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1. Introduction

In the mechanical structures field, the viscoelastic material is widely used to reduce vibration and noise in many domains
(e.g., aerospace industry). Indeed, it can induce an effective damping especially when it is sandwiched between two elastic
hard layers. Generally, the damping properties are characterized by two modal parameters that are the frequency and the
loss factor. Many investigations have been carried out on the linear dynamic analysis of viscoelastic structures. A major
difficulty in their study is that the stiffness matrix is complex and depends non-linearly on the vibration frequency. The
solution yield complex modes and complex eigenvalues whose real and imaginary parts are associated respectively with
the frequencies and with the loss factors. Several procedures have been developed to determine these quantities. Analytical
methods were devoted to simple structures [1-10], and numerical ones using finite element simulations were introduced to
design structures with complex geometries and generic boundary conditions [11-22]. The simplest technique is the modal
strain energy method used by Ma and He [12], which defines a rather good estimate of the loss factor from a sort of
one-mode Galerkin approximation. One notes that from an engineering viewpoint, the most relevant quantity is the loss
factor, which is associated with any mode.

In the case of non-linear viscoelastic structures, only a few investigations have been devoted to take into account the
non-linear geometrical effects. For instance, these studies concern sandwich viscoelastic structures with simple geometry
as beams or plates [23-26]. As it is well known, the non-linear geometrical effects induce some dependence between the
frequencies and the loss factors with respect to the amplitude [25,27]. Recently, Boumediene et al. [28] developed a reduc-
tion method based on a high-order Newton algorithm and reductions techniques to determine the modal characteristics of

* Corresponding author.
E-mail address: 1.benchouaf@uhp.ac.ma (L. Benchouaf).

https://doi.org/10.1016/j.crme.2017.12.013
1631-0721/© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


https://doi.org/10.1016/j.crme.2017.12.013
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:l.benchouaf@uhp.ac.ma
https://doi.org/10.1016/j.crme.2017.12.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crme.2017.12.013&domain=pdf

L. Benchouaf et al. / C. R. Mecanique 346 (2018) 308-319 309

Elastic layer
Viscoelastic layer

Elastic layer

Fig. 1. Geometry of a 3D sandwich structure with two elastic layers and a central viscoelastic one.

viscoelastic sandwich structures. The forced harmonic response of viscoelastic sandwich structures with a reasonable com-
putational cost was also studied, employing a reduction technique and the asymptotic numerical method [29]. Based on
von Karman’s theory and taking into account geometric imperfections, the nonlinear vibrations of viscoelastic thin rectan-
gular plates subjected to normal harmonic excitation are investigated by Amabili [30]. Lougou [31] proposed a double-scale
asymptotic method for the vibration modeling of large repetitive sandwich structures with a viscoelastic core. In his work
[32], Lampoh computes the sensitivity of eigensolutions using a homotopy-based asymptotic numerical method, then a
first-order automatic differentiation to study the modeling of the linear free vibration of a sandwich structure including vis-
coelastic layers yields a complex nonlinear eigenvalue problem. The work of El Khaldi [33] presents a gradient method for
viscoelastic behavior identification of damped sandwich structures devoted to the passive control of mechanical vibration.

The aim of this paper is to establish a much simple methodology for the non-linear vibration analysis of viscoelastic shell
structures. The approach is based on a coupling of an approximated harmonic balance method with a Galerkin’s procedure
with one mode. The non-linear modal relationship giving the frequency (free and forced) and the loss factor, with respect
to the displacement, are obtained by solving a classical eigenvalue problem and two linear ones [24,27]. To validate our
approach, one gives an application to a sandwich viscoelastic ring.

2. Formulation
2.1. Kinematics and constitutive law of the model

Let us consider a thin symmetric sandwich shell having three layers, as shown in Fig. 1; the central layer is viscoelastic
and the external ones are elastic. The shear deformation is neglected in the elastic layers, but, it is taken into account in
the viscoelastic one; it is induced by the difference between the tangential displacements at the interfaces. For each layer,
one denotes by u; (i=1,2,3) the components of the displacement vector in the z direction and given by:

uix,y,z,0) =vix, y,t) + (z—z)Bix, y,t) i=1,3
Uuz(x,y,z,t) =v(x, y,t) + 2 (x, y, t)

where ¢ is the time parameter, (X, y, z) is a coordinate system (z denotes the variation through the thickness). Because of
the symmetry, one puts z; = hc;“hf = —2z3, he and h¢ being the thicknesses of the central and external layers, respectively.
The subscript i indicates the layer variation, starting from the internal layer; 1 and 3 represent the elastic layers, while 2 is
associated with the viscoelastic one. 8; and v denote the rotations of the cross-section, v; (i =1, 3) and v denote tangential
components of the displacement vector of the middle planes corresponding to the external and central layers, respectively.

The displacement continuity conditions at the interfaces between the central layer and the external ones permit to get:

(1)

vi=v ey I
=75 2R, 1

ke y he ; (2)
R RAT N
The Green-Lagrange strain in each layer can be decomposed into a linear part and a quadratic one:
Yi = viui) + yu(ui, up) 3)

For the elastic layers, the behavior is described by the classical Hook law, and it is given, for the viscoelastic one, by the
classical convolution product ® of the relaxation function D(t) by the time derivative of the deformation:

Si=DO)y; i=1,3
S2=DQ®y (4)

where S; is the second Piola-Kirchhoff stress tensor corresponding to the layer i and D(0) is the delayed elasticity modulus.
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2.2. Governing equations

Using the principal of virtual work, the equations describing the non-linear forced vibrations of a 3D sandwich viscoelas-
tic structure can be written in the following general form:

LU)+ Q. U)+MU) = f(t) (5)

where U = (uq, S1, uz, Sz, u3, S3) is a mixed vector, its components are the generalized displacements and the stress cor-
responding to the three layers. L(-) is a linear operator, Q (-,-) is a bilinear and symmetric one and M(-) is the inertial
operator and f(t) is the external applied load.

1Wy.80) = [ s1:nGundvi + [ S2:prGundva+ [ 530 Gundvs (6)
V1 Vo Vi
(Qw.uy,su) = /{351 S Yal(U1, un) 4 S12ym(Sur, ur) fdvy +/{5522an(uz,u2)+522)/n1(5u2,u2)}dvz
" " (7)
+/{553 S ¥Yni(u3, u3) + S32yy(Sus, uz) }dvs
v3
(M(U),SU):/p1ﬂ18u1 dvq +/,02ﬁ25u2dV2+/p3ﬁ33U3dV3 (8)
V1 V2 V3

where p; and v; are respectively the mass densities and the reference configuration of the layer i.
3. Non-linear free vibration by an approximated harmonic balance method

The aim of this section is to get approximate solutions to the non-linear problem (5) and (4), assuming that f(t) =0. As
a first approximation, the solution is assumed to be harmonic in time and almost parallel to a single mode in space with
arbitrary complex amplitude. This approximation assumes that the frequency is near the frequency of an associated linear
elastic structure. As in non-linear elastodynamics, the harmonic response has to be corrected to balance the quadratic terms
in (5) and (4). Thus, a non-linear complex frequency-amplitude relationship is obtained by using the one-mode Galerkin
procedure.

3.1. First-order modal approximation

Let us consider a first approximated solution Uy to the problem (5) and (4), which is supposed harmonic and propor-
tional to the linear mode:

Up = %Un (ae'* +CC) )

where CC denotes the conjugate complex of the preceding term, a is an unknown complex amplitude, w the frequency, Uy
is the n-th linear vibration mode of the associated elastic system, defined by a classical real eigenvalue problem:

(10)

L(Un) — @ZM(Up) =0
Sn=D(0)¢(un)

One notes that this first approximation of the non-linear and complex problem is more valid when the damping is small,
and it is used in the modal strain energy to determine the loss factor.

3.2. Computation of the correction term

Let us consider a second-order approximated solution to (5)-(4) by adding a corrective term U, to the linear re-
sponse (9):

U=Uy+ U (11)

The correction term is assumed to be small with respect to the main term. That is why the equations defining the
correction are linearized with respect to U. This U. balances the quadratic terms in (5)-(4):

L(Uo) +MUc = —Q (Up, Up) (12)
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The correction term U. combines a time-independent term and a harmonic term with a double frequency:
1 .
Uec=lalPUg + §(a2U2e2'wf+cc) (13)

When restricted to the elastic case, the approximations (9)-(12) correspond to the two first terms of a Poincaré-Lindstedt
expansion [34], which yields a parabolic approximation of the backbone curve. It holds for moderately large amplitude: the
first harmonic term (9) is small (O(a)) and the correction term is smaller than the first one (O(a?)). This way, the coupling
term Q (Up, U¢) can be neglected in (12) (0(a?)), as well as the quadratic term Q (U, Uc) (O(a%)).

The substitution of (13) into (12) leads to two linear time-independent problems satisfied by the amplitudes Uy and U,.

1
L(UO) = _EQ(Uns Un)

1 (14)
Sio + D(O)[% (uio) + iynl(uins uin)j|’ i=1,2,3
1
L(U2) — 4w;M(U3) = =2 Q (Un, Un)
1
Si2:D(O)[V1(ui2)+iynl(uinsuin):|v i=1,3 (15)

: 1
S22 = D(2iwn) [m (uz2) + Eym(uzn, UZH)]

where D(0) is the tensor of the delayed elasticity of the viscoelastic material and D(2w) is the viscoelastic tensor at
frequency 2w. Thus, the general solution to (5) and (4) induces a principal harmonic and two secondary ones.
1

) 1 .
U= Eun(ae‘”ﬁ +cc) + lal*Ug + E(azuzez“‘” + cc) (16)

As previously said, the approximation (9) assumes that the structure oscillates with a frequency w near the linear one wy,.
So, the tensor D(2w) in (15) will be replaced by D(2wy).

3.3. Amplitude equation

To get the non-linear frequency—qmplitude relationship, one applies the one-mode Galerkin procedure, which consists in
projecting the equation (5) on Upe™'®t, the displacement being given by (16).

2n/w
/(L(U) +QU,U) + M), Upe ) dt =0 (17)
0

The equation (17) leads to an equation for the complex amplitude in the following form:
a(k; — w*m) + alal*ky =0 (18)

where k; and ky are complex constants, which correspond, respectively, to the linear and non-linear modal stiffness; m is
the modal mass.

ki =(LUW, Un)y ki =(2QUn, Up) + Q Uy, U), Up),  m=(M(Upn),Uy) (19)

The amplitude equation can be considered as a generic bifurcation equation, which holds for any form of the non-
linearity. It has been first derived in [24], but with a procedure that can only be applied in specific cases, as straight beams
or flat plates. When it is restricted to an elastic material, the amplitude equation (15) coincides with the parabolic approx-
imation of the backbone curve, which can be deduced, for instance, through the Poincaré-Lindstedt asymptotic procedure.
The linearized form of (15) permits to recover the results of the modal strain energy method [3], which is a classical ap-
proach in the analysis of viscoelastic linear structures. The ratio % permits to define the damped linear frequency £2; and
the linear loss factor 7.

k .
El =20 +im),  =k/m,  ny=k/k} (20)

where (kf,k}) are, respectively, the real and imaginary parts of kj. Equation (18) establishes that the non-linear complex
frequency is a function of the amplitude |a|.
k
w? !

k
m m
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Fig. 2. Circular sandwich ring with two elastic external layers and a viscoelastic central one.

As in the modal strain energy, the non-linear modal frequency .Qrzll and the non-linear modal loss factor ny are deduced
from the complex frequency in the same way as in the linear case.

1+ Clla)?

2 _~2 Ry, 12 _
22 =221+ CRja)?), Ml = T TR |2

(22)
where CR =k /k} and ' =kl /kl.
4. Forced non-linear vibrations

The analysis is limited here to harmonic excitation f(t) = foel®, @ being a real number corresponding to the frequency
of the excitation and fq its amplitude. Applying to Equation (5), the harmonic balance method and Galerkin method with
one mode, one gets:

—w’Ma + Kia +ala|*Ky = F (23)
F represents the projection of fo on the mode (F = fU fo(®)Ur(6)do).
The amplitude a is searched in the following form:
a=rel® (24)

where r is the real amplitude and @ is the phase.
The solution to (23) permits to get the frequency and the phase versus the amplitude:

, axa?-p 1+4r2c!

@ Mo O = T T T ck

(25)

where o = |K)| cos(@) + 12| Kni| cos(¥), B = |Ki|? 4+ r*|Ky|? + 2r2| KKy | cos(@ — ¢) — riz @ and v are the arguments of K
and Kp), respectively.

5. Application

In this section, the presented approach is applied to study the in-plane free non-linear vibrations of a sandwich vis-
coelastic circular ring shown in Fig. 2. In this analysis, the rotations are assumed to be moderate, the rotary inertia terms
of the kinetic energy are neglected, and the shear deformation is taken into account for the viscoelastic layer and neglected
for the elastic ones. The displacement field is given by:

upn=vi+@Z-z)pi, up=w, i=13 (26)
Ut =v+2zy, Up=w (27)
The continuity condition of the displacements at the interfaces between the central layer and the external ones gets:

vVi=a v+h—w——w’ Vi=a V—Ew—kiw’ o
1=01 ) 3=03 > TR 1

2Ry 2R3

= = (o8
Rk TRt Y
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The Green-Lagrange deformations in each layer i are given by:

vitw 1, vi—w ; i
vi=¢&i +(z—z)ki, g = IRz +5:3i’ Bi = R k':R—Ii, i=1,3 (29)
vV4+w 1, v—w v’ w —v
=&y + zks, &y = -B5, = , ky = —, 2T = 30
V2 =62+ 2k 2 % zﬂz B2 % 2=%; H +v (30)

where v and w denote respectively the radial and tangential displacements of the central layer, g; the rotation of the
cross-section relative to the layer i and ()’ = ?1—(9).
The behavior law is given by:

N; = EjA;s;, M; = Eilik;, i=1,3 (31)
No=AE5 @&,  My=DLE;®k, To=AGi®1 (32)

where Nj, M;, I, A; are respectively the normal force, the bending moment, the inertia moment, and the cross-sectional
area corresponding to the layer i (i =1, 2, 3), T, is the shear transverse force relative to the layer 2. To simplify the analysis,
one assumes that the complex Young and shear modulus are constants that do not depend on the frequency:

Ex(aw) = Ezo(1 +ing), Ga(aw) =Gro(1+ing), ao=0,2 (33)

where ng and 7n¢ are the material loss factor in extension and shear, in this analysis, one assumes that ng = n¢ = v, E20
and Gy are the delayed Young and shear delayed elasticity moduli, respectively.
The motion equations describing the non-linear free vibrations are given by:

M M
—aq (NQ + R_1]> as <N3 + RS ) N3 — T2 +a1N1B1 +a3N3 B3 + N2

+my1V +migW +mi3y = f1(0) (34)
M a1hs M// M// ashy M
N__1_ N/ 4+ 1 N2 — —3 =N 3 N> — T
1 R2 2R1<1+ )—I— 3 R3+2R3<3+ )+ 2 2
aqhg aszhg
+ <1 +—2R >(N B1) + (1 “38, )(Ngﬂ?,) + (N2B2) + M1 V' + mp W + mp3w + maay’ = fo(t) (35)
h

C / M/] ! MIB / hC
—— |1 N+ ) —a3| N3+ —= || + RoTa — M5 + — (1 N1 81 — 3N383)
2 R4 R3 2

+ (m31V +m3a W' 4+ m33vr) = f3(t) (36)
Neglecting the non-linear parts, assuming that f(t) =0, and using the behavior law (22) with a real Young and shear
moduli in (33), one gets a linear real eigenvalue problem, its solution gives the linear mode u, and the corresponding
eigenfrequency w,. The details are given in Appendix A.
vp = V cos(nf)
Un(0) = { wp = W sin(n) (37)
Yn = ¥ cos(nf)

where n is the circumferential wave number, V, W and ¥ are arbitrary constants determined by a normalization condition;
here one assumes:

V2+W2+l1/2=1 (38)

The obtained linear eigenvalues are in good agreement with those obtained by Patel et al. [25].

The correction term is obtained in the same way as in the general case. For the ring, the linear problems (14) and (15)
give linear differential equations (see Appendix B), whose resolution gets ug = (vg, Wo, ¥o) and uy = (va, wa, ¥») in the
following form:

Vo Voo Vo1 sin(2né) Vo Voo V1 sin(2n6)
Wo ¢ =14 Wgo ¢ + § Wo1cos(2nf) ¢, Wy ¢ =14 Wyo ¢ + { W21 c0s(2n6) (39)
Yo Yoo Vo1 sin(2nf) Y2 Y20 Y21 sin(2n6)

where ug = (voj, wWoj, Yoj) are real constants and uy = (v2j, waj, ¥2j) are complex ones.
Inserting (39) in the constitutive laws (14)-(15) and using (19), one gets the constants of the amplitude equation (18),
for details, see Appendix C.
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Table 1
Linear eigenfrequencies for circular ring with R/h = 100.
n Present Maple Patel [25] Belvins [29] [30]
2 71622 71617 7.2000 7.2000 7.2001
3 57.2977 57.2967 57.6000 57.6000 57.6001
4 210.5630 210.6513 211.7651 211.7647 211.7656
Table 2
Vibration modal coefficients versus the circumferential wave number n.
n 27 n cR c!
2 1720.6795 1.2493 102 —2.9408 —0.1507
4 49637.2070 3.3344 1073 —152.3605 —1.9052 1072
8 911401.0331 8.4770 1074 —3802.8828 0.3211
30
W/h

20 -

10 A

0

0,8 0,85 0,9 095  (Q./Q) 1

Fig. 3. Variation of the non-linear modal frequencies ratio (Backbone curves) versus the radial displacement near the linear frequencies 2, (n = 2,4, 8).
ny =0.5.

2n 2n
kl:/{lvvn +lwwn + 1y Y} do, knl:/{QVVn +qwWn +qy¥n} do
0 0
2n
mZ/{mvvn +mywp +m¢1pn}d9 (40)
0

In this application, the geometrical data are: radii Ry = 0.9997, R, =1 and R3 = 1.003, thicknesses h. = hf/2 = 0.002
and a width b = 0.012. The structure is described by one degree of freedom and by the angle 6 (0 <6 < 2r). In Table 1, one
gives the first linear frequencies. In Table 2, one presents the constants CR and C! for various vibration modes, the same
results are given by Maple and a Fortran program. One notes that CR is a negative number and that |CR| is greater than |C'].
In Figs. 3 and 4, one presents the backbone curves corresponding to non-linear modal frequencies and the modal loss factors
with respect to the adimensionalized radial displacement when the ring vibrates near the linear frequencies associated with
n=2,4 and 8. It is clearly seen that the frequencies decrease (non-linearity of soft type) while the loss factor increases
with the displacement. The increase and decrease in frequencies and loss factor, respectively, are more important for higher
vibration modes. In Fig. 5 and Fig. 6, one gives the forced non-linear response for various excitation amplitudes and material
loss factors. The forced response parts, tangent to the non-linear free response (F = 0) and situated below it, are instable,
so the structure can jump between several equilibrium positions. In Fig. 7, the variation of the non-linear phase versus the
excitation frequency is presented for various material losses factor.

6. Conclusion
In this study, an amplitude equation has been presented for the nonlinear vibrations analysis of viscoelastic shells struc-

tures. This amplitude equation is obtained by coupling an approximated harmonic balance method with the one-mode
Galerkin procedure. It involves two modal parameters CR and C!, which account for the non-linear effects. These constants
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Fig. 4. Variation of the non-linear modal loss factor ratio versus the radial displacement near the linear frequencies §2, (n = 2,4, 8) for various wave

circumferential numbers n. n, = 0.5.
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0
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Fig. 5. Variation of the non-linear response with the load amplitude (n =2, n, =0.5).
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Fig. 6. Variation of the non-linear response with the loss factor (n =2, F =5).
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-1,57

-3,14

Fig. 7. Variation of the phase versus the excitation frequency for various loss factors n, (F =5).

are determined by solving three classical problems. The first one is a real eigenvalue problem that allows one to define the
linear frequency and the linear loss factor. The two others are linear problems. In the case of free vibrations, the backbone
corresponding to the non-linear modal frequency and the modal non-linear loss factor, with respect to the displacement,
are obtained. The non-linear forced response and the corresponding non-linear phase are also determined. This approach
will be extended to harmonic forcing vibration problems and to others viscoelastic sandwich or composite shell structures

such as the cylinder.
Appendix A. Computation of linear vibration modes

The linear part of (37) gets:
Ly Vn + Liywn + Li3¥m = Mty + Mig Wy + M3y
Ly Vo + LhyWn + L3y = Ma1Vn + Maa Wy + Maatn
Ly v + Ly wi + Ly ¥ = M31 ¥ + M3 Wn + M33

with the following operators:

2 3 2 3
i i d i i i d i d i i d i i i d i d
Ly, :An@ + Ajs Ly, :A13@ +A14@’ Lis :A15@ + Al Ly; :A21@ "’Azz@
=l & A, & L= S A S L
22 =23 42 24302 25 23 =126 33 274" 31 =431 32 32
) .43 . d ) . g2 : d
L§2=A'33@+A§4@, L§3=A§5@+A'35, M11 =myy, M12=m12d—9, M13 =mq3
d d? d
My =my1—, Moy =myy ——= + mo3, M3 =moygs—, M31 =masq, M3y =ms3y;—, M
21 2135 22 235, +my3 23 ez 31 31 32 23, 33
The constants A;k (i=0,2,j=1,2,3,and k=1,...,7) are given by:
2 2 .. S
i ay Eq I 013 E3 I Ez(l]a))Az i k G(l]a))Az
= A+ L) B2 (A L) 4 22 — R
TR M7 R? TR BT R? R1 12 R2

; oa1E1[a1Aths I at1h asEs[asAshy I3 ashg
Al =——— — 1+ — - —(1- =
BT R [ 2 "RUTwR TR T2 TR 2R3

. E1A E3As  E(ijw)A; K Ga(ijw)A . he[a?E I o?E
A,M:Oll 1 1+Ol3 ELERN (ijw) 2, 2(fjw) 2. Al = e[ T, o ) _ 2383 A3
R4 R3 Ry R> 2 R R% R

i g i arEi[atAthy Iy a1he a3Ez[as3Ashy I3 ashs
Als =K A2Gy(ijw), AL ="~ LA et 0 [ it B S UL I I i
16 2G2(ijw) 21 R% |: + R + 2R,

2 R?

. 4 . Ei[a2Aih: | he\*1 Es[e2Ash? I he\?
Ay =—Aly A= ——| L L I T I (e R AN P
R3L 4 Ry 2R, R3L 4 R3 2R3

2 R3

(41)

=ms3



L. Benchouaf et al. / C. R. Mecanique 346 (2018) 308-319 317

: OZ]E1A1 Ot3E3A3) I<’A262(ija)) ; E1A1 Ez(ija))Az E3A3
A; =h< - + . A =-— + +
24 =Nt R? R% R, 25 R4 R R3

; he [a1Eq [ 1 A1h I o1h asEs [ a3Ash I ash
A,26=_c{ 121[1 1f+_1<1+ 1f>i|+ 323[33f__3<1_ 3f>“
2| R 2 Ry 2R, R2 2 R 2R;

; he (o1E1A o3E3A kK'Gy(ijw)A . . . . ; .
Ay =—— (- =20 ) 20Je) 2, A=Al AL =4l AL =—Al
2 R4 R3 R2
: : : h2 [ o2E4 I Ole3 I Ex(ijw)I; : :
Al :_AI , Al :_C[ 1 (A + >+ 3 (A + )}_"_ , Al ——R Al
34 27 35 4 R1 1 R% R3 3 R% R2 36 243

he
mi1 = p1A1R103 + p2A2Ry + ,03/\3R30l§, miy = —5(,01/‘\10@ — ,03A3a§) =—my

%(,01/410[% n 03/\30!%)

he

2

mi3 = — (p1A1R10f — p3A3R303) =m3y,  my=-—

4 Rq R3
hchs 5 5
ma3 = p1A1R1 + p2A2R2 + p3A3R3, My = T(P1A1041 + p3Aza3) = —m3;
h2
my = Zc(PlAlRla% +/03A3R306§)

The general solution is given by:

vy, = V cos(nd)
Un(®) = 3 wy =W sin(ng) § elnt (42)
Yp = W cos(nb)
where wy, is a real number corresponding to the real frequency.

Injecting (42) in (41), one gets a real linear eigenvalue problem allowing one to have the real linear mode and the
associated linear frequencies.

n®A%, — A%, n?Al; —nAQ, n®A%s — Al 4
A9, +nAY, —n*AY +n’AY, —AJs —n’AJ +nAY, w
n’A3; — A3, n*A3; —nAj, n®Ads — A3 v
miq nmi2 mi3 74
=wp | —nmy;  —n’myp 4+my3 —nmyg | § W (43)
ms1 nmsp ms3 v

Appendix B. Computation of U, and Uy

In the case of the ring, equation (15) gives:

4 M;Z / M,32 ’ 2
ar( Njy + R +as| N5, + R + N3y + Top + 4wy (My1v2 +miawa + my3y)

1
= 5[041 (N1mBim) + a3 (N3mB3m) + NZmﬂZm]

M a1hf M MY ashg MY
Nt S St (W 2 ) <N 2 = SR () N T
1

2 ’ / ’
+ 4wyg (m21 Vy +mpwy +my3wy + m241ﬁ2)

_ 1 ; at1he N , 1 ashg N ’ N ’
=5 < +m>( tmBim) + —m>( 3mPB3m)’ + (NomB2m)

h M’ M,
é[m( o+ R—]12> — a3 (Néz + R—f)} — RaT2o + My, + 4w (m31v2 +msawh + m3syra)

h
= ZC(Ol1N1mﬂ1m — a3N3p,B3m) (44)

The corresponding behavior law are given by:
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Elll ’ hC ’
12 = R% _05]<V2+51//2 -1
N3y = E3A3{ — | as| v, — =
32 = E3A3 R3|: 3| vy 2%

) v+ w
N22 = Ez(Zla))Az( 2 2

_ E2(2ia))12

M
22 R,

2
-4

5

3

2 B2 =

/

B ~ 1 as(v hcl/f 1
32—R3 3\V2— 5 V2
h¢ " '332m
+2R3W2 +wa |+ 2
E3I3_ ’ hC ’
M3y = —— - — (1=
32 R% _053(\/2 2%) ( )
74_%)
Ry 4

w, —V
\/fé, Ty = k/Gz(Zia))Az <2T2 + 1//2)
2

ashg\
2R3

vy — W)
R;

Injecting the last behavior law in the equation, one gets the following linear complex system:

—4n? A2, + A%, + 4w?my;
—8n3A3, + 2nA3, + 8nwima {

—4Tl2A%l + A§2 + 460%11131

2
V21 11
X w21 = C%z
Y21 2,

8n3A?, —2nA?, — 8nwimy;
16n%A%, —4n?A%, + A3+
4wp (—4nmy; + my3)

342 2 2
8n° Az — 2nA3, — 8nw;ms;

|

—4n? A2, + A3 + dwPmys
—8n3 A2, + 2nA3, + 8nwimay

—4n2A§5 + A§6 + 46(),%11133

)

(45)

(46)

Uy is obtained as a particular case from U, by putting w, =0 and using real Young and shear moduli in the behavior

corresponding to layer 2.

Appendix C

M/

I, =—aq (Nlln + R_ln) — Q3 (Ngn +
1

M/l/n 3 o(lhf( ,{n n Mllln

R? 2R, Ry

lw=Nln_

M/
R—33n> - N/2n + Tan

"
M3n

>+N3n_

oshy " M,3,n /
—| N — Ny —T
Rs + 2R ( 3n T Rs 2n on

h M , M,
l¢:——c o ;n-i-ﬁ —a3| N3, + 3n +R2T2,1—M’2n
2 Rq R3

my =My Vp + MWy, +misyy

My, =M1 V), + MW} + MazWy + My,

/
My =M31Vy + M32 Wy, +M33Y,

1 1 1 1
qv =01 [Nm(ﬁw + Eﬂu) + ﬂ]n(Nm + §N12>] + a3 |:N3n <ﬂ30 + 5;‘332) + B3n <N30 + §N32>]
1 1
+ Nop (ﬂzo + §ﬂ22> + Bon (Nzo + §N22>

Ot1hf 1 1
qW=<1+m)[ Qn<ﬁ;0+§ﬁ§2)+ﬂ{n< 30+5N12>]

ashyg 1 1
+ (1= 520 [ (B0 + 3852) + (0 + 5102

! / 1 / ! !
+ Ny, ﬂzo+§/322 + Bon| Noo

hc 1
qy = ?{061 |:N1n (/310 + 5512) + B

+1N’
2 22

1 1 1
n(Nm + §N12>] - [Nzn (/330 + §ﬂ32> + B3n <N3o + §N32)]}

(47)
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