
C. R. Mecanique 344 (2016) 439–447
Contents lists available at ScienceDirect

Comptes Rendus Mecanique

www.sciencedirect.com

Quasi-static response, implicit scheme and incremental 
problem in gradient plasticity

Quoc-Son Nguyen

Laboratoire de Mécanique des Solides, École Polytechnique, CNRS, Université Paris-Saclay, 91128 Palaiseau, France

a r t i c l e i n f o a b s t r a c t

Article history:
Received 22 November 2015
Accepted 8 January 2016
Available online 24 March 2016

Keywords:
Gradient plasticity
Brittle damage
Standard models
Evolution equation
Implicit scheme
Incremental problem
Variational principles

This paper is devoted to the study of gradient plasticity at small strains. Some time-
independent dissipative processes such as brittle damage can also be considered in the 
same framework. Our attention is focussed on the description of the constitutive equations, 
on the formulation of the governing equations in terms of the energy potential and 
the dissipation potential of the solid. A time-discretization by the implicit scheme of 
the evolution equation leads to the study of the incremental problem which is different 
from the rate problem. The increment of the response under an increment of the loads 
must satisfy a variational inequality and, if the energy potential is convex, an incremental 
minimum principle. In particular, a local minimum of the incremental minimum principle 
is a stable solution to the variational inequality.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Since the two last decades, gradient theories have been much discussed in elasticity, in plasticity as in damage mechanics, 
cf. for example [1–7]. This paper is devoted to the study of gradient plasticity at small strains. A general and consistent 
description including gradient plasticity and some time-independent processes such as brittle damage is presented. Our 
attention is focussed on the formulation of the constitutive equations and the derivation of the governing equations for the 
response of a solid under a loading path in terms of the expression of the energy potential and the dissipation potential of the 
solid. Such a synthetic description, still lacking in the literature, appears to be interesting for an overview on the subject. 
It enables us to include in the same framework all general statements that result from the basic ingredients of the theory 
such as the evolution equation in quasi-statics and the associated variational principles. In view of numerical applications, 
a time-discretization by the implicit scheme of the evolution equation is introduced. It leads to the formulation of the 
incremental problem which is different from the rate problem.

2. Gradient theory of plasticity and standard time-independent processes

In an isothermal transformation, the mechanical response of a solid V is described by the fields of displacement u, 
of internal parameter �. The internal parameter is a scalar or a tensor and represents physically hidden parameters such 
as micro-displacements or phase proportions or an elastic strains, etc. The set of state variables (ε, φ, ∇φ), with ε = ∇su, 
describes the material behavior and the constitutive equations can be given in the following way, cf. [1,8,2]:
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It is accepted that the rates (ε̇, φ̇, ∇φ̇) of the state variables are associated with the generalized forces (σ , X, Y ) such 
that a generalized virtual work equation holds⎧⎪⎪⎪⎨

⎪⎪⎪⎩

Pi + P j = Pe ∀ δu, δ�

Pi = ∫
V (σ · δε + X · δφ + Y · ∇δφ) dV ,

P j = ∫
V ρü · δu dV ,

Pe = ∫
V (Fuv · δu + Fφv · δφ) dV + ∫

∂V (Fus · δu + Fφs · δφ) da

(1)

where (Fuv , Fus) and (Fφv , Fφs) are respectively external body and surface forces associated with the displacement and the 
internal parameter.

Standard gradient models of plasticity also assume that there exists per unit volume an energy potential which is a 
smooth function W (ε, φ, ∇φ) associated with the energy forces σ , Xe, Ye:

σ = W ,ε , Xe = W ,φ , Ye = W ,∇φ (2)

and a dissipation potential D(φ̇, ∇φ̇) which is a convex and positively homogeneous function of degree 1

D(aφ̇,a∇φ̇) = aD(φ̇,∇φ̇) ∀ a ≥ 0 (3)

associated with the dissipative forces

Xd = ∂φ̇ D(φ̇,∇φ̇), Yd = ∂∇φ̇ D(φ̇,∇φ̇) (4)

such that the following equations hold:

X = Xe + Xd, Y = Ye + Yd (5)

In (4), the derivatives must be understood in the sense of sub-gradients of a convex function, cf. for example [9]. The 
dissipation potential can be state-dependent, for example via the history of the state variable φ.

2.1. Standard models of gradient plasticity and brittle damage

For example, the following model has been discussed by Fleck et al., [4] with φ = εp and⎧⎪⎨
⎪⎩

W (ε, εp) = 1
2 (ε − εp) : L : (ε − εp),

D(ε̇p,∇ε̇p) = R(γ )
√‖ε̇p‖2 + 	2‖∇ε̇p‖2,

γ = ∫ t
0

√‖ε̇p‖2 + 	2‖∇ε̇p‖2)‖dτ

(6)

with the notation ‖ε̇p‖ =
√

ε̇
p
i j ε̇

p
i j and ‖∇ε̇p‖ =

√
ε̇

p
i j,kε̇

p
i j,k .

Here, the dissipation potential is state-dependent via the expression of γ . As in classical plasticity, the model leads to a 
plastic criterion f (Xp

d, Y p
d ) ≤ 0, which defines the set of physically admissible forces, and to the normality law:⎧⎪⎪⎨

⎪⎪⎩
f = (‖Xp

d‖2 + 1
	2 ‖Y p

d‖2)1/2 − R(γ ) ≤ 0,

ε̇p = λ
∂ f
∂ Xp

d
, ∇ε̇p = λ

∂ f
∂Y p

d
, λ ≥ 0, f λ = 0,

γ̇ = λ

(7)

The dissipation is

d = Xp
d · ε̇p + Y p

d · ∇ε̇p = R(γ )λ = d

dt
Wd(γ ) with R = W ′

d(γ ) (8)

Wd(γ ) is the dissipated energy.
This model can be easily modified to obtain a state-independent dissipation potential. For this, the following model is 

introduced with φ = (εp, γ ){
W (ε, εp, γ ) = 1

2 (ε − εp) : L : (ε − εp) + H(γ ),

D(ε̇p, γ̇ ,∇ε̇p) = k
√‖ε̇p‖2 + 	2‖∇ε̇p‖2 + �o(γ̇ − √‖ε̇p‖2 + 	2‖∇ε̇p‖2)

(9)

where k is a constant and �o the indicator function

�o(a) = 0 if a = 0 and �o(a) = +∞ if a 	= 0 (10)

which ensures the constraint
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γ̇ =
√

‖ε̇p‖2 + 	2‖∇ε̇p‖2

From (9), the considered model leads to the plastic criterion

f (Xp
d, Xγ

d , Y p
d ) = (‖Xp

d‖2 + 1

	2
‖Y p

d ‖2)1/2 + Xγ
d − k ≤ 0 (11)

and to the normality law

{
ε̇p = λ

∂ f
∂ Xp

d
, γ̇ = λ

∂ f
∂ X

γ
d

= λ, ∇ε̇p = λ
∂ f
∂Y p

d
,

f ≤ 0, λ ≥ 0, f λ = 0
(12)

The dissipation is

d = Xp
d · ε̇p + Xγ

d γ̇ + Y p
d · ∇ε̇p = kλ = kγ̇ = k

√
‖ε̇p‖2 + 	2‖∇ε̇p‖2

which gives here the physical interpretation of kγ as the dissipated energy.
Since Xγ

d = −Xγ
e = H ′(γ ), the constitutive equation (6) is recovered with H ′(γ ) + k = R(γ ). In this model, Wd is the 

work done by plastic deformation and consists of the dissipated energy kγ and the stored energy H(γ ).
In the same spirit, an interesting model of isotropic hardening is given by

{
W (ε, εp, γ ,∇γ ) = 1

2 (ε − εp) : L : (ε − εp) + H(γ ) + g
2 ∇γ 2,

D(ε̇p, γ̇ ,∇γ̇ ) = k‖ε̇p‖ + κ‖∇γ̇ ‖ + �o(γ̇ − ‖ε̇p‖) (13)

The plastic criterion is given by two inequalities

f (Xp
d, Xγ

d ) = ‖Xp
d‖ + Xγ

d − k ≤ 0, ϕ(Y γ
d ) = ‖Y γ

d ‖ − κ ≤ 0 (14)

and the normality law is

⎧⎨
⎩

ε̇p = λ
∂ f
∂ Xp

d
, γ̇ = λ

∂ f
∂ X

γ
d

with f ≤ 0, λ ≥ 0, λ f = 0,

∇γ̇ = τ ∂ϕ

∂Y
γ
d

with ϕ ≤ 0, τ ≥ 0, τϕ = 0
(15)

The reader can also refer to [10,6,5] for interesting discussions on a model of energy W = 1
2 (ε − εp) : L : (ε − εp) +

1
2 curl(εp) : E : curl(εp). Here the energy potential depends on the gradient of the plastic strain via the operator curl.

The same framework also includes other standard time-independent irreversible processes. For example, the following 
model{

W (ε, θ,∇θ) = 1−θ
2 ε : L : ε + 1

2 (aθ2 + b‖∇θ‖2) + �θ≤1−r(θ),

D(θ̇ ) = k̄θ̇ + �θ̇≥0(θ̇)
(16)

gives a simple modeling of brittle damage in an elastic solid. Here, θ ≥ 0 is the damage parameter, θ = 0 for a sane state 
and θ = 1 −r for a total damaged state of the material. The elastic rigidity of the material varies with damage from a natural 
value L to a residual value rL. The indicator functions �θ≤1−r(θ) and �θ̇≥0(θ̇ ) ensure the constraints θ ≤ 1 − r and θ̇ ≥ 0. 
The interest of the terms aθ2 and b‖∇θ‖2 in the expression of the energy has been discussed in [1,3,11] for example. This 
dissipation potential leads to the damage criterion and the normality law

f̄ (Xθ
d) = Xθ

d − k̄ ≤ 0, θ̇ = λ
∂ f̄

∂ Xθ
d

= λ ≥ 0, λ f̄ = 0

A model of brittle damage in an elastic-plastic solid can also be introduced in the same spirit:

⎧⎪⎨
⎪⎩

W (ε, εp, γ , θ,∇γ ,∇θ) = 1−θ
2 (ε − εp) : L : (ε − εp) + 1

2 (aθ2 + b‖∇θ‖2) + �θ≤1−r(θ)

+ 1
2 (hγ 2 + g‖∇γ ‖2),

D(θ̇ , ε̇p, γ̇ ) = k̄θ̇ + �θ̇≥0(θ̇) + k‖ε̇p‖ + �o(γ̇ − ‖ε̇p‖)
(17)
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2.2. Governing equations for a solid under a loading path

For a solid submitted to a classical loading path, defined by the body forces Fuv(x, t), Fφ,v(x, t), the surface forces 
Fus(x, t), Fφ,s(x, t) and the imposed displacement ug(x, t), the response of the solid must satisfy the local equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− ∀t ∈ [0, T ]:
σ = W ,ε(u) , Xe = W ,φ , Ye = W ,∇φ ,

X = Xe + Xd, Y = Ye + Yd, (Xd, Yd) = ∂ D(φ̇,∇φ̇),

∇ · σ + Fuv = ρü, X + ∇ · Y + Fφv = 0 in V ,

σ · n = Fus on ∂V f , u = ug on ∂V u,

Y · n = Fφs on ∂V

− At t = 0:
u(0) = uo, φ(0) = φo, u̇(0) = vo

(18)

These equations describe the response of the solid from an initial position of state and velocity.

3. The quasi-static response

It is convenient to introduce as a condensed notation the general displacement U = (u, �) to write simply the energy 
and dissipation potentials of the solid as:

W(U) =
∫
V

W (ε,φ,∇φ) dV , D(U̇) =
∫
V

D(φ̇,∇φ̇) dV (19)

In the sequel, the assumption of state-independent dissipation is accepted. The conditions Fφv = 0 and Fφs = 0, although 
not essential, are also admitted as in (18).

3.1. Evolution equation

In quasi-static transformation, a variational and condensed form of the evolution equation for the solid can be introduced 
as in Classical Plasticity, cf. [9].

Evolution variational inequality For all t ∈ [0, T ], the quasi-static response U(t) of the solid submitted to a given 
loading path Fg(t), ug(t) satisfies the following variational inequality1:

W,U (U) · (U̇∗ − U̇) + D(U̇∗) − D(U̇) − Fg · (U̇∗ − U̇) ≥ 0 (20)

for all admissible response U∗(t), i.e. satisfying the imposed condition U∗(t) = ug(t) on ∂V u .

This variational inequality means explicitly that{ ∫
V σ : (ε̇∗ − ε̇) dV − ∫

V F vu · (u̇∗ − u̇) dV − ∫
∂V F

F gsu · (u̇∗ − u̇) dS

+ ∫
V (Xe · (φ̇∗ − φ̇) + Ye · (∇φ̇∗ − ∇φ̇) + D(φ̇∗,∇φ̇∗) − D(φ̇,∇φ̇)) dV ≥ 0

(21)

for all (u∗, �∗) admissible.
Thus, for all t , it follows from the evolution variational inequality that the equilibrium equation holds

W,u (U) · δu − Fgu · δu = 0 ∀ δu = 0 on ∂V u

and that �̇ satisfies the following minimum principle:

I(�̇) = min
δ�

I(δ�), I(δ�) = W,� ·δ� + D(δ�) (22)

which is the minimum principle I in Fleck & Willis [4]. Such a minimum must satisfy I(�̇) = 0, since I(δ�) is a sum of a 
linear and a homogeneous functional. The stationary condition at the minimum shows that �̇ must satisfy the condition:⎧⎨

⎩
∃ (Xd, Yd) associated with �̇ by the normality law and the plastic criterion such that:
Xe + Xd − ∇ · (Ye + Yd) = 0, Xe = W ,φ , Ye = W ,∇φ in V ,

(Ye + Yd) · n = 0 on ∂V
(23)

thus the force–flux relationship follows and vice-versa.

1 The theory of evolution variational inequality is well developed in mathematics, cf. [12].
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The question of the existence of the response has been much discussed in classical plasticity. In gradient plasticity, many 
discussions have been recently proposed for the existence, regularity and the numerical analysis of a solution, cf. [13,7,5,14,
6].

The stationary condition at the minimum of I(δ�) shows that the following equation holds for the solution to the 
minimum principle

−W,� ∈ ∂D(�̇) (24)

which is an extended form of the well-known Biot equation in classical visco-elasticity, cf. for example [9].
Finally, the evolution equation (20) can be also schematically condensed as

{
W,u = Fu

−W,� ∈ ∂D(�̇)
(25)

This discussion shows in particular that higher gradients can also be included in the same framework. The force–flux relation 
is still given by the Biot equation for the solid (24) and the response of the solid in a quasi-static transformation is governed 
by the evolution variational inequality (20).

3.2. Uniqueness

Let (Ui, i = 1, 2) be two possible solutions to (20). If the dissipation potential is state-independent, then the combination 
of the governing equations associated with these solutions gives in quasi-statics

(W,U (U2) − W,U (U1)) · (U̇2 − U̇1) ≤ 0

Under the assumption of a quadratic energy potential W(U), since

d

dt
((W(U2 − U1) = (W,U (U2) − W,U (U1)) · (U̇2 − U̇1) ≤ 0

there is a contraction of the energy distance between two responses. It follows that

W(U2(t) − U1(t)) ≤ W(U2(0) − U1(0) = 0

Thus U2(t) = U1(t) for all t ≥ 0 if the energy potential of the solid is positive-definite.

4. Time-discretization by implicit scheme

4.1. Implicit scheme and incremental problem

The numerical analysis of the response of a solid to a given loading path is considered in this section. In a time-like 
discretization, the present value U is assumed at a current step. The incremental problem consists in determining the 
incremental response �U to an increment of load (�Fg, �ug).

A time discretization of the evolution variational inequality (20) following the implicit scheme consists in replacing 
U̇, U̇∗, Ḟ respectively by �U

�t , �U∗
�t , �F

�t and U by U+ = U + �U, F by F+ = F + �F in the expression (20).
Since the dissipation potential is positively homogeneous of degree 1, it follows that the incremental response �U must 

be a solution to the incremental problem, i.e. must satisfy the following variational inequality:

{
W,U (U + �U) · (�U∗ − �U) + D(�U∗) − D(�U)

−(Fg + �Fg) · (�U∗ − �U) ≥ 0 ∀ �U∗ admissible
(26)

The implicit scheme ensures that the equilibrium equation and the normality law are satisfied by the increments of the 
displacement and the internal parameter at the next step.

At the limit, when �t → 0, then �F
�t → Ḟ, �U

�t → U̇ and �U∗
�t → U̇∗ and the evolution equation (20) is recovered.

Since �U must be small, it is interesting to introduce the condition �U ∈ N (U) where N (U) denotes a neighborhood of 
U with respect to a suitable distance. The variational inequality (26) can be considered with the additional condition

�U ∈ N (U) and �U∗ ∈ N (U) (27)

When �t → 0, it is clear that (26) + (27) leads also to the evolution equation (20).



444 Q.-S. Nguyen / C. R. Mecanique 344 (2016) 439–447
4.2. Incremental minimum principle and stable response

If the energy potential is a convex function (as in the models (9) and (13)), a solution �U of the variational inequality 
(26) is also a solution to the minimization problem:

Incremental minimum principle The increment �U minimizes the functional

K(�U∗) = W(U + �U∗) + D(�U∗) − (Fg + �Fg) · �U∗ (28)

among the set of admissible increments �U∗ .

Indeed, the minimum principle (28) results from the variational inequality (26), since the convexity of the energy poten-
tial ensures that W(U + �U∗) − W(U + �U) ≥ W,U (U+) · (�U∗ − �U).

The same conclusion also holds if the energy potential is only convex in N (U). In this case, the solution �U of (26) +
(27) is a local minimum of the functional K(�U∗).

Conversely, a local minimum �U ∈ N (U ) of the functional K(�U∗) is necessarily a solution to the variational inequality 
(26) + (27) for any smooth energy potential (not necessarily convex as in the model (16)). Indeed, for any �U∗ ∈N (U){

K(�U) ≤ K((1 − α)�U + α�U∗) ≤ W(U+ + α(�U∗ − �U)) +
(1 − α)D(�U) + αD(�U∗) − Fg+ · (�U + α(�U∗ − �U)) ∀ α ∈ [0,1]

since D is a convex function. It follows that

1

α
(W(U+ + α(�U∗ − �U)) − W(U+)) − Fg+ · (�U∗ − �U) + D(�U∗) − D(�U) ≥ 0

thus (26) results for vanishing α.
The minimum principle (28) + (27) deals with stable solutions to the variational inequality (26). The stability is under-

stood here in the sense of a positive external work in any perturbation of the equilibrium U+ , cf. [15,9]:
An equilibrium U+ = U + �U under the applied force F+ and imposed displacement ug+ is stable if in any perturbation 

of this equilibrium, defined by a perturbed path in function of a kinematic time τ

U[τ ], τ ∈ [0,1], U[0] = U+, U[1] = U∗+ ∈ N (U)

under the action of some perturbation forces, the work provided by these forces is non-negative.
Indeed, in such a perturbation, the energy balance, which results from the constitutive equations (1)–(5) of the solid, 

shows that the amount of work provided by the perturbed forces is

Wper = W(U∗+) − W(U+) +
1∫

0

D(
d�

dτ
[τ ]) dτ − Fg+ · (U∗+ − U+) (29)

From the fact that the dissipation potential is a kind of norm

1∫
0

D(
d�

dτ
[τ ]) dτ ≥ D(�U∗ − �U) ≥ D(�U∗) − D(�U) (30)

it follows that

Wper ≥ W(U∗+) − W(U+) + D(�U∗) − D(�U) − Fg+ · (�U∗ − �U) ≥ 0 (31)

The incremental minimum principle can also written as the following minimum principle concerning the response at the 
next step U+ = U + �U.

Displacement minimum principle At time t + �t , the generalized displacement U+ minimizes the functional

K̄(U∗+) = W(U∗+) + D(U∗+ − U) − Fg+ · U∗+ (32)

among the set of admissible displacements U∗+ ∈N (U).

The reader can refer to [13,7,5] for an original mathematical formulation of stable responses. In their approach, the 
starting point is the displacement minimum principle (32) instead of the evolution equation (20) and the implicit scheme. 
Their results show in particular that the convergence of the implicit scheme is ensured under the assumption of convexity 
of the energy potential.
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For a model of potentials W = W (ε, φ, ∇φ) and D = D(φ̇, ∇φ̇), the minimum principle (28) leads to the following 
variational equations⎧⎪⎪⎨

⎪⎪⎩

∫
V (σ + �σ)δε dV − Fgu+ · δu = 0,∫
V {Xe+ · δφ + Ye+ · ∇δφ + Xφ

d+δφ + Y φ

d+ · ∇δφ)} dV = 0

with (Xφ

d+, Y φ

d+) ∈ ∂ D(�φ,∇�φ)

(33)

in which the first line is the equilibrium equation. The second line is not identical to (23), since the forces Xe+, Ye+ depend 
on the increments ∇�u, �φ, ∇�φ.

In particular, if the current state is the natural state and if the load increment is the final load, the implicit scheme gives 
the response of the associated deformation model under the final load.

It is also interesting to remark that for a time-dependent system, i.e. when the dissipation potential is a smooth function, 
Biot equation holds under the classical form

(W,U +D,U̇ ) · (U̇∗ − U̇) − Fg · (U̇∗ − U̇) = 0 ∀ U∗ admissible (34)

and leads to the following minimum principle after discretization by the implicit scheme, cf. [16]:

�U = Arg. min
�U∗adm.

W(U + �U∗) + �tD(
�U∗

�t
) − Fg+ · �U∗ (35)

when the energy and dissipation potentials are convex functions.
In plasticity, for the model (13) with linear isotropic elasticity and linear hardening H(γ ) = h

2 γ 2, the increment 
�u, �εp, �γ must satisfy the minimum of the functional{

K(�u,�εp, �γ ) = ∫
V { 1

2 (ε+ − ε
p
+) : L : (ε+ − ε

p
+) + h

2γ 2+
+ g

2 ‖∇γ+‖2 + k‖�εp‖ + �o(�γ − ‖�εp‖) + κ‖∇�γ ‖} dV − �Fgu+ · �u
(36)

For the model (16), stable solutions U+ = (u+, �+) are the local minima of the functional

K(�u, ��) =
∫
V

{1

2
((1 − θ+)ε+ : L : ε+ + a θ2+ + b‖∇θ+‖2) + k̄��} dV − Fgu+ · u+ (37)

under the constraints �θ ≥ 0 and θ + �θ ≤ 1 − r.

5. Regularization and iterative methods

The minimization problem (28) can be solved numerically by usual methods of minimization of a functional. Since the 
energy potential is a smooth function by assumption, the principal difficulty in the minimization problem (28) concerns the 
dissipation potential.

The regularization method consists in replacing the dissipation potential D by a smooth function Ds . For example, the 
dissipation potential κ‖∇γ̇ ‖ can be regularized as⎧⎨

⎩
Ds = κ‖∇γ̇ ‖ if ‖∇γ̇ ‖ ≥ κ

s ,

Ds = 1
2 s‖∇γ̇ ‖2 + κ

2s if ‖∇γ̇ ‖ ≤ k
s ,

Ds → D when s → +∞
(38)

After regularization, a problem of minimization of a smooth functional must be solved. The search for the minimum can be 
performed following some classical descent methods in optimization.

In a complementary direction, some direct iterative methods can also be explored. These methods consist in solving the 
incremental problem by successive iterations in two steps:

i.– Starting from a given ��, compute �u.
ii.– For a given �u, compute �� and return to i.
For the model (13), the minimization with respect to �εp shows that

−σ ′ − 2μ�ε′ + 2μ�εp + Xp
d − m

�εp

‖�εp‖ = 0 ∀ x ∈ V

It is concluded that

�εp = λZ with Z = σ ′ + 2μ�ε′

‖σ ′ + 2μ�ε′‖ (39)
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Finally, λ = �γ = ‖�εp‖ and, after a regularization of the function κ‖∇�γ ‖, the field λ minimizes the functional∫
V

{(hγ + k − ‖σ ′ + 2μ�ε′‖)λ + h + 2μ

2
λ2 + g

2
‖∇λ‖2 + g∇γ · ∇λ + Ds(∇λ)} dV (40)

under the constraint λ ≥ 0 in V when the displacement field is assumed to be known.
A different approach consists in replacing the model (13) by a regularized model defined as{

W (ε, εp, γ ,∇γ ,β) = 1
2 (ε − εp) : L : (ε − εp) + H(γ ) + g

2 ∇γ 2 + e
2 ‖∇γ − β‖2

D(ε̇p, γ̇ , β̇) = k‖ε̇p‖ + κ‖β̇‖ + �o(γ̇ − ‖ε̇p‖) (41)

Thus, an additional variable β is included in order to approximate ∇γ when e is high enough and to avoid the difficulty 
due to the gradient term in the dissipation potential. In this case, the minimization with respect to β gives

e(∇γ − β + ∇λ − �β) + Xβ

d = 0 in V

It is concluded again that

�β = ηζ with ζ = ∇(γ + λ) − β

‖∇(γ + λ) − β‖ and η = 1

e
< e‖∇(γ + λ) − β‖ − κ > (42)

Finally, the field λ minimizes the functional∫
V

{(hγ + k − ‖σ ′ + 2μ�ε′‖)λ + h + 2μ

2
λ2 + g + e

2
‖∇λ‖2 + (eβ+ + (g + e)∇γ ) · ∇λ} dV (43)

under the constraint λ ≥ 0 when ε+ and β+ are given.
For the model (16), the increment �� minimizes the functional:

K(��∗) =
∫
V

{(−1

2
ε+ : L : ε+ + k̄)�θ∗ + a

2
(θ + �θ∗)2 + b

2
‖∇(θ + �θ∗)‖2}dV (44)

under the constraints �θ∗ ≥ 0 and θ + �θ∗ ≤ 1 − r when u+ is assumed to be known.
After a spatial discretization by the finite element method, the numerical determination of �θ can be obtained by the 

projected gradient method in the following way.
Let Ni(x) be the interpolation function at node i, i = 1, N and θi , �i the nodal values of θ and �θ . The following 

matrices are introduced

Aij =
∫
V

(aNi N j + b∇Ni · ∇N j)dV , Ci =
∫
V

(−1

2
ε+ : L : ε+ + k̄)Ni dV + Aijθ j, Li = 1 − r − θi (45)

From (44), it follows that [�] must satisfy the stationary condition of the associated Lagrangian

[A][�] + [C] − [m] + [m̄] = [0] (46)

where mi and m̄i are Lagrange multipliers with Kuhn–Tucker conditions:

�i ≥ 0, mi ≥ 0, mi�i = 0, and Li − �i ≥ 0, m̄i ≥ 0, m̄i(Li − �i) = 0 (47)

Starting from the initial value [�0] = [0], the projected gradient method consists in computing [�n] from [�n−1], n =
1, 2, . . . until convergence from the following equation

[�]n = [�]n−1 − ρ([A][�]n−1 + [C] − [m]n + [m̄]n) (48)

where the multipliers mn
i and m̄n

i are associated with �n
i following (47), and the coefficient ρ > 0 will be chosen such that 

the sequence [�]n is a minimizing sequence of the function

K([�]) = 1

2
[�]T[A][�] + [�]T[C]

i.e. of the functional (44).
Let [T ]n = [�]n−1 − ρ([A][�]n−1 + [C]). From (48), the expression of [�]n is straightforward:⎧⎨

⎩
If T n

i ≤ 0 then �n
i = 0, mn

i = −Ti, m̄n
i = 0,

If 0 < T n
i < Li then �n

i = T n
i , mn

i = 0, m̄n
i = 0,

If T n ≥ L then �n = L , mn = 0, m̄n = T n − L
(49)
i i i i i i i i
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The sequence [�]n is a minimizing sequence if K([�]n−1) −K([�]n) ≥ 0 for all n. From (48), the following expression holds{
K([�]n−1) −K([�]n) = 1

ρ ([�]n − [�]n−1)T([�]n − [�]n−1)−
− 1

2 ([�]n − [�]n−1)T[A]([�]n − [�]n−1) + [m]T[�]n−1 − [m̄]T([�]n−1 − [L]) (50)

Since the two last terms are non-negative, the sequence [�]n is a minimizing sequence if

ρ < min[�]
2[�]T[�]

[�]T[A][�] = 2

�
, � denotes the highest eigenvalue of the matrix [A] (51)

It is then clear that, if K([�]n−1) −K([�]n) = 0, then [�]n = [�]n−1 = [�] is the solution to (46).
The same method can be applied to compute the solution to (43).

6. Conclusion

Within the framework of standard plasticity, the theory of gradient plasticity and of time-independent processes such as 
brittle damage is discussed. The governing equations of the response of a solid under a loading path are written in terms of 
the energy and the dissipation potentials. It is shown that the quasi-static response of the solid is a solution to a variational 
inequality as in classical plasticity and that higher gradients can also be included in the same spirit. A time-discretization 
by the implicit scheme of the evolution equation leads to the study of the incremental problem, which is different from the 
rate problem. The increment of the response under an increment of the loads must satisfy a variational inequality and, if the 
energy potential is convex, an incremental minimum principle. In particular, a local minimum of the incremental minimum 
principle is a stable solution to the variational inequality.

Acknowledgement

The author would like to thank the referees for their suggestions. This paper has been prepared during the stay of the 
author at the Vietnam Institute for Advanced Study in Mathematics (VIASM) in summer 2015.

References

[1] M. Frémond, B. Nedjar, Damage, gradient of damage and principle of virtual power, Int. J. Solids Struct. 33 (1996) 1083–1103.
[2] M.E. Gurtin, Generalized Ginzburg–Landau and Cahn–Hilliard equations based on a microforce balance, Physica D 92 (1996) 178–192.
[3] B. Bourdin, G.A. Francfort, J.J. Marigo, Numerical experiments in revisited brittle fracture, J. Mech. Phys. Solids 48 (2000) 797–826.
[4] N.A. Fleck, J.R. Willis, A mathematical basis for strain-gradient plasticity theory, part II, J. Mech. Phys. Solids 57 (2009) 1045–1057.
[5] A. Giacomini, L. Lussardi, Quasi-static evolution for a model in strain gradient plasticity, SIAM J. Math. Anal. 40 (2008) 1201–1245.
[6] P. Neff, A. Sydov, C. Wieners, Numerical approximation of incremental infinitesimal gradient plasticity, Int. J. Numer. Methods Eng. 77 (3) (2009) 

414–436.
[7] G. Francfort, A. Mielke, Existence results for a class of rate-independent material models with nonconvex elastic energies, J. Reine Angew. Math. 595 

(2006) 55–91.
[8] M. Frémond, Phase Change in Mechanics, Lecture Notes UMI, Springer-Verlag, Berlin, 2012.
[9] Q.S. Nguyen, Stability and Nonlinear Solid Mechanics, Wiley, Chichester, 2000.

[10] M.E. Gurtin, L. Anand, A theory of strain-gradient plasticity for isotropic, plastically irrotational materials, J. Mech. Phys. Solids 53 (2005) 1624–1649.
[11] G. Francfort, J.J. Marigo, Revisiting brittle fracture as an energy minimization problem, J. Mech. Phys. Solids 46 (1998) 1319–1342.
[12] G. Duvaut, J.L. Lions, Les Inéquations en Mécanique et en Physique, Dunod, Paris, 1972.
[13] G. Dal Maso, A. De Simone, M.G. Mora, Quasistatic evolution problems for linearly elastic-perfectly plastic materials, J. Ration. Mech. Anal. 180 (2006) 

237–291.
[14] A. Giacomini, On the energetic formulation of the Gurtin and Anand model in strain gradient plasticity, Discrete Contin. Dyn. Syst. 17 (2012) 527–552.
[15] Q.S. Nguyen, D. Radenkovic, Stability of an equilibrium in elastic–plastic solids, in: IUTAM Symp. Applications of Methods of Functional Analysis to 

Problems of Mechanics, Marseille, Springer-Verlag, Berlin, 1975.
[16] N. Lahellec, P. Suquet, Effective response and field statistics in elasto-plastic and elasto-viscoplastic composites under radial and non-radial loading, 

Int. J. Plast. 42 (2013) 1–30.

http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4672656D393662s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib477572743936s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib426F75723030s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib466C65633039s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib476961633038s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4E656666303961s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4E656666303961s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4672616E3036s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4672616E3036s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4672656D3132s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4E6775793030s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib477572743035s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4672616E3938s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib447576613732s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4D61736F3036s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4D61736F3036s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib476961633132s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4E6775793735s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4E6775793735s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4C6168653133s1
http://refhub.elsevier.com/S1631-0721(16)00006-1/bib4C6168653133s1

	Quasi-static response, implicit scheme and incremental problem in gradient plasticity
	1 Introduction
	2 Gradient theory of plasticity and standard time-independent processes
	2.1 Standard models of gradient plasticity and brittle damage
	2.2 Governing equations for a solid under a loading path

	3 The quasi-static response
	3.1 Evolution equation
	3.2 Uniqueness

	4 Time-discretization by implicit scheme
	4.1 Implicit scheme and incremental problem
	4.2 Incremental minimum principle and stable response

	5 Regularization and iterative methods
	6 Conclusion
	Acknowledgement
	References


