be efficiently
approximated by the second-order differential equation:

T=aT"+ ff” (36)
12

4 a2 2
a—zsinh2< 8x> —X ... Withli:a— (35)

which is strictly equivalent to Eq. (3) with the length scale correspondence l2 12

Hence, the nonlocal diffusion equation may be physically supported by a lattice heat model. Figs. 2 and 3 show the
efficiency of the quasicontinuous model (or nonlocal heat model) with respect to the lattice model for n = 4. Figs. 4 and 5
also compare both the nonlocal and the local models with respect to the reference lattice model for n = 8. The efficiency of
the nonlocal model with respect to the local model is higher for small n values, i.e. in presence of strong microstructured
effects. In fact, it is possible to quantify the relative error of the nonlocal model with respect to the reference lattice model
from the following time-dependent function:

2.2
—me T
THO) - T*R=i/n 1) Lmor3s. DTV Sm("“”)[e fan? sin® (52017 _ g 1+t "
Err(i, 7) = = — (37)
T¥(T) Yot ss,. (— 1)(m 1)/2_8 _ " Sm(mm)e—[4n2 sin?(45)]r
The error is maximum at the middle of the lattice bar:
2.2
2 . 2. mn s e S 4
n/Z(t) _ T*(X =1/2,7) Zm 13.5.. (mn)Z [e—[4ﬂ sin“ ()1t _ el+12m2 2 ]
Err(n/2,t) = (38)

n/Z(T) Zm 1.35.... )ze —[4n? sinz('%[)]T
b
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Fig. 5. Comparison of heat transfer evolution for the lattice model, the local model and the nonlocal model based on zg =ad?/12 and n=8.

Error propagation during the diffusion process is shown in Fig. 6, and again, the superiority of the nonlocal model as
compared to the local model clearly appears. Moreover, it is possible to calibrate the length scale of the nonlocal model to
fit exactly the lattice model, from the fitting coefficient:

1 a?
Bopt(n/2,7) = ——— or 12 i=— (39)
b 22 SR Bopt(n/2, T)
The best nonlocal parameter is numerically computed from:
7”127'[2 T
N 1An2 <in2 mu 14 Mo

Tip(0) = T*&=1/27.)  Ymo13s... gugle G0 —e o

Err(n/2,7,8) = e = PRy =0 (40)
n/2 Zm=1,3,5,... (mm)2 € n
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Fig. 7. Numerical evaluation of Bopc(n/2,7) = e
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Ty (T -

n
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Ty, (0-T*G=1/2,7)
Th/2(T) !
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order to have Err(n/2,7) =

Fig. 7 shows that Bope is a monotonic increasing function of time which grows up to 12, especially for larger values of n,
which means that the time independent length scale 13 = ?—2 is reached after a transitory time for a sufficiently large number

of lattice elements.
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5. Two-dimensional nonlocal heat problem
We are now considering the heat diffusion in a rectangular microstructured membrane of size L; x L. The two-
dimensional nonlocal heat equation is expressed from the two-dimensional generalization of Eq. (5) as:
T =aAT + AT (41)

where o = A/pc is the thermal diffusivity. We are searching for a solution of this spatially nonlocal evolution equation with
the following boundary and initial conditions:

T(x=0,y,)=T(x=L1,y,0)=Tx,y=0,0)=T(x,y=1L,0)=0 and T(x,y,0)=f(x,¥) (42)
Using the method of separation of variables, based on T(x, y,t) = X(x)Y (y)Z(t), the nonlocal evolution equation gives:
(1-EA)XYZ=aZA(XY) (43)
We can assume that % = —ay and then
—yXY = (1-yR)AXY) (44)
For the boundary conditions considered in Eq. (42), the following solution may be considered:
Z(t) = Ae oVt (45)
m
X(x)Y(y) = Bsin ™ sin py (46)
L e
Introducing the solution of Eq. (46) into the partial differential equation in Eq. (44), we obtain:
(T5)% + (5)? )
y =
1 +I%[("g—j‘)2 + (L—’;)Z]
The general Fourier series solution can be expressed as
P2+ (f7 2
pny\ ~ 1+12[(’"“>2 <‘”>21
Tx,y,t)= Am pSin sin 48
w3.0= 33 Anpsin( 2 sn( 222 ). ()

m=1p=1
To satisfy the initial condition, we require for (x, y) € [0; L1] x [0; L»]:

fx,y)= ZZAmpmn( )sm(pzzy> (49)

m=1p=1

where the coefficient Ap, , is given by (see [1]):

Am,p = //f(x y)sm( )sm(pLzy)dxdy (50)

We study in this paper a two-dimensional hat-type temperature distribution characterized by:

2 2 L L
Tofs x 2, 0<x=<3, 0=sy=%
2
iy = | ToC -y x Y<x<L, 0=y<?% 51)
ToZ x 2— ), 0<x<%, %=<y<h
L

ToR- ) x2-3), Y=<x<l, B<y<i,

It is easy to check that:

_ 64T (mn) o (pw
A = Gy (py? S”’( 2 )““( 2 ) 52

and the nonlocal temperature solution is finally written as:
(P22

64Ty . (mmux\ . [(pry\ ~ 7H,2[(mn)z+(pn)zjf
T, y,t)= 1)M=D72(_1)(P=1/2 sin| —— | sin[ =—=
®y.H= Y Z (-1 (-1 TP 0 5

m=1,3,5,... p=1,3,5,.
(53)
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6. Two-dimensional thermal lattice - exact solution and continualization approach

The heat diffusion in the rectangular microstructured membrane of size L1 x Ly with L1 =nja and L, =nja is studied,
where a is the lattice spacing in each direction. Following Rosenau’s reasoning for mechanical two-dimensional lattices [49],
the thermal lattice difference equations are written by:
Tiv1,j+Tijy1+Ti1j+Tij—1 — 4T

2
a

Ti’j = (54)
where a is the lattice spacing in each direction of the microstructured membrane. One recognizes the spatial finite difference
equations of the local heat equation.

We are searching for a solution of these two-dimensional time-dependent lattice equations with the following boundary
and initial conditions:

To,j(t) =Tn,,j(&) =Tiot) =Tin, () =0 and T;j(t=0)=f;; (55)

The initial conditions are the same as the ones of the nonlocal two-dimensional problem, i.e. f; j = f(ai,aj) in Eq. (51).
Following the methodology already described for the nonlocal heat equation, we use the method of separation of vari-
ables, based on T; ;(t) = X;Y;Z(t), thus leading to:

Xinz _ a|:xi+1yj + XiYjp1 + X:; Yi+XiYj_1— 4Xin] (56)
We can assume that Z = —ay Z, which is easily integrated:

Z(t) = Ae ¥Vt (57)
and then, the spatial difference equation in space to be solved is written by:

Xig1Yj+ Xi¥js1 + Xis1 Y+ XiVjo1 + (ya® —4)X;Y; =0 (58)
the solution to which, for the boundary conditions given in Eq. (55), can be expressed by:

. [mmai] . Taj
X,-szBsm[ ]sm[p J] (59)
L1 Ly
Introducing the solution of Eq. (59) in Eq. (58), we obtain:
4] 5 (mma . of pTa
= —|sin“{ — sin“| — 60
Y (12|: <2L1>+ <2L2 ( )

The general Fourier series solution can be expressed for the two-dimensional lattice as:

Ti j(t) = Z ZAm pSln< )s n(p:]> o g s i (Bl (61)

m=1p=1 2

The local solution is again found when n; and n, tend to infinity. For a square lattice, we have L{ = L, and ny =ny. The
maximum temperature at the centre of the square lattice can then be expressed in a dimensionless form as:

% _ —4n?[sin? (5= )-sin? (5nr
Tipap@= 2. > S (pn)ze : (62)
m=1,3,5,... p=1,3.5,.

We will now show that the nonlocal heat model can be derived from continualization of the lattice equations, following the
continualization reasoning of Rosenau [50], Andrianov and Awrejcewicz [51] or Lombardo and Askes [52] for mechanical
lattices. The thermal lattice equations Eq. (54) can be continualized from the pseudopartial-differential operator:

. ol . a . a
T = 4a_2 [smh2<§3x> + sinh? <§8y>]T (63)

A rational-based asymptotic expansion leads to:

. 92 92
F a[ ] ]T (64)
1-50  1-%03

which can be approximated by the following form:

az \. az 9T
1— —A)T=a|AT - =2~ (65)
12 6 9x20y2
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Some similar differential operators have been obtained by Rosenau [50], Andrianov and Awrejcewicz [51] or Lombardo and
Askes [52] for the mechanical lattice. If the last coupling term is omitted (as discussed by Rosenau [50] for the mechanical
lattice), this continualized model reduces to the simplified nonlocal heat equation considered in Eq. (41) with lg =a?/12:

a \.
1— —A|T=aAT (66)
12
which can be obtained from the nonlocal two-dimensional formulation:
. )
q-— l%V_zq =—AVT and pcT=-V.q withq= (ZX> and V = (8X> (67)
- - - - y y

with V2 = A1 and V is the gradient operator. This is an Eringen’s type nonlocal Fourier law. Eq. (66) can be also obtained
from the following alternative nonlocal law:
q—I2V(V-@=—-AVT and pcfT=-V.q (68)

Note that the two nonlocal Fourier laws differ, even if the partial differential equation for the temperature coincides, due to
the fact that:

2492 0 32 3y
V_2:A1:< X Yo 2 ) # X A5 (69)
= = 0 0y + 0y dxdy 0y
For the square lattice, the nonlocal approximation of the dimensionless temperature in the centre, based on the continual-
ization of Eq. (66) is then given by:

(mm)?+(pm)?

64 v B =T
Trpnp@= > o v o
m=1,3,5,... p=1,3,5,... (mm)<(pm)

Considering now the continualization model given by Eq. (65), and following the reasoning presented for the truncated
nonlocal model, the temperature field for the rectangular membrane would be calculated as:

64T
Tky= > 3 (=@ Ipehr_220

2 2
m=1,3,5,...p=1,3,5,... (mm)*(pm)

2
mny2, PT\2, a% mmu 2 P2
(L")+(L)+6(,_]")(L2)

—o t
. (mnx\ . (pmy 1492 [(mx )2 (P2,
xsm(L—>sm<—>e 121007, (71)

1 L

For the square lattice, the nonlocal approximation of the dimensionless temperature in the centre, based on the continual-
ization of Eq. (65) is then given by:

2 2
mm2+(pm)2+ (mm~(pm)~ (an)
6n

64 R Ry Sy TR
Tanp@®= Y, ) e u? (72)
m=1,3,5,... p=1,3,5,... (m:rr) (th)

The thermal evolution at the centre of the squared membrane is plotted in Fig. 8, and compared to the nonlocal heat model,
the continualized heat model and the local one for n = 4. The continualized model and the nonlocal one lead to very close
responses, and approximated very efficiently the response of the lattice. In Fig. 9, the relative error is plotted with respect
to the time. It is shown that the continualized nonlocal model - Eq. (65) - gets better result than the truncated nonlocal
model - Eq. (66) -, especially for a sufficiently large time.

7. Conclusions

In this paper, we show that a microstructured lattice during heat transfer behaves as a quasicontinuum governed by a
nonlocal Fourier’s law. The nonlocal Fourier’s law is similar to the differential model of Eringen [4] for mechanical elastic
interactions. The nonlocal length scale is calibrated from the lattice spacing using a continualization procedure. It is shown
that the nonlocality is similar for thermal and mechanical behaviour, with the same length scale for both phenomena. The
results are valid for one-dimensional thermal lattice and two-dimensional thermal lattices, even if the two-dimensional
continualized model may slightly differ from a phenomenological differential-based nonlocal thermal model. Definitely,
nonlocal heat models are comforted by lattice arguments and inherently possess some length scale that can be decisive in
presence of strong microstructured effects.

We have not explored the possibility for the time variable to belong to a discrete space (see Lee [53]), as we implicitly
assumed a steady flow with respect to time. However, it is formally also possible to relax this assumption for coupled
time-space discrete problems associated with both time and space nonlocality.
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Fig. 8. Evolution of T:/z,n /2(1:) for n =4 in the centre of the square membrane.
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Fig. 9. Evolution of the relative error |Err(n/2,n/2,7)| = for n =4 in the centre of the square membrane.

References

[1] H.S. Carslaw, ].C. Jaeger, Conduction of Heat in Solids, Oxford University Press, 1959.

[2] A.C. Eringen, A unified theory of thermomechanical materials, Int. J. Eng. Sci. 4 (1966) 179-202.

[3] A.C. Eringen, B.S. Kim, Relation between non-local elasticity and lattice dynamics, Cryst. Lattice Defects 7 (1977) 51-57.

[4] A.C. Eringen, On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves, J. Appl. Phys. 54 (1983) 4703-4710.


http://refhub.elsevier.com/S1631-0721(16)00002-4/bib31s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib32s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib33s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib34s1

N. Challamel et al. / C. R. Mecanique 344 (2016) 388-401 401

[5] M.A. Collins, A quasicontinuum approximation for solitons in an atomic chain, Chem. Phys. Lett. 77 (1981) 342-347.
[6] M.D. Kruskal, N.J. Zabusky, Stroboscopic perturbation for treating a class of nonlinear wave equations, J. Math. Phys. 5 (1964) 231-244.
[7] NJ. Zabusky, Computational synergetics and mathematical innovation, J. Comput. Phys. 43 (1981) 195-249.
[8] P. Rosenau, Dynamics of nonlinear mass-spring chains near the continuum limit, Phys. Lett. A 118 (5) (1986) 222-227.
[9] N. Challamel, D. Zorica, T.M. Atanackovi¢, D.T. Spasi¢, On the fractional generalization of Eringen’s nonlocal elasticity for wave propagation, C. R.
Mecanique 341 (2013) 298-303.
[10] N. Challamel, C.M. Wang, I. Elishakoff, Discrete systems behave as nonlocal structural elements: bending, buckling and vibration analysis, Eur. J. Mech.
A, Solids 44 (2014) 125-135.
[11] N. Challamel, V. Picandet, B. Collet, T. Michelitsch, I. Elishakoff, C.M. Wang, Revisiting finite difference and finite element methods applied to structural
mechanics within enriched continua, Eur. J. Mech. A, Solids 53 (2015) 107-120.
[12] N. Challamel, C.M. Wang, . Elishakoff, Nonlocal or gradient elasticity macroscopic models: a question of concentrated or distributed microstructure,
Mech. Res. Commun. 71 (2016) 25-31.
[13] T. Atanackovi¢, S. Konjic, L. Oparnica, D. Zorica, The Cattaneo type space-time fractional heat conduction equation, Contin. Mech. Thermodyn. 24 (2012)
293-311.
[14] T. Michelitsch, G.A. Maugin, M. Rahman, S. Derogar, A.F. Nowakowski, F.C.G.A. Nicolleau, A continuum theory for one-dimensional self-similar elasticity
and applications to wave propagation and diffusion, Eur. J. Appl. Math. 23 (6) (2012) 709-735.
[15] A. Sapora, P. Cornetti, A. Carpinteri, Diffusion problems on fractional nonlocal media, Cent. Eur. J. Phys. 11 (10) (2013) 1255-1261.
[16] V.E. Tarasov, Fractional diffusion equations for lattice and continuum: Griinwald-Letnikov differences and derivatives approach, Int. ]. Stat. Mech. (2014),
ID 873529.
[17] M. Zingales, An exact thermodynamical model of power-law temperature time-scaling, Ann. Phys. 365 (2016) 24-37.
[18] C. Cattaneo, Sulla conduzione del calore, Atti Semin. Mat. Fis. Univ. Modena 3 (1948) 83-101.
[19] L. Miiller, T. Ruggeri, Rational Extended Thermodynamics, Springer, 1998.
[20] T. Atanackovic, S. Pilipovic, B. Stankovic, D. Zorica, Fractional Calculus with Applications in Mechanics: Vibrations and Diffusion Processes, ISTE-Wiley,
2014.
[21] T. Atanackovic, S. Pilipovic, B. Stankovic, D. Zorica, Fractional Calculus with Applications in Mechanics: Wave Propagation, Impact and Variational
Principles, ISTE-Wiley, 2014.
[22] L. Deseri, M. Zingales, A mechanical picture of fractional-order Darcy equation, Commun. Nonlinear Sci. Numer. Simul. 20 (2015) 940-949.
[23] YJ. Yu, X.G. Tian, X.R. Liu, Size-dependent generalized thermoelasticity using Eringen’s nonlocal model, Eur. ]J. Mech. A, Solids 51 (2015) 96-106.
[24] S. Oterkus, E. Madenci, A. Agwai, Peridynamic thermal diffusion, Chin. J. Comput. Phys. 265 (2014) 71-96.
[25] H. Zhan, G. Zhang, Y. Zhang, V.B.C. Tan, J.M. Bell, Y. Gu, Thermal conductivity of a new carbon nanotube analogue: the diamond nanothread, Carbon
98 (2016) 232-237.
[26] R.A. Guyer, J.A. Krumhansl, Solution of the linearized phonon Boltzman equation, Phys. Rev. 148 (1966) 766-778.
[27] RA. Guyer, J.A. Krumhansl, Thermal conductivity, second sound and phonon hydrodynamic phenomena in non-metallic crystals, Phys. Rev.
148 (778-788) (1966).
[28] G. Lebon, M. Grmela, Weakly nonlocal heat equation in rigid solids, Phys. Lett. A 214 (1996) 184-188.
[29] D. Jou, J. Casas-Vasquez, G. Lebon, Extended Irreversible Thermodynamics, Springer, 2010.
[30] A. Sellitto, D. Jou, J. Bafaluy, Non-local effects in radial heat transport in silicon thin layers and grapheme sheets, Proc. R. Soc. A, Math. Phys. Eng. Sci.
(2011), http://dx.doi.org/10.1098/rspa.2011.0584.
[31] D. Jou, A. Sellitto, FEX. Alvarez, Heat waves and phonon-wall collisions in nanowires, Proc. R. Soc. A 467 (2011) 2520-2533.
[32] D. Jou, V.A. Cimmelli, A. Sellitto, Nonlocal heat transport with phonons and electrons: application to metallic nanowires, Int. J. Heat Mass Transf. 55
(2012) 2338-2344.
[33] D. Burnett, The distribution of molecular velocities and the mean motion in a non-uniform gas, Proc. Lond. Math. Soc. 40 (1936) 382-435.
[34] G.I Barenblatt, L.P. Zheltov, L.N. Kochina, Basic concepts in the theory of seepage of homogeneous liquids in fissured rocks (strata), J. Appl. Math. Mech.
24 (1960) 1286-1303.
[35] A.C. Aifantis, On the problem of diffusion in solids, Acta Mech. 37 (1980) 265-296.
[36] T.W. Ting, Certain non-steady flows of second-order fluids, Arch. Ration. Mech. Anal. 14 (1963) 1-26.
[37] PJ. Chen, M.E. Gurtin, On a theory of heat conduction involving two temperatures, Z. Angew. Math. Phys. 19 (1968) 614-627.
[38] G.A. Maugin, On the thermomechanics of continuous media with diffusion and/or weak nonlocality, Arch. Appl. Mech. 75 (2006) 723-738.
[39] A. Berezovski, J. Engelbrecht, P. Van, Weakly nonlocal thermoelasticity for microstructured solids: microdeformation and microtemperature, Arch. Appl.
Mech. 84 (2014) 1249-1261.
[40] S.P. Filopoulos, T.K. Papathanasiou, S.I. Markolefas, G.J. Tsamasphyros, Generalized thermoelastic models for linear elastic materials with micro-structure,
part I: enhanced Green-Lindsay model, J. Therm. Stresses 37 (2014) 624-641.
[41] S.P. Filopoulos, T.K. Papathanasiou, S.I. Markolefas, G.J. Tsamasphyros, Generalized thermoelastic models for linear elastic materials with micro-structure,
part II: enhanced Lord-Shulman model, ]J. Therm. Stresses 37 (2014) 642-659.
[42] ]. Crank, P. Nicolson, A practical method for numerical evaluation of solutions of partial differential equations of the heat-conduction type, Proc. Camb.
Philos. Soc. 43 (1947) 50-67; see also Adv. Comput. Math. 6 (1996) 207-226.
[43] ].G. Charney, R. Fjortoft, J. von Neumann, Numerical integration of the barotropic vorticity equation, Tellus 2 (4) (1950) 237-254.
[44] L. Collatz, The Mathematical Treatment of Differential Equations, Springer-Verlag, New York, 1960.
[45] B. Gustafsson, H.O. Kreiss, J. Oliger, Time Dependent Problems and Difference Methods, Wiley, New York, 1995.
[46] J.A.D. Wattis, Quasi-continuum approximations to lattice equations arising from the discrete non-linear telegraph equation, J. Phys. A, Math. Gen. 33
(2000) 5925-5944.
[47] P.G. Kevrekidis, 1.G. Kevrekidis, A.R. Bishop, E.S. Titi, Continuum approach to discreteness, Phys. Rev. E 65 (046613) (2002) 1-13.
[48] LV. Andrianov, J. Awrejcewicz, D. Weichert, Improved continuous models for discrete media, Math. Probl. Eng. 986242 (2010) 1-35.
[49] P. Nielsen, L.A. Teakle, Turbulent diffusion of momentum and suspended particles: a finite-mixing-length theory, Phys. Fluids 16 (7) (2004) 2342-2348.
[50] P. Rosenau, Dynamics of dense lattices, Phys. Rev. B, Condens. Matter 36 (11) (1987) 5868-5876.
[51] LV. Andrianov, J. Awrejcewicz, Continuous models for 2D discrete media valid for higher-frequency domain, Comput. Struct. 86 (2008) 140-144.
[52] M. Lombardo, H. Askes, Elastic wave dispersion in microstructured membranes, Proc. R. Soc. Lond. Ser. A, Math. Phys. Sci. 466 (2010) 1789-1807.
[53] TD. Lee, Can time be a discrete variable?, Phys. Lett. B 122 (3, 4) (1983) 217-220.


http://refhub.elsevier.com/S1631-0721(16)00002-4/bib35s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib36s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib37s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib38s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib39s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib39s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3130s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3130s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3131s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3131s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3132s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3132s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3133s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3133s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3134s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3134s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3135s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3136s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3136s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3137s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3138s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3139s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3230s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3230s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3231s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3231s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3232s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3233s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3234s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3235s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3235s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3236s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3237s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3237s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3238s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3239s1
http://dx.doi.org/10.1098/rspa.2011.0584
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3331s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3332s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3332s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3333s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3334s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3334s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3335s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3336s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3337s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3338s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3339s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3339s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3430s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3430s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3431s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3431s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3432s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3432s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3433s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3434s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3435s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3436s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3436s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3437s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3438s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3439s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3530s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3531s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3532s1
http://refhub.elsevier.com/S1631-0721(16)00002-4/bib3533s1

	A nonlocal Fourier's law and its application to the heat conduction of one-dimensional and two-dimensional thermal lattices
	1 Introduction
	2 Solution to the nonlocal heat equation
	3 Exact solution for the thermal lattice equation
	4 Identiﬁcation of the length scale through microstructure analysis
	5 Two-dimensional nonlocal heat problem
	6 Two-dimensional thermal lattice - exact solution and continualization approach
	7 Conclusions
	References


