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1. Introduction

Wind energy is one of the most efficient renewable energies. Wind turbines harvest the kinetic energy of air and convert
it into a usable power such as electricity power. For this, the capacity of wind turbines has increased and they have become
the fastest-growing new sources of electricity generation.

Many scientific studies have investigated the dynamic behaviour of wind turbines [1-3]. In their analysis, gear power
transmission was considered as the perfect system. However, the gearbox system presents constantly precocious failures [4].
Therefore, in a wind turbine, an adequate knowledge of the dynamic characteristics of gearboxes system is necessary.

In this context, several studies have been developed to study the dynamic behaviour of wind turbines. The dynamic
behaviour of a two-stage gear reducer in the presence of aerodynamic excitation has been investigated by Abboudi et al.
[5] and a lamped mass dynamic model with 12 DOFs has been developed. Under wind speed fluctuations and system
disturbances, the dynamic behaviour and transient stability of fixed-speed wind turbines has been studied by Rahimi et
al. [6]. The combined effects of gravity, input torque, bending moment and bearing clearance of planetary wind turbine
gearboxes are reported by Guo et al. [7]. In 2011, Helsen et al. [8] investigated the modal behaviour of a wind turbine
gearbox using flexible multi-body modelling techniques.

All previous studies have investigated the dynamic behaviour of the wind turbine considering the deterministic pa-
rameters as the system’s parameters. However, the instability of rotor inflow caused by the atmosphere creates persistent
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Nomenclature
k1(t) Meshstiffness of the first stage CL Lift coefficient
ko (t) Meshstiffness of the second stage Cp Drag coefficient
xjand y;  Translations of each block j (i=1 to 3). a Axial induction factor
0ji Angular d.isplacements qf the component i a Tangential induction factor
in block j (i=1and 2, j=1 to 3). Vo Wwind velocity far up stream
o Pre(r)ssure angle (generally adopted equal to kyj Stiffness to bending according to the X di-
20°%) . rection (N-m)
rhji Base radius of the gear (m) . . .
. ; kyj Stiffness to traction - compression accord-
Iji Moments of inertia of gears . . .
. . . ing to Y direction (N-m)
81(t), 82(t) Displacements along the line of action ; A b stiff N
r Radius of the rotor (m) m ver’age me§ stiffness (N-m)
np Number of blades ko j Torsional stiffness of the shaft (Nm/rad)
c Chord (m) Z(]z), Z(z]) Number of teeth
¢ Inflow angle (rad) Z@22), Z31)
D Rotor diameter (m) &a1, €2 Contact ratio
Pair Air density (Kg/m3) Cg(t) Electromechanic torque
2 Turbine rated speed (rad/s) Qaero(t) Aerodynamic torque

variations of blade loads and rotor torque. Therefore, an increased penetration of wind turbine systems calls for a suitable
modelling of the system parameter and incorporates the model into various uncertainty parameters. Until now, system pa-
rameters present a random parameter and suffer from a lack of accuracy focusing on the measurement of the parameters.
The choice of the design parameters is very critical to optimise the performance of the system. Therefore, it becomes neces-
sary to take into account uncertainty parameters [9,10]. In this context, advanced techniques and methods of uncertainties
are developed. Monte Carlo simulation is a well-known technique in this field [11]. For reasonable accuracy, it requires a
great number of samples; therefore, it is too costly. The Polynomial Chaos (PC) method is considered as the best framework
in dealing with uncertainty quantification. This method is more attractive and more efficient compared to other methods
such as Monte Carlo approaches [12,13].

Ghanem and Spanos [14,15] have used successfully the Polynomial Chaos (PC) method in their study of uncertainties in
the structural mechanics and vibration fields. The PC method represents the random state and input parameter variables
as a probability distribution in the stochastic system state governed by the differential equations of motion. Indeed, the PC
method is defined as a spectral representation of the uncertainty in random space in terms of an expansion of orthogonal
polynomials that are functions of the random input variables.

The computational accuracy and efficiency supplied by the Polynomial Chaos method in nonlinear problems is reported
through scientific works in many fields such as in fluid dynamics [16-19], in solid mechanics [20,21], in chemical reactions
[22], in terramechanics [23,24], etc. Due to the accuracy and efficiency of the Polynomial Chaos method in previous studies
with different fields, this method is considered to investigate the dynamical behaviour of a wind turbine taking into account
the parameters of the uncertainty system.

The originality of this study is to investigate the effects of the uncertainty input gear system parameter of a horizontal-
axis wind turbine. The main objective is to capture the dynamical behaviour of a two-stage spur gearbox transmission
system subjected to an uncertain input parameter. In order to calculate the dynamical response of the studied model, the
PC method is used to deal with uncertainty and to discuss the capabilities of this new methodology. Monte Carlo simula-
tions are reserved to the treatment of reference examples in order to test the validity and the properties of the Polynomial
Chaos method.

2. Dynamic model

The wind turbine is composed by the rotor, the transmission power system and the generator. The transmission model
implemented in this work is a two-stage spur gearbox system with twelve degrees of freedom (12 DOF) and three main
blocks (j =1 to 3) as shown in Fig. 1.

Each block is supported by a flexible bearing characterised by two stiffness parameters ky; and ky; according to the x
and y directions, respectively. The connecting shafts admit a torsional stiffness parameter kg according to the x direction.
The four gears (gear 12, gear 21, gear 22 and gear 31) are considered as spur gears.

The gear system is subject to a random aerodynamic torque Q aero(t), Which represents the effect of wind on the three-
bladed rotor. The aerodynamic torque expression is given in paragraph 3. The output electromechanic torque is defined by
Cg(D).

In addition to the external excitation, the system is also submitted to two internal excitations, which are the periodic
fluctuations of mesh stiffness ki (t) and ka(t). In fact, every contact is modelled by a variable stiffness represented by a
linear spring following the line of action, whose temporal expression is described in paragraph 4.
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Fig. 1. Two-stage gear system in a wind turbine.

According to Lagrange’s formalism, the kinematic differential equations governing the system motion are given by Equa-
tion (3):
111611 + k1011 — 612) = Qaero
T12612 — kg1 (611 — 612) + k1 (©)rb1281(£) = 0
121621 + kg2(621 — 022) + k1 (£)rb181(£) = 0
I22622 — ko2(021 — 022) + ko (£)rb2282(t) =0
131631 + ko3 (631 — 032) + k2 (Db3182(¢) = 0
I32fi35 — kg3 (031 — 032) = —Cr(8)

mi1X1 +kx1x1 — k1(t)81(t) sinoy =0

(1)

MoXy + kyxoXo + k1 (t)81(t) sinoy + ko ()82 (t) sinay =0
ms3X3 + ky3x3 — ko (t)82(t) sinoy =0

miy1 +ky1y1 +k1()81(t) cosa; =0

may2 + ky2y2 — k1 (£)81(t) cosoy — ka ()82 (t) cosapy =0

msy3 + ky3y3 + ka(t)82(t) cosay =0

xj and y; are the translations of each block j (i=1 to 3). §;; are the angular displacements of the component i in block
j(i=1and2, j=1to 3). « is the pressure angle, it is generally adopted equal to 20°. The base radius of the gear is rbj;
and the moments of inertia of gears are I};.

The displacements 81 (t) and §,(t) along the line of action are expressed by:

81(t) = (x1 — x2) - sin(ary) + (y1 — y2) - cos(ay) + rbi2612 + rb21621 (2)
82(t) = (x2 — x3) - sin(arz) + (—y2 + y3) - cos(arz) + rhaaba + rb31631 (3)

3. Aerodynamic modelling

The developed method in the aerodynamic part is the blade element theory (BEM) [25]. It has been introduced by
Glauert in 1930 [2]; it takes into account the rotation of the air flow in order to calculate the aerodynamic loads and
to investigate the evaluation of the performance of the wind turbine. This theory is often used in the fields of the wind
industry and it is the most frequently used by science and industry [26-29].

Blade Element Theory enables us to design the rotor blade by fluid dynamics, to choose the geometric parameters of the
turbine and to evaluate the forces acting on the blades. By using this theory, the torque applied and the turbine performance
can be modeled by uncertain parameters.

Blade element theory consists in dividing up the blade into many elements. For each element, characterized by a radius r,
a thickness dr and a section dA = 27trdr, we calculate the flow and the aerodynamic elementary forces generated by this
flow by applying momentum and angular momentum conservation equations.
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Fig. 2. Components of the relative wind velocity into the blade section.

Then a summation of these actions is applied along the blade. The aerodynamic force (torque) acting on the blades is
calculated to evaluate the performance of the rotor.
Blade element theory relies on some key assumptions:

e there are no aerodynamic interactions between the different blade elements,
o the forces on the blade elements are solely determined by the lift and drag coefficients,
e static pressure is considered equal to the atmospheric pressure downstream of the rotor.

By applying the BEM theory to the fluid dynamic wind turbine design, it is possible to evaluate the torque dQaero [30]
for each blade element as given in equation (4):

dQaero = %npcufel(q sing — Cp cos¢)rdr (4)

In this work, only the relative velocity of wind Uy is considered, which is the result of an absolute velocity V and a
training velocity U.

Axial and tangential induction coefficients (respectively a and a’) are introduced. These coefficients significantly affect
the real value of the velocities. Fig. 2 shows the components of the relative wind velocity (Uj) on a section of the blade.
¢ is the inflow angle, r is the radius, Vg is the wind velocity far up stream and £2 is the angular velocity of the rotor.

The wind, flowing around the blade, creates the resultant aerodynamic force. The last force (Fig. 2) could be split into
two components called Lift and Drag. The lift force acts on the blade in a direction perpendicular to the relative wind. The
drag force is the resistance that opposes the motion of the airfoil through the air. It acts on the blade in a direction parallel
to that of the relative wind. Lift and drag forces acting on the blade element are written respectively as follows [30]:

Cp = 2CL max Sin¢ - cos ¢ (5)
Cp = Cpmax Sinz ¢ (6)

where Cpmax and Cp max are constants determined from the graphs presented in [31].
The aerodynamic torque expression for each blade element can be written in this form, taking into account the modelling
of the wind velocity and lift and drag forces.

_p_ Vo(l—a) 2r(1+d)
dQaero = 2P sing oS ¢

((2CLmax sing cos ¢) sinp — (Cp max sin? ¢) cos¢)crdr (7)

In this paper, we suppose that the inflow angle ¢ is the uncertain parameter. We are interested in studying the effects of
this uncertainty on the dynamic behaviour of the gear transmission system.

4. Mesh stiffness modelling

In this work, the gear mesh stiffness function k;(t) is modelled by a square wave form (Fig. 3). The periodic square wave
form is the most representative of the real phenomenon of gearing systems according to Walha et al. [32] and Jairo et al.
[33].

Two main components establish the stiffness of the mesh. The first one is noted Kp ;. It is constant over time and
represents the mean value of the stiffness. To this component is added a second variable component, whose extreme values
are written as follows [5]:
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Fig. 3. Gear meshing modelling.
Table 1
Gear meshing values.
Number of teeth Meshing values (N/m)
First gear meshing 72/18 km.1=2-108

Kmin.1 = 1.3926 - 108
kmax.1 = 2.3321 - 108

Second gear meshing 54/18 kmo2=2-108

Kmin,2 = 1.3966 - 108
kmax.2 = 2.3143 - 108

1
kmin.i =km,i<1 —) (8)

a 284
2 —&qj
k i=kmill+ ——— 9
max, i m.l( + 260 (Bt — 1)) 9)

&y represent the contact ratio.
The variation of the mesh stiffness over time is explained by the number of pairs of teeth in contact at a given time t.
In this work, we present the gear meshing values in Table 1.

5. Polynomial chaos method

Different techniques exist to model the propagation of uncertainty. These methods are generally classified into three
categories: the simulation methods, the perturbation methods, and the spectral methods.

Monte Carlo simulations are considered as reference methods for calculations on systems with uncertain parameters. Its
major disadvantage is the very large quantity of calculations, which complicates the use of these methods.

The perturbation method is based on a Taylor series development of the response around its mean. The main problem of
this method comes from the conditions ensuring the convergence of these series. The variables must have low dispersion.
This method presents a difficulty during the calculations of the dynamic responses.

For this, the method adopted to take into account uncertainty in this work is the Polynomial Chaos method. The funda-
mental idea of the Polynomial Chaos method, coined by Norbert Wiener in 1938, is to establish a separation between the
stochastic components of a random function and its deterministic components.

The random process of interest is approximated by sums of orthogonal Polynomial Chaos of random independent vari-
ables. In this context, any uncertain parameter can be viewed as a second-order random process. So, a second-order random
variable u can be expanded in terms of orthogonal Polynomial Chaos as [34]:

u= ") (10)
i=0

where & is a vector of standard normal random variables, u; are the stochastic modes of the random variables u and ; are
the multivariate orthogonal polynomials, such as Hermite, Legendre, etc. The choice of the polynomial family depends on the
density distribution of the uncertain input parameter. Indeed, optimal correspondences between the families of probability
laws and the families of orthogonal polynomials have been established.

The orthogonal polynomials satisfy the orthogonally relation [34]:
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1
(%Jﬁm)Z/Wn(S)Wm(S)W(S)dS (11)
-1

where (-) means the internal product operator and W (§) is the probability density function (PDF) of the random variables
that make up the vector &.

In practice, the generalized Polynomial Chaos expansion is truncated to a finite number of terms. The truncation of the
infinite series is necessary to keep the problem computationally feasible. In this work, we will truncate the series in such
a way that all expansion polynomials up to a certain maximum degree, denoted by p, are included. The number of terms
(P+1) in the expansion now follows from this maximum degree p and the dimensionality n of the random vector according
to:

p— PFM (12)
p!n!
By using the method of Polynomial Chaos, three fundamental steps are essential to study the propagation of uncertainties
in stochastic models namely:

e choosing the appropriate polynomial basis to the problem studied,
o fixing the order p of Polynomial Chaos,
e calculate the coefficients of the expansion of the Polynomial Chaos (the stochastic modes).

The last step consists in characterizing the solution u(x, t, §) of a differential equation whose general form is as follows:

Dlu(x,t,&)] = flux,t,&),x,£] (13)

where

e D is a differential operator,
e f is a given function,
e u(x,t, &) is the solution depending on the space (x), the time (t) and the uncertainty (&).

The solution of the differential equation is expressed as a series expansion of orthogonal polynomials.

P
ux, £, €)=y @i, 0Yi(§) (14)

i=0

The intrusive approach used in this study is presented through the following steps:

a. Substitute the expression (14) of the solution of the problem in the differential equation (13)

P P
D[Z i (x, rm(s)] = f[zﬁi(xs t)wi@),x,s] (15)

i=0 i=0

b. Apply Galerkin’s projection. The two members of equation (15) will be multiplied by the polynomials of the chosen
base. Then the mean statistical will be applied.

P P
<D[Zﬂi(x,t)x/f,-@>},m(s>>=<f[2ai<x,t)wi<s>,x,s},m<s>>; L=0,...,P (16)

i=0 i=0

Due to the orthogonality property, a deterministic system that defines the dynamic of the stochastic modes u; (x, t) is
obtained:

. 1 P
=(——--— X DY), X, € |, . L=0,...,P 17
UL (x,t) (WL@)M(S»XJ“[;MX t)w(s)xs} m<s>> (17)

¢. Use an appropriate algorithm to determine the vector of the stochastic modes uy (x, t).

In this study, the input torque (equation (7)) of the gearbox transmission system is considered with uncertainty according
to the inflow angle.

According to the literature, both uniform and normal (Gaussian) law distributions are treated to describe uncertainty
in both lift coefficient and natural frequencies for the blade, which are considered as random parameters in the model
developed by Pourazarm et al. [35]. Desai et al. [36] studied the aeroelastic instability system using the Polynomial Chaos
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method to describe random parameters normally distributed. Duck Kwon [37] demonstrate that the variation of normalised
wind velocity at wind tunnel may be described by a normal distribution. Liu et al. [38] studied the performance evaluation
of an horizontal-axis wind turbine with consideration of the angle of attack and the wind speed as uncertain parameters in
a Gaussian distribution.

The steps presented previously will be applied to study the propagation of this uncertainty. The decomposing of the
random in the polynomial basis allows generating a differential equation system:

L S _ e g .
O11,1= I (611,1 912J)+21m(%2(5)) Vo(1—a)(1+a)
R3_r3 p .
(2Cumax = Comax) ——5 - ) 011, (5N G (€) V(€)Y (&)

j=0

= ko1 - - b

012, = — (011, — O12,) — — k1 ()81,
I I

= ko2 - - by

0211 = —— (=021 + 62 ) — —k1(t)-61,
I I

= ko2 - - b3

0221 = — (6211 — O22,)) + —ka(t)-62,
I3 I3

o k93 — — rb4
0311 = — (=031 + 632 ) + —ka(t)-02
I4 I4

= ko3 - _ (18)
0321 = I—(931,1 —032) — Cg(b)
r
- kx1 _ sinog
X|1=——X -kq(t)-8
1 M, 1,0+ M, 1(8)-81,1
kxa _ sinay sina
Xg=——Xy|— ke ()81 — ka(t -5
2 My 2 T T, 1(®)-81,1 — ka2 () M, o2
. ky3 _ sinay
X3=——X3;+ka(t -8
3 M 3 2(0) My o2
ky1 _ cos g
=2y - k1 (t)-8
1 M, Y1 M, 1(8)-811
kyo _ CcoS o1 CcoS ol
=—Lg+ ki ()61 + k()82
M;
kys _ oSy
=— By, - ka(t)-8
y3 Ms Y3 M 2(t)-82,1

6. Numerical results

In this section, the dynamic behaviour of a two-stage gearbox system is investigated using the Polynomial Chaos (PC)
method. The PC results are compared with those obtained with the Monte Carlo (MC) method (100,000 simulations). The
PC results are calculated using the ODE45 solver of software MATLAB.

The dimensional parameters of the two-stage gearbox system studied are summarised in Table 2 [5].

The fluctuation of the aerodynamic torque is given in Fig. 4, with consideration of the inflow angle of the blade as an
uncertain input parameter.

Both uniform and normal probability distributions are treated to describe the random parameter. The objective is to
determine the most appropriate distribution of probability for this application. Indeed, to our knowledge, there is not a
study that confirms the validity of a clearly defined probability distribution for our case study. Our judgement will be based
on the results of the Monte Carlo method taken as a reference.

6.1. Uniform distribution of the uncertainty

In this section, a uniform probability law is supposed to describe the dispersion of the inflow angle ¢:
h+L bL-h
2 2

The inflow angle varies in the interval [l ] =[0° 30°] and £ is distributed uniformly within the orthogonally interval
[—11].

¢ (&) = 3 (19)
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Table 2
System parameters.
Description Symbol Value
Air density (kg:-m~3) Dair 1.225
Turbine rated speed (rad-s~') 2 13
Rotor diameter m D 12
Stiffness to bending (N-m~1) kyj 7-108
Stiffness to traction-compression (N-m~') ky; 6-108
Average mesh stiffness (N-m~') km 2-108
Torsional stiffness of the shaft (N-m~!-rad™") koj 5.106
Number of teeth Z(12) 72
Z21) 18
Z(22) 54
Z(31) 18
Pressure angle o 20
Contact ratio a1 1.67
a2 1.64
50
a0} 1
=
£ 30+ B
®
z
§ 20+ B
L
E 10t ,
c
=)
S 0 b
@
@
£ -0 4
ks}
g 20 |
T
3
£ 30t i
=}
[
-40 il
_50 L L L L Il L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
time(sec)

Fig. 4. Fluctuation of the aerodynamic torque.

According to the state of the art, the Legendre polynomials are the best suited to deal with uniform uncertainties. The
Legendre polynomials are calculated using the recurrence relation as follows:

M+ 1 Lyp1(x) = @2n+ DxLy(x) —nlyp—1(%)
Lo(x)=1,L1(x) =x

(20)

The validity of the method and the influence of the order p of the Polynomial Chaos on the response will be studied. To
achieve this objective, the relative displacements of the three bearings of the system in the two directions x and y will be
determined by varying the value of p. A correct analysis requires a comparison of the results with those obtained by the
Monte Carlo method (100,000 simulations).

Figs. 5-7 show a remarkable difference between the curves obtained by the PC method and those obtained by Monte
Carlo simulations for low values of the order p. This seems obvious. Indeed, in this case, there are not enough terms of
chaos to correctly represent the random response of the system.

By increasing the value of p, the curves are similar to reference ones (Monte Carlo). For p =5, the error is almost null,
the curves are superposed almost perfectly with those of Monte Carlo. With this value of the order of Polynomial Chaos, the
dynamic response of the various bearings is correctly modelled, taking into account the uncertainty of the inflow angle ¢.

The same conclusion is also confirmed in the case of the angular displacements (Fig. 8).

6.2. Normal distribution of the uncertainty

In this part, a normal (Gaussian) probability law is supposed to describe the dispersion of the inflow angle ¢

¢ =¢o+ 0pé (21)
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Fig. 5. Mean value and standard deviation of the linear displacements of the first bearing.

where £ is a zero mean value Gaussian random variable, ¢q is the mean value of the inflow angle and oy is the standard
deviation of this parameter.

In this case, the Hermite polynomials are the best suited to deal with normal uncertainties. The Hermite polynomials are
calculated using the recurrence relation as follows:

Ho(x) =1
dHp_1(x) (22)
dx

The order of the Polynomial Chaos being fixed (p = 5: the optimal value allowing one to have a sufficient number of terms
to correctly represent the solution). In this section, the sensibility of the solution to the standard deviation of the normal
distribution of the uncertain parameter will be studied.

To achieve this objective, the mean value and the standard deviation of the linear displacement of the first bearing in
the x direction will be determined by varying the value of the standard deviation oy = 2% and o4 = 5%. The mean value
being fixed ¢9 = 15°, the results are compared with Monte Carlo simulation (100,000 simulations).

As shown in Fig. 9, the mean value and the standard deviation of the displacement x; (t) have a good accuracy compared
to Monte Carlo simulations for the value of the standard deviation (o = 2%) by increasing the value of the standard

Hy(x) =xHp—1(%) —
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Fig. 6. Mean value and standard deviation of the linear displacements of the second bearing.

deviation (0 = 2%), the solutions obtained oscillate in a more remarkable way around the solutions obtained by the Monte
Carlo method. Consequently, the error increases when the standard deviation increases.

It should be noted that the same conclusion is also confirmed in the case of the other linear and angular displacements
corresponding to different bearings of the system.

6.3. Optimal probability distribution

The efficient modelling of the propagation of uncertainty in the model requires the choice of the optimal probability
distribution. Indeed generally, if the mean and the standard deviation of the uncertain parameter are known and its variation
range is unbounded, a normal distribution must be chosen. In the case where the variation of the uncertain parameter is
bounded, the uniform law will be more effective.

In this work, the problem has been studied by using both types of distribution. For each case, a hypothesis is proposed,
according to which the parameters of the distribution will be defined. By taking the example of the linear displacement of
the first and third bearings in the direction x, the order of the Polynomial Chaos being fixed (p = 5), Fig. 10 shows that
the results obtained with normal distribution are much closer to those obtained by Monte Carlo simulations. The normal
distribution is thus more effective for the modelling of the propagation of the uncertainty related to the inflow angle ¢
through the studied model.

7. Conclusion

In order to ensure the robustness of the dynamic response of a gear transmission in a wind turbine, it is very important
to take into account uncertainties in the phase of design modelling. In the present work, we have performed the Polynomial
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Chaos method to study the dynamic behaviour of the gearbox transmission system of a horizontal-axis wind turbine with
12 degrees of freedom. Dynamic responses of the studied system describing a two-stage spur gear model with an uncertain
input parameter are presented. The Polynomial Chaos (PC) method has been developed to deal with uncertainty according
to the inflow angle of the blade when the wind attacks the blade. Three main results were deduced from this work. By
referring to Monte Carlo simulations, the effectiveness of the polynomial chaos method for a modelling of the dynamic
behaviour in the presence of uncertainty has been demonstrated. The results of this modelling strongly depend on the
order of the Polynomial Chaos. An increase in this order is accompanied by a better projection of the solution. Finally, it has
been found that a normal distribution is more appropriate for modelling the propagation of the uncertainty of the inflow
angle ¢ through the model.
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