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The present attempt proposes a predictive approach of the fatigue crack growth (FCG) 
behavior of a lug-type joint used in an aeronautic context. The crack tip residual 
stress distribution and material dispersions are considered. The developed approach was 
implemented by coupling the Extended Finite Element Method (XFEM), the Residual 
Corrected Stress Intensity Factor (RC-SIF), developed by the authors, and the Monte Carlo 
simulation (MCS) method. The Lemaitre–Chaboche model, developed upon the ABAQUS 
commercial code, was considered for characterizing material behavior. The developed 
approach treats FCG life by considering the stochastic behavior of material parameters and 
the crack tip residual stress field during propagation. Comparing with experimental data, 
the proposed approach exhibits a good ability in evaluating the FCG reliability of a cracked 
lug-type joint subjected to different loading conditions. The iso-probabilistic P –a–N curves 
can be used as an efficient tool for ensuring the safety behavior of cracked components.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Fatigue failure is among the most detrimental failure modes in several industrial fields such as the automotive, marine, 
and aeronautical ones. During cyclic loading, micro-cracks can be initiated and propagate in mechanical structures, causing 
catastrophic consequences, even when the ultimate strength of the material is much higher than the applied stress level. 
Because of several aircraft crashes, whether in military or in civilian aircraft, all aerospace components were designed in 
agreement with the damage tolerance design philosophy. This design principle is detailed in the Damage Tolerant Design 
Handbook and in the Joint Services Structural Guidelines JSSG 2006.

When cracks occur, the remaining fatigue life of these components is considered as the main important factor that 
should be predicted to ensure correctly the safety behavior of such components. In the literature, several models have been 
proposed to investigate the FCG life evaluation of cracked structures [1–9]. Looking for a model engineering approach that 
could evaluate the FCG life of mechanical structures in a reliable way, still remains a challenging topic in various industrial 
sectors. The Lug-type joint (also called attachment lug) is considered as the primary structural component in the aero-
nautical industry owing to its widespread use in different airframe structures. It is used generally to connect components 
with other mechanical structures such as wings to fuselage, engines to pylons, and spoilers to wings. During its service life, 
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Nomenclature

a Crack size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mm
E Modulus of elasticity . . . . . . . . . . . . . . . . . . . . . MPa
I({x}) Indicator failure function
EPFM Elastic Plastic Fracture Mechanics
FCG Fatigue Crack Growth
L Load function
MCS Monte Carlo simulation
MTS Maximum Tangential Stress criterion
NMC Total number of MCS methods
PDF Probability density function
P f Failure probability

R Stress ratio
RC-SIF Residual corrected stress intensity 

factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . MPa·m1/2

S Strength function
SIF Stress intensity factor
t Thickness of the specimen . . . . . . . . . . . . . . . . mm
σmax Maximum applied stress . . . . . . . . . . . . . . . . . MPa
σres Residual stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . MPa
σy Yield strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . MPa
XFEM Extended finite element method

a growing crack may occur near the hole edge of the attachment lug, leading to disastrous consequences. Due to the risks 
incurred in the aeronautical field, several researchers [60–67] have been interested in the FCG modelling of these structures.

Based on experimental data, James and Anderson [10] studied the SIF for lugs containing through-the-thickness cracks. 
Later, an empirical expression for the SIF evaluation was proposed by Liu and Kan [11], based on their experimental works. 
Aberson and Anderson [12] studied the calculation of the stress intensity factor for nonsymmetrical cracked lugs. They 
used a special crack-tip singularity element for this purpose. Using the boundary element method, Rigby and Aliabadi [13]
evaluated the stress intensity factor for straight lugs subjected to both cosine and uniform pressure distribution.

Based on vast experimental and analytical investigations undertaken to predict the FCG life of the lug-type joint, Kim 
et al. [14] proved that the residual FCG life of the lug-type joint is affected by the increase in the clipping load level. 
Mikheevskiy et al. [15] used the Unigrow model to estimate the FCG life of a cracked lug under cyclic loading. They im-
plemented the weight function technique for computing SIFs. Baljanovic and Maksimovic [16] developed a computational 
procedure to evaluate the FCG lives of cracked lugs. They used the quarter-point (Q–P) singular finite elements for extracting 
the SIFs near the crack tip. Residual fatigue lives were estimated, under constant amplitude loading, using the two-parameter 
driving force model [3,4]. Recently, Naderi and Iyyer [17] used the XFEM [18] to evaluate SIFs. The Walker equation was 
introduced to estimate the FCG life of the aircraft lug under cyclic loading. More recently, the authors [19] proposed the 
Residual-Corrected SIF parameter to consider the effect of crack-tip compressive residual stress filed for predicting FCG lives 
of cracked lugs. Even though appreciable studies have been proposed for modelling the FCG of cracked lug-type joints, all 
of them have been conducted with deterministic models. However, fatigue life is random in nature [20].

The present paper aims at developing a predictive procedure able to evaluate the residual FCG life of a 7075-T6 aluminum 
alloy cracked lug component, considering the stochastic behavior of the material parameters and the impact of the crack-tip 
residual stress distribution on the FCG rate. The proposed approach was implemented by coupling the XFEM, the RC-SIF, 
and the Monte Carlo simulation (MCS) methods. The XFEM embedded in the commercial code ABAQUS was implemented 
to simulate the crack growth path. Different attachment lug configurations subjected to different load ratios are considered. 
A comparison between the suggested approach and the available experimental data is performed.

2. Computational engineering approach

2.1. Procedure for FCG life estimation

It is generally admitted that the crack tip stress/strain fields are of paramount importance for controlling the FCG mech-
anism. When elastic–plastic behavior is assumed, the evaluation of this crack tip stress/strain field is absolutely dependent 
on the power of analytical and numerical tools. In the case of metal materials, a plastic zone is taking place close to the 
crack region during crack propagation. This crack tip plastic zone has a significant effect on the FCG process. It was showed 
[8,21,22] that the relationship between the SIFs and the crack tip stress/strain fields is often affected by residual stresses 
generated by reversed plastic deformations. Since fracture mechanics is principally based on the SIF determination for pre-
dicting crack growth path, FCG rate and FCG life, there is an imperative need to quantify the impact of these residual 
stresses in terms of SIF. Therefore, the weight function technique [23] can be used to convert the obtained residual stresses 
in terms of SIF known as residual stress intensity factor Kres:

Kres =
x=a∫

x=0

σresm(x,a)dx (1)

where m(x, a) and σres represent, respectively, the weight function expression [24–26] and the residual stress field sur-
rounding the crack tip:
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It was shown that the geometrical terms can be neglected when the zone of the compressive residual stress is smaller than 
the crack length. Therefore, the new expression of the universal weight function can be written as follows:

m(x,a) = 2√
2π(a − x)

(3)

Noroozi et al. [8,21] suggested in their studies concerning FCG analysis that SIFs are affected by the residual stress field 
developed close to the crack tip. They assumed that only the maximum SIF is affected by the crack-tip residual stress 
distribution for positive stress ratios, without significant changes in the value of SIF at the minimum applied load [8,21]. 
Accordingly, the mechanical driving parameter known as the Residual-Corrected SIF parameter can be expressed as follows:

�Krc = �Kel + Kres (4)

The improved model, describing the impact of crack tip residual stress field, can be written as follows:

da

dN
= C(�Krc)

m (5)

Hence, using the (RC-SIF) range coupled with the Paris law, the FCG life of cracked component having a single crack is 
evaluated for each step as follows:

�Ni = �a

C�K m
rc

(6)

Finally, the remaining FCG life of the lug-type joint is evaluated as follows:

Ni = Ni−1 + �Ni (7)

2.2. FE modelling

A 2D finite element model was implemented upon the ABAQUS code. The lug-type joint known as attachment lug is 
considered to predict FCG life under different loading conditions ratios. The lug dimensions are presented in Fig. 1, with 
lug length L = 200 mm, two different widths w = 85.72 mm and w = 114.3 mm, lug thickness t = 12.7 mm, and hole 
diameter D = 38.1 mm. The attachment lug configuration, containing an initial crack of size a = 0.635 mm, is subjected to 
cyclic loadings σ0 max = 41.38 MPa as shown in Fig. 1, in a fashion similar to the experimental conditions.

A very fine structured mesh with element size equal to 0.05 mm, as illustrated in Fig. 2, was implemented in the crack 
tip region to capture the high stress/strain gradient in this specified zone. The XFEM is used in this study for FCG modeling.

Using isotropic hardening rules [27,28], Bauschinger effect, mean stress relaxation and ratcheting cannot be treated 
during FE analysis. In this context, the Lemaitre–Chaboche model, developed upon the ABAQUS commercial code, was con-
sidered for characterizing material behavior. More details concerning the basic equations of this advanced plasticity model 
have been given elsewhere [19,29].

During FE analysis, an iterative procedure for FCG simulation is performed using XFEM. The crack-tip residual stress 
field is determined for each crack increment. Therefore, using the weight function expression, these residual stresses will 
be converted to stress intensity factors. Table 1 summarizes the mechanical material parameters of the 7075-T6 aluminum 
alloy. The cyclic fatigue properties considered in the present study [30] are given in Table 2.

Fig. 1. Attachment lug configuration with initial crack size.
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Fig. 2. Finite element mesh in the vicinity of the crack tip.

Table 1
Al 7075-T6 mechanical properties.

Young modulus (MPa) 70940
Yield stress (MPa) 420
Poisson’s ratio 0.33

Table 2
Al 7075-T6 Cyclic fatigue parameters.

C2 (MPa) C2 (MPa) γ 1 γ 2 Q (MPa) b

175000 9000 3500 180 140 40

2.3. Reliability analysis of the fatigue crack growth behavior

2.3.1. Computation of FCG reliability for the attachment lug
In this part, the FCG lives of cracked lug-type joints, subjected to cyclic loadings, are investigated using a probabilistic 

procedure. Fig. 3 presents the main steps for the development of an engineering probabilistic approach.

(i) In the first stage, a FE model is developed upon the ABAQUS commercial code. The XFEM is used for FCG modelling. 
Therefore, a numerical FCG code, developed by an iterative procedure within the framework of Python script, is pro-
posed as illustrated in Fig. 4. The Lemaitre–Chaboche model was considered for characterizing material behavior. The 
obtained residual stress field was extracted in each crack size and converted to SIF using the weight function expression.

(ii) The FCG lives of the lug-type joints are determined using the RC-SIF, as discussed in section 2.1.
(iii) Due to the stochastic behavior of the FCG life, the developed procedure was implemented out by considering the effect 

of crack tip compressive residual stress filed and material dispersions. Generating NMC (i.e. the number of MC simulation 
events) of FCG life curves, three different zones can be observed: (i) a safety zone, (ii) an uncertainly zone, and (iii) a 
zone of absolute failure, as shown in Fig. 5.

(iv) Using the MCS method, the reliability is computed for each loading representative point. More details concerning the 
implementation of the MCS method have been given elsewhere [31–36].

(v) The iso-probabilistic a–N curves of the cracked lug-type joint are simulated at 5%, 50% and 95% of reliability.

2.3.2. Reliability computation methodology
Using the MC simulation method, two functions should be defined: (i) the resistance function S , and (ii) the load func-

tion L. In our case, the resistance function is defined by the scattered FCG life curves and the load function is represented 
by the loading representative point defined by a given crack size a and a given number of cycles N0.

The computational procedure steps for evaluating the fatigue crack growth reliability, using the MCS method, can be 
summarized as follows (Fig. 6).
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Fig. 3. Flowchart adopted for the engineering probabilistic approach.

(i) The first step consists in defining the material data (i.e. the coefficient of variation Cov and the mean value of each 
parameter), their probability density function (PDF), the number of MC simulation events NMC and the loading repre-
sentative point in which the fatigue reliability will be evaluated.

(ii) The second step consists in simulating NMC random sampling of fatigue crack growth life curves.
(iii) The following step consists in extracting the Nr(i) values that present the intersections between ac and the beam of 

a–N curves.
(iv) Then, a comparison between N0 and Nr(i) was performed to compute the number of save events (i.e. N0 < Nr(i)).
(v) End of iteration. If the requirement of convergence is satisfied, the fatigue reliability is obtained using the Monte Carlo 

approximation:

R(%) =
(NMC∑

i=1

safe events(N0 < Nr(i))

NMC

)
× 100 (8)

2.3.3. Iso-probabilistic FCG life curves
In this section, the iso-probabilistic fatigue crack propagation curves are determined using an iterative computational 

procedure. The proposed methodology allows us to simulate the a–N curve with its corresponding reliability value by intro-
ducing the stochastic behavior of FCG material parameters. The developed procedure is based essentially on the following 
steps, as shown in Fig. 7:

(i) generating the scattered a–N curves as described in the previous section;
(ii) initializing the loading representative point, having 100% of reliability, defined by initial crack size a0 and the number 

of cycles N0;
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Fig. 4. Flowchart of the Python code for: (i) simulating FCG path, and (ii) evaluating SIFs using XFEM.

Fig. 5. Material dispersion in the probabilistic a–N curves.

(iii) computing the fatigue reliability R using the previous flowchart (Fig. 6), as described in section 2.3.2;
(iv) determining the loading point, which corresponds to the desired reliability value for each crack size increment;
(v) simulating the iso-probabilistic fatigue crack propagation curves by fitting the iso-reliability recorded points.
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Fig. 6. Flowchart for the fatigue reliability computation.

3. Results and discussion

(i) In the current work, FCG simulations and SIF computations are performed. The Maximum Tangential Stress (MTS) crite-
rion is used to compute the angle of bifurcation at each step. In XFEM analysis, five contour integrals are implemented 
for evaluating the average SIF. To validate the numerical iterative procedure developed within the framework of Python 
script code using XFEM, the fatigue crack growth paths of different specimen configurations were simulated. Different 
mode mixities were considered. The SIF values were determined numerically for each step and were implemented as 
input data in the next step. Fig. 8 shows the FCG trajectory at different mode mixities using the XFEM. The numerically 
simulated paths are in good agreement with those published in the literature [5,37,38].

(ii) In the case of aircraft component, a good agreement is found between the XFEM and analytical solutions [17] for 
computing SIF as shown in Fig. 9a. Fig. 9b illustrates the FCG path of the cracked lug-type joint, under cyclic loading.

(iii) Fig. 10 shows the crack tip Von Mises stress distribution during FCG simulation at maximum applied stress σ0 max =
41.38 MPa and at load ratio equals to 0.1, in which the residual stress field along the crack line is extracted at each 
crack size.

(iv) Fig. 11 shows the evolution of the crack tip residual stress filed at different crack lengths. It was observed that, at some 
extension around the crack tip, compressive residual stresses appear, which aim at reducing the tensile stress effect 
during FCG. The compressive part of the residual stresses increases in absolute value as the crack length increases. The 
distribution form of the obtained stresses shows good consistency with those obtained by Correia et al. [22].

(v) To quantify the impact of the crack tip residual stress filed on the SIF range, the weight function expression is imple-
mented to convert the crack tip residual stress distribution in terms of SIF, as discussed in section 2. Table 3 shows 
the evolution of �Krc/�K versus the crack size for the lug-type joint at two different values of the stress load. It was 
observed that an increase in the crack length is followed by a decrease in the �Krc/�K ratio. The difference between 
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Fig. 7. Flowchart for the iso-probabilistic a–N curves simulation.

Table 3
Evolution of �Krc/�K versus crack length.

a (mm) �K RC/�K

R = 0.5 R = 0.1

3 0.957 0.923
5 0.939 0.891
7.5 0.933 0.879
10 0.918 0.853
12.5 0.914 0.845
15 0.897 0.816
17.5 0.903 0.826

the residual corrected SIF �Krc and the elastic SIF �K can reach 20% in the case of the attachment lug. In fact, the 
impact of these residual stresses can be neglected for short crack sizes as is often admitted in automotive components. 
However, the impact of these residual stresses becomes more important for long crack sizes. Therefore, it should be 
considered to predict the FCG lives of cracked mechanical parts, especially for aerospace applications.

(vi) In the authors’ work [19], the RC-SIF parameter was developed to predict the FCG life of cracked attachment lugs. The 
proposed model evaluates FCG life within the framework of EPFM by considering the crack-tip compressive residual 
stress field. Comparing with experimental results, the improved model allows a better accuracy in the evaluation of 
FCG life. However, the suggested approach still limited. This limitation is due essentially to the stochastic behavior of 
the fatigue phenomenon. In fact, a notable scatter was observed between two similarly tested lugs for all cases. This 
dispersion in FCG life is attributed essentially to the variation of material parameters. The purpose of the present study 
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Fig. 8. Fatigue crack growth path simulation for different mode mixities.

Fig. 9. (a) Stress intensity factor calculation, (b) crack growth path.
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Fig. 10. Von Misses stress distribution near the crack tip at R = 0.1 and W /D = 3.

Fig. 11. Residual stress distribution near the crack tip.

aims at improving the deterministic model by considering the stochastic distribution of the material parameters and 
the crack-tip compressive residual stress field for predicting the FCG lives of the cracked attachment lugs.

(vii) To validate the ability of the proposed approach for evaluating the remaining FCG life of a lug-type joint, different 
lug geometries subjected to different load ratios are considered. The RC-SIF parameter is used to introduce the resid-
ual stress distribution’s effect on the FCG rate as previously mentioned. A normal distribution was assumed for the 
stochastic behavior of material parameters, with Cov = 1.75% as the coefficient of variance. A normal distribution, with 
a coefficient of variance of 1.75%, was assumed for the random behavior of the material parameters. The material pa-
rameters considered in this application are: C = 2.1 E-08, m = 3.86 and C = 11.3 E-08, m = 3.7, respectively, for R = 0.1
and R = 0.5. Due to the random aspect in fatigue life data for cracked lugs, the suggested method consists in determin-
ing the iso-probabilistic FCG life curves of the cracked type lug joint at 5%, 50% and 95% of fatigue reliability. Figs. 12a–d 
show a comparison between the predictive probabilistic procedure and the available experimental results. Different at-
tachment lug geometries subjected to various loading conditions were analyzed. The suggested approach exhibits a 
good ability in predicting the fatigue crack growth life of the cracked attachment lugs comparing it with experimental 
results [39]. The obtained iso-probabilistic a–N curves are very useful in engineering applications for evaluating FCG 
life with an acceptable confidence level. These curves can be used as a practical tool for an optimal inspection strategy 
of the cracked aircraft components. The proposed engineering approach consists in improving the deterministic models 
by considering the residual stress filed induced by plastic deformation in the crack tip region and material dispersions, 
allowing one to predict the residual FCG life in a more efficient and reliable way.
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Fig. 12. Iso-probabilistic a–N curves for different stress ratios and different configurations.

4. Conclusions

This attempt addresses the prediction of FCG behavior of a cracked aircraft structure (i.e. lug-type joint). A probabilistic 
predictive approach was specially developed using XFEM, RC-SIF, and MCS. A particular focus was put on considering the 
impact of the crack tip residual stress field and material dispersions for evaluating the remaining FCG life. According to the 
findings, the following points can be mentioned:

(i) XFEM is an efficient and powerful tool for the modelling of fatigue crack growth. A remeshing technique is not requested 
for simulating fatigue crack propagation and extracting stress intensity factors;

(ii) fatigue life data is random in nature and deterministic models seem to be unable of evaluating the remaining fatigue 
life of cracked structures due to material dispersions, which confirms the need for an engineering approach that takes 
into account this random aspect;

(iii) comparing with the available experimental results, the developed probabilistic procedure enables a good and accurate 
estimation of FCG life in the case of a cracked lug-type joint, for different load ratios and different geometry configu-
rations. The analysis carried out in this work indicates that the stochastic behavior of the material parameters and the 
residual stress field, generated in the crack tip zone, have a significant effect on predicting FCG life;

(iv) the iso-probabilistic FCG life curves at different fatigue reliability values have been recorded. The obtained curves allow 
engineers to provide a significant maintenance planning of the cracked structures, by evaluating the remaining FCG lives 
in a more safe and efficient way;
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(v) the computational procedure exhibits a good ability in improving the deterministic FCG life evaluation by considering 
the material parameters’ stochastic distribution and the crack-tip compressive residual stress field.
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