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1. Introduction

In the last decades, many authors have applied the asymptotic methods in three-dimensional elasticity problems in order
to derive new reduced one-dimensional or two-dimensional models and justify the existing ones. A complete theory regard-
ing elastic shells can be found in [1], where models for elliptic membranes, generalized membranes, and flexural shells are
presented. It contains a full description of the asymptotic procedure that leads to the corresponding sets of two-dimensional
equations. Particularly, the existence and uniqueness of the solution to elastic elliptic membrane shell equations can be
found in [2] and in [3]. There, the two-dimensional elastic models are completely justified with convergence theorems.

More recently, in [4], the obstacle problem for an elastic elliptic membrane has been identified and justified as the
limit problem for a family of unilateral contact problems of elastic elliptic shells. A large number of actual physical and
engineering problems have made it necessary to study models that take into account effects such as hardening and memory
of the material. An example of these are the viscoelastic models (see, for example, [5,6]). In some of these models, we can
find terms that take into account the history of previous deformations or stresses of the body, known as long-term memory.
For a family of shells made of a long-term memory viscoelastic material, we can find in [7-9] the use of asymptotic analysis
to justify with convergence results the limit two-dimensional membrane, flexural, and Koiter equations.

In this direction, to our knowledge, in [10] we gave the first steps towards the justification of existing models of
viscoelastic shells and finding new ones with the starting point being three-dimensional Kelvin-Voigt viscoelastic shell
problems. By using the asymptotic expansion method, we found a rich variety of cases for the limit two-dimensional prob-
lems, depending on the geometry of the middle surface, the boundary conditions and the order of the applied forces. The
most remarkable feature found was that, from the asymptotic analysis of the three-dimensional problems, a long-term
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memory arose in the two-dimensional limit problems, represented by an integral with respect to the time variable. The aim
of this Note is to mathematically justify these equations that we identified in [10] as the viscoelastic elliptic membrane
problem, by presenting rigorous convergence results.

2. The three-dimensional linearly viscoelastic shell problem

We denote S¢, where d =2, 3 in practice, the space of second-order symmetric tensors on RY, while “ - ” will represent
the inner product and | - | the usual norm in S¢ and RY. In what follows, unless the contrary is explicitly written, we will
use summation convention on repeated indices. Moreover, Latin indices i, j,k, [, ..., take their values in the set {1, 2,3},
whereas Greek indices «, 8,0, 7, ... do it in the set {1, 2}. Also, we use standard notation for the Lebesgue and Sobolev
spaces. Moreover, for a time dependent function u, we denote 1 the first derivative of u with respect to the time variable.
Recall that “—"” denotes strong convergence, while “—"” denotes weak convergence.

Let w be a domain of R?, with a Lipschitz-continuous boundary y = dw. Let y = (y) be a generic point of its closure
@ and let 9, denote the partial derivative with respect to y.

Let @ € C2(®; R3) be an injective mapping such that the two vectors ay (y) := 9,0(y) are linearly independent. These
vectors form the covariant basis of the tangent plane to the surface S :=6(w) at the point (y). The surface S is uniformly
elliptic, in the sense that the two principal radius of curvature are either both positive at all points of S, or both negative at
all points of S. We can consider the two vectors a*(y) of the same tangent plane defined by the relations a*(y)-ag(y) = Sg‘,

which constitute the contravariant basis. We define the unit vector, as(y) = a®(y) := % normal vector to S at the

point (y), where A denotes the vector product in R3.

We can define the first fundamental form, given as a metric tensor, in covariant or contravariant components, re-
spectively, by ayp := @y - ag, a*f .= a” . af, the second fundamental form, given as a curvature tensor, in covariant or
mixed components, respectively, by byg = a. 0gay, bg :=aP? . byq, and the Christoffel symbols of the surface S by
I‘gﬂ :=a’ - dpagy. The area element along S is v/ady, where a := det(agp).

For each ¢ > 0, we define the three-dimensional domain Q¢ := w x (—¢, &) and its boundary I'® = 9Q¢. We also define
the parts of the boundary, I'} :=w x {£},T? :=w x {—¢} and T :=y x [—¢, €].

Let ¥ = (x{) be a generic point of Qf, and let a7 denote the partial derivative with respect to x{. Note that x}, = y, and
3 = 0y. Let ® : Q° — R3 be the mapping defined by

OR°) :=0(y) +x3a3(y) V&° = (¥,%5) = (¥1, ¥2,%3) € Q° (1)

If the injective mapping @ : @ — R3 is smooth enough, the mapping ® : ¢ — R3 is also injective for &€ > 0 small enough
(see Theorem 3.1-1, [1]). For each &, 0 < & < gg (with g9 defined in Theorem 3.1-1, [1]), the set ®(Q?) is the reference
configuration of a viscoelastic shell, with middle surface S =6 () and thickness 2 & > 0. Furthermore, for ¢ > 0, gf (x%) 1=
87 ©(x°) are linearly independent, and the mapping © : Qf — R3 is injective for all €, 0 < & < &g, as a consequence of the
injectivity of the mapping 0. Hence, the three vectors g{(x®) form the covariant basis of the tangent space at the point
O(x°), and g'¢(x), defined by the relations g'¢ g5 = 83 form the contravariant basis at the point ©(x®). We define the
metric tensor, in covariant or contravariant components, respectively, by gfj =g7- g?, giie .= gle . gi¢ and the Christoffel
symbols by I'l* := gP* . o g’

The volume element in the set @(Q¢) is /g% dx¢, and the surface element in @(I'?) is \/g&dI'¢, where g := det(gfj).

Besides, let T > 0 be the period of observation and we denote by u; : [0, T] x Qf — R3 the covariant components of the
displacement field, i.e. U :=ufg"¢ : [0, T] x Q° — R3. For simplicity, we define the vector field u® = (uf) : [0, T] x Q° —
R3, which will denote the vector of unknowns.

We assume that the shell is subjected to a boundary condition of place; in particular, we assume that the displacements
field vanishes in @(I'g), i.e. on the whole lateral face of the shell.

Let us define the space of admissible unknowns,

V(QF) = {ve = (v) e [H ()] v: =00n T5}

This is a real Hilbert space with the induced inner product of [H'(§2¢)]3. The corresponding norm is denoted by || - [l1,qe-

We assume that the body is made of a Kelvin-Voigt viscoelastic material, which is homogeneous and isotropic, so that
the material is characterized by its Lamé coefficients A > 0, 4 > 0 and its viscosity coefficients, 6 > 0, p > 0 (see for instance
[5,6]). Under the effect of applied forces, the body is deformed, and we can find that u® = (uj) verifies the following
variational problem of a three-dimensional viscoelastic shell in curvilinear coordinates:

Problem 2.1. Find u® = (uf) : [0, T] x Q¢ — R? such that

ub(t,) e V(Q¥H)VYtelo,T]
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Qf Q¢

/f“f vE /g dx + / hi€ve/gedl® Vve e V(QF), ae.in (0, T)

réure
u®(0,) = ug()
where the functions
Alkle . 5 oliegkle M(gik,egjl,e + gihe gikey 2)
Biikhe . gglie ghle | g(gik,agjl.s + glhegike 3)

are the contravariant components of the three-dimensional elasticity and viscosity tensors, respectively. We assume that
the Lamé coefficients A > 0, u > 0 and the viscosity coefficients 6 > 0, p > 0 are all independent of &. Moreover, the terms
e‘f”j(us) = %(uf”j + u?lll‘) = %(8}%? + Bfui) - Ff}’guf, designate the covariant components of the linearized strain tensor
associated with the displacement field U? of the set ®(QF). Moreover, ¢ denotes the contravariant components of the
volumic force densities, h-* denotes contravariant components of surface force densities and uf denotes the initial “dis-

placements” (actually, the initial displacement is U5 := (ug);g"¢). Note that Fa3 =Tby = A%Po3& = pa333e — papode -
Ba333 &€ —0in Qg by ( )

The existence and uniqueness of the solution to Problem 2.1 for & > 0 small enough can be consulted in [10]. There we
find that, under suitable regularity hypotheses for the applied forces and initial condition, there exists a unique solution
such that u¢ e W12(0, T; V (Q¢)).

3. The scaled three-dimensional shell problem

For convenience, we consider a reference domain independent of the small parameter €. Hence, let us define the
three-dimensional domain € := w x (=1,1) and its boundary I' = 9Q2. We also define the parts of the boundary,
'y :=wx {1}, :=w x {—1} and I'p:=y x [—1,1]. Let ¥ = (x1,X2,x3) be a generic point in € and cor_15ider the no-
tation 0; for the partial derivative with respect to x;. We define the projection map, ©° : X = (x1,x2,X3) € Q —> né(X) =

(xg) =(x{, x5, x3) = (X1, X2, €x3) € QF; hence, 9% = 0y and 33 1 £ 93. We consider the scaled unknown and vector fields
deﬁned as uf (t,x°) =:u;(&)(t,x) and vi(x°) =: v;(x) Vx* =n°(x) € Q";, Vtel0,T].

Also, we define the scaled functions Ff}(s)(x) = Fﬁ’s(xg),g(e)(x) = gf(x¢), AUM(g)(x) := AUK-E(x%), Bk (g)(x) :=
BikLe (x8) for all &% = mf(x) € Qf. For all v = (v;) € [H'(Q)]?, we define the scaled linearized strains components
ei|j(e)(v) € L*(Q) by

1

eq|p(€; V) :zz(aﬂvamavﬂ)—rgﬁ(e)vp (4)
1/1 )

eq|3(&; v) ::5 533\/(1-{-30[\/3 —Fa3(8)\/p (5)
1

e33(e; v) :== 533V3 (6)

Note that with these definitions, it is verified that efw(vs)(ne (®) =ejj(e; V)(X) Vx e Q.

Remark 1. The functions T'};(¢), g(¢), A¥¥(¢), B/ (¢) converge in C°(<2) when & tends to zero.
When we consider ¢ =0, the functions will be defined with respect to y € @. Also, we shall distinguish the three-
dimensional Christoffel symbols from the two-dimensional ones by using I'? ap (&) and I'g 'L respectively.

The next result is an adaptation of (b) in Theorem 3.3-2, [1] to the viscoelastic case. We will study the asymptotic
behaviour of the scaled contravariant components AU (g), B (g) of the three-dimensional elasticity and viscosity tensors
defined above, as &€ — 0. We show their uniform positive definiteness not only with respect to x € , but also with respect
to &, 0 < & < &. Besides, their limits are functions of y € @ only, i.e. they are independent of the transversal variable x3.

Theorem 3.1. Let w be a domain in R2 and let 0 € C%(®; R3) be an injective mapping such that the two vectors ay = .0 are linearly
independent at all points of @; let a*? denote the contravariant components of the metric tensor of S = 0(®). In addition to that, let
the other assumptions on the mapping 6 and the definition of g be as in Theorem 3.1-1, [1]. The contravariant components Akl (g),
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BUK () of the scaled three-dimensional elasticity and viscosity tensors, respectively, satisfy AUk () = AUK (0)+ 0 (¢) and A%P73 (¢) =
A?333(g) = 0, Bik (g) = BU¥(0) + 0 (¢) and B*#?3 () = B*333(g) = 0, forall ¢, 0 < & < &g and

Aaﬁar(o) _ )\aaﬂadr + M(aaaaﬁf +aara50)’ Aaﬂ33(0) — )Laozﬂ
AO{3G3(0) — Ma()laﬁ A3333 (0) = + ZM
Baﬁar(o) — Gaaﬂaat + g(aaaaﬂr _i_aom:aﬁcr)7 Baﬂ33(0) — eaaﬁ
BO(303(0) — gaﬂla" 33333(0) — 9 + p

A%Po3(0) = A2333(0) = B2Fo3(0) = B*333(0) = 0. Moreover, there exist two constants C, > 0 and C, > 0, independent of the
variables and ¢, such that

> itl? < CAM @Y @yt Y It1? < CBM (&) @)ty (7)
ij ij
foralle,0 <& <sg, forallxeQandallt = (tij) € S2.

Let the scaled applied forces be defined by f¢ =: f(g) = (fi(e))(t,x) = fO(t, %) Vx € Q and h® =: h(g) = (h'(e))(t,x) =
ehl(t,x) Vx e L Ur'_ and Vt € [0, T] where f0 and h' are functions independent of ¢. Also, we introduce ug(¢) : @ — R3
by uo(e)(x) :=uf(x*) Vx € Q, where x* =n°(x) € Q° and define the space V(Q) :={v =(vi) € [H'($)13; v =0 on Ty},
which is a Hilbert space with the inner product of [H!(€2)]3. The corresponding norm is denoted by || - [l1,. Then, the
scaled variational problem can be written as follows.

Problem 3.2. Find u(¢) : [0, T] x Q@ —> R3 such that
uE)t, ) eV Q) Vvtel0,T]

/Aijkl@)ekm(&u(s))eiw(&V)@d’“r/Biﬂd(‘g)ekul(&"‘(8))‘7“\1’(&")@d"

Q Q
=/fi*°vi,/g(8)dx+ / ehtlvi/g(e)dl' Vv e V(Q), a.e.in (0, T) (8)
Q rour—

u(e)(,-) =ug(e)(-)

We can prove the existence and uniqueness of the solution to Problem 3.2 (see [10]). Moreover, under suitable regularity
conditions, u(e) € W1-2(0, T; V().

In Theorem 3.3-1, [1], we find that the limits of the scaled Christoffel symbols are independent of x3. Moreover, g(¢) =
a+ 0(e).

4. Asymptotic analysis. Convergence results as ¢ — 0

In the next theorems, we recall, for the benefit of the reader, the following three- and two-dimensional inequalities of
Korn’s type for a family of elliptic membrane shells (see for example Theorem 4.3-1 and Theorem 2.7-3, [1], respectively).

Theorem 4.1. Assume that 0 € C3(; R3) and consider &g defined as in Theorem 3.1-1 [1]. We consider a family of elliptic membrane
shells with thickness 2¢ with each one having the same middle surface S = 0 (). Then there exist a constant &1 verifying 0 < &1 < &g
and a constant C > 0 such that, for all €, 0 < ¢ < €1, the following three-dimensional inequality of Korn’s type holds,

1/2

1/2
(vaanigﬂmag) <D leqiEvEg | Yv=wneve@) 9)
o

ij

Theorem 4.2. Let @ be a domain in R? and let § € C>1(c; R>) be an injective mapping such that the two vectors a, = 9,0 are
linearly independent at all points of @ and such that the surface S = 0 (w) is elliptic. Then, the following inequality is verified
1/2

1/2
(Z a3, + |n3|6,w> <Cu (D vepMG, | YNEVM) (10)
o a,B

where V() == H (0) x H} (@) x L2(w) and Yap() = 3 (3anp + Ip7a) — I'947e — bapns denote the covariant components of
the linearized change of metric tensor associated with a displacement § = n;a’ of the middle surface.
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We recall the two-dimensional equations obtained for a viscoelastic membrane shell as a consequence of the formal
asymptotic study made in [10]. For the case of elliptic membranes, the right space where the problem is well posed is
VM (w). Moreover, the space defined by

Vo(w) :={n e [H (w)1’;n=00ny, yyps(n) =0o0n w}

is such that only contains the element 5 =0 (see (10)).

From the asymptotic analysis made in [10], we show that, if the applied body force density is O (1) with respect to € and
the surface traction density is O(g) as in Problem 3.2, we obtain in the limit the two-dimensional variational problem for a
viscoelastic membrane. Let us remind the definition of the two-dimensional fourth-order tensors that appeared naturally in
[10]:

(B0 . 21p2 +4p6? o

O’T oo T aT o
+2u(a af™ +a%"af 11
@+ p) I ) (11)
pebore i 2P qaboT | (a7 g7 4 g7 ab) (12)
0+p
2
capot . 2004) a*Bqot (13)
0+p
where A := (% - %). Therefore, we can enunciate the two-dimensional variational problem for a linear viscoelastic

elliptic membrane as follows.
Problem 4.3. Find & : [0, T] x @ —> R3 such that: &(t,-) € Vjy(w) ¥ t € [0, T],

/ Py €)yap(mady + / b*PT Yor (§)vap(m)Vady

[0 w

t
_ / ek=9) f P Yo (§(5)) Ve (1) Vady ds
0

[0

= f p"Onivady ¥n= ()€ Vu(w), ae.te(0,T)

£(0,)=§&0()

where we introduced the constant k > 0 defined by k := )\e‘fl‘f and

1
() ::/f’o(t)dX3+h”(t)+h’1(t) with b’ (t) = h1(t, -, £1)
-1

Remark 2. As the reader can check in [10], assuming an asymptotic expansion of the unknowns and substituting them into
the equations of Problem 3.2, we found that the leading terms of the components ey 3(¢) vanish. Besides, denoting by el
the corresponding leading-order terms of the components e;)|;, we obtained the following ordinary differential equation:

illj

Hence, assuming that # > 0, we found that the terms eng can be expressed in function of the components eg” 8 through
a long-term memory. Moreover, the latter ones can be identified with the covariant components yyg(#) of the linearized
change of metric tensor, where 5 = n;a’ represents a displacement of the middle surface S of the shell. As a result, we
derived the two-dimensional equations given in Problem 4.3.

The existence and uniqueness of the solution to Problem 4.3 makes use of the Korn’s inequality (10) (see [10] for details).

Theorem 4.4. Let w be a domain in R2, let 0 € C2(c; R?) be an injective mapping such that the two vectors ay = 9,0 are linearly
independent at all points of ®. Let f* 0 € 12(0, T; L(Q)), h"! € L2(0, T; L?(T'y)), where I'y := T UT_. Let &, € V(). Then
Problem 4.3, has a unique solution § € W1-2(0, T; V(). In addition to that, if {0 € L2(0, T; L2(Q)), i1 € L2(0, T; L2(T'1)), then
E€ W20, T; Vm(®)).
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From now on, we shall use the short-hand notation e;j;(¢) := e;j)j(¢; u(¢)). For each ¢ > 0, we assume that the initial
condition for the scaled linear strains is

ej)j(€)(0,)=0 (15)

i.e. the domain is in its natural state with no strains on it at the beginning of the period of observation.

Now, we present here the main result of this paper, namely that the scaled three-dimensional unknown u(e) converges,
as ¢ tends to zero, towards a limit u independent of the transversal variable x3. Moreover, this limit can be identified with
the solution & =u := %ﬂ] udxs of Problem 4.3, posed over the set w.

Theorem 4.5. Assume that 8  C3(@; R3). Consider a family of viscoelastic elliptic membrane shells with thickness 2& approaching
zero and with each having the same elliptic middle surface S = 0(w), and let the assumptions on the data be as in Theorem 4.4.
For all €, 0 < € < gg let u(e) be the solution to the associated three-dimensional scaled Problem 3.2. Then, there exist functions
ug € W2(0, T, HY(Q)) satisfying uy =0 on y x [—1, 1] and a function uz € W1-2(0, T, L?(2)), such that

(i) ug(e) > ug in W20, T, HY(Q)) and uz(e) — usz in W20, T, L%(2)) when & — 0,
(ii) u:= (u;) is independent of the transversal variable xs.

Furthermore, the average u verifies Problem 4.3.

The proof of this theorem can be found in full detail in [11]. In this Note, we describe the scheme of the proof when
the proposed problem is subjected only to volume forces (the inclusion of traction forces needs the definition of a trace in
X(0,T; Q) :={ve W20, T, [2(RQ); 33v € WH2(0, T, L2(Q))}).

(i) A priori boundedness and extraction of weak convergent sequences.
The norms lei|j(&)lw120.7.12()) Ua(ENlwr20,1 H1(Q) and [U3(E)lw12¢0.1.12()) are bounded independently of £,0 <
& < €1, where g1 > 0 is given in Theorem 4.1. Consequently, there exist a subsequence, also denoted (u(€))¢~0, and func-
tions ejj € W2(0, T, L2(Q)), ug € WI2(0, T, H'(Q)), satisfying ug = 0 on To, and u3 € W2(0, T, L2(RQ)), such that
e j(&) — e in WH2(0, T, L2(Q)), ug () — uq in WH2(0, T, H(2)), and hence uq(g) — uy in WH2(0, T, L2(2)),
uz(e) = uz in Wh2(0, T, L2(Q)).
For the proof of this step, we take v = u(¢e)(t,-) and v = u(e)(t,-) in (8), alternately. Then, using the ellipticity of
Ak (g) and BUK(g), the initial condition (15), the Korn’s type inequality (9), and the Cauchy-Schwartz inequality, the
conclusion is achieved.

(ii) The limits of the scaled unknown found in step (i) are independent of xs.
To do this, we use the definition of the scaled strains ey ;3(¢) and e3)3(¢). After some calculations, we get the inde-
pendence of x3 of those functions in the sense of distributions. Applying a generalization of the Theorem 4.2-1 (a), [1]
the conclusion follows.

(iii) The limits e;)j found in (i) are independent of the variable x3. Moreover, they are related with the limits u := (u;) by

1
eq||p = Vap(t) := 5(30111,3 +dpuua) — Igpto —bapus, eq)3=0

t

0
e3)3(t) = —m a“ﬁeaﬂﬁ(t) + A/e_k(t_s)a“ﬁeaﬂﬁ(s) ds],inQ, Vte[0,T]
0

. (A A2 _A2u
with A = (g — m) and k = m.
Considering v =u(¢) in (4) and = u in the definition of y,g(1) (see Theorem 10), taking into account step (i) and
the convergences of the Christoffel symbols, we have that

1
€al|p(€) = 5 (Opua(®) + datip (8)) = Tgp(@)up(e) = Cajp = Yap(®) in w20, T, [3(Q)

Then, we take alternately particular test functions v € V() in (8), expand the resulting terms and use a result of
calculus of variations (see Theorem 3.4-1, [1]). On the one hand, we obtain that 2puaeq|3 + paéq)3 = 0, which, using
(15), implies that ey|3 = 0. On the other hand, we obtain the differential equation:

Aa"‘ﬂeaﬂﬂ + (A +2ues 3 + Qaaﬂéauﬁ + (O +p)é33=0 (16)

In order to obtain the expression of e33 in the most general case, we need to assume that 6 > 0. Therefore, the
viscoelastic case can not generalize the elastic case from now on. Then, from (16) together with (15), the expression
announced yields.
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(iv) The function it = (i1;) satisfies the two-dimensional variational Problem 4.3 with p9 := fjl fidxs. In particular, since the
solution to this problem is unique, the convergences on (i) are verified for all the family (u(¢))s~o. We have that u(t, ) =
(wi(t,") € Vy(w), Yt [0, T].

To do this, let v = (v;) € V() be independent of x3 in (8) and take the limit when & — 0. Then, using the asymptotic
behaviour of the functions involved and the findings from previous steps, we obtain that u satisfies Problem 4.3 for all
v = (v;) € V() independent of x3. Then, applying a generalization of the Theorem 4.2-1, [1] the conclusion follows.
The weak convergences ey ;(e)(t, ) — ey ;(t, ) in W2(0, T, L%(Q)) are, in fact, strong.

To do this, we define:

—

(v

W(e) = / ATM (&) (e (e) — exyp) (eiy (&) — eq)v/g(e) dx

Q

+ f B (&) (e (&) — i) (e () — eiyij)v/g(e) dx

Q
= f flui(e)y/g(e)dx — f AM (8) 2er1(e) — expeijv/g(e) dx
Q

Q

i . d
+ / B (&) (éyiei j — o Can@ei)ve(e) dx
Q
Using the ellipticity of the fourth order tensors (7), the initial condition (15) and the Cauchy-Schwartz inequality, we
obtain that
T T

_1.1/2
gy / > leiyj @) ®) — e[ o | dt < / W(e)dt
0 \1iJ 0
Then, we show that W :=limg_ o W(¢) =0, having in mind the step (i) and the asymptotic behaviour of the functions

involved. Hence, thanks to the Lebesgue dominated convergence theorem, the strong convergences in L(0, T, L(S))
are satisfied. Analogously, we define:

P(e) := / ATM (&) ey () — exy) @iy j (&) — éiyj)v/g(e) dx

Q

+ f B (&) (@iu(e) — ewp) @iy () — &) v/g(e) dx

Q

- . . 9
= / flii(e)v/g(e)dx + / AM (&) (eyypéiy j — o Cun(©ei) Vg (e) dx
Q

Q

- / B () ey 1(e) — éxyéi jv/g(e) dx

Q
Using similar arguments, we show that

T T

6;1g3/2/ > leiie) ) — 13 o dtsf\b(s)dt

0 \1J 0

and that W :=lim,_,o ¥(e) = 0. Hence, again by the Lebesgue dominated convergence theorem, we conclude that the
strong convergences hold in W12(0, T, L2(R)).
(vi) The family (i1(g))eso converges strongly to it (when ¢ — 0) in W1-2(0, T, Vy(w)), i.e. iiq () — iy in WH2(0, T, H (w)),
ii3(e) > i3 in W2(0, T, L2(w)).
This proof is a corollary of the step (vi) in Th. 4.4-1 [1]. In order to do that, we follow the same arguments made
there to prove that ilq (8) — ilg in L2(0, T, H!(w)), ii3(¢) — i3 in L2(0, T, L%(w)) and the corresponding convergences
of the time derivatives in the same spaces. Then the conclusion follows.
The convergence uz(e) — uz in W12(0, T, L2()) is, in fact, strong.
Indeed, by (6) and step (i), we have d3u3(€) = ge33(€) — 0 in W1-2(0, T, L?(£2)). On the other hand, we have ii3(¢) —
i3 in W1-2(0, T, L?>(w)). Hence, by a generalization of the Theorem 4.2-1 (c), the conclusion follows.

(vii

=
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It remains to be proved an analogous result to the previous theorem, but in terms of de-scaled unknowns. The con-
vergences Uy (€) — Ug in WH2(0, T, H1(2)) and us(¢) — uz in W1-2(0, T, L2($2)) from Theorem 4.5, the scaling proposed
in Section 3, the de-scalings £/ :=&; for each & > 0, and a generalization of Theorem 4.2-1, [1] together lead to the con-
vergences 5 [©, ué dx§ — & in W20, T, H'(w)), 5= [, u§dx§ — & in W12(0, T, L?(w)). Furthermore, we can prove
the following theorem regarding the convergences of the averages of the tangential and normal components of the three-
dimensional displacement vector field.

Theorem 4.6. Assume that 0 € C3(c; R?). Consider a family of viscoelastic elliptic membrane shells with thickness 2& approaching
zero and with each having the same elliptic middle surface S = 6 (), and let the assumptions on the data be as in Theorem 4.4.

Let u® = (uf) e W2(0, T, V(QF)) and §° = (&F) € W1-2(0, T, Vi (w)) respectively denote for each & > 0 the solutions to the
three-dimensional and two-dimensional Problems 2.1 and 4.3 de-scaled version. Moreover, let & = (£;) € W1-2(0, T,V (w)) denote
the solution to Problem 4.3. Then we have that

£5 =&, and thus ££a% = £,a% in W20, T, H (w)), Ve > 0
&
1
> / ué g%f dx§ — £,a® in W20, T, H (w)) as e — 0
—&

and

£f =& and thus &5a® = £3a® in W2(0, T, [?(w)), Ve > 0
&€

1

% usg>fdxf — 530 in W20, T, [*(w)) ase — 0

—&

As a conclusion, we have found and mathematically justified a two-dimensional model for viscoelastic elliptic mem-
branes. To this end, we used the insight provided by the asymptotic expansion method (presented in our previous work
[10]) and we have justified this approach by obtaining convergence theorems. The main novelty is that from the asymptotic
analysis of the three-dimensional problems, which include a short-term memory represented by a time derivative, a long-
term memory arises in the two-dimensional limit problems, represented by an integral with respect to the time variable. As
future work, we shall present convergence theorems in forthcoming papers for the remaining cases of the limit problems
found in [10], namely the generalized membrane and flexural shells.
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