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1. Introduction

In this paper, we consider the following quasilinear hyperbolic problem

Uge — div(|VuPO2vy) — Aup = u)i®2y,  x,t)eQx (0, T):=Qr
u(x,t) =0, *x,)=092x (0,T):=T7 (1.1)
u(x,0) =ug(x), ue(x,0)=ui(x), xeQ

where @ c RV(N > 1) is a bounded domain, 9 is Lipschitz continuous. It will be assumed throughout the paper that the
exponents p(x), q(x) satisfy the following conditions.

2<p <px)<pt<oo, 1<qg” <qx)<qt <00

Problem (1.1) models many physical problems such as viscoelastic fluids, electro-rheological fluids, processes of filtration
through a porous media, fluids with temperature-dependent viscosity, etc. The interested readers may refer to [3-5] and the
references therein. When p, q are fixed constants, many authors discussed the existence of solutions, finite-time blow-up of
solutions for low initial energy and arbitrarily high initial energy as well as some estimates of a lower bound for blow-up
times - the interested readers may refer to [6-14]. When p, q are continuous functions, S.N. Antontsev in [1,15] discussed
the blowing-up properties of solutions to the initial and homogeneous boundary value problem of quasilinear wave equa-
tions involving the p(x, t)-Laplacian operator and a negative initial energy. Guo-Gao of [2] proved that the solution blew
up in finite time for positive initial energy. Later, Guo, in [16], applied the interpolation inequality and energy inequalities
to obtain an estimate of the lower bound for the blow-up time when the source is super-linear. In addition, Messaoudi and
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Talahmeh in [17,18] discussed blow-up properties of solutions to the nonlinear wave equations with weak damping terms
and a p(.)-Laplacian operator. However, there are few works that discuss blow-up properties of solutions for high initial
energy. In fact, dealing with such problems, one has to face some difficulties:

e how can one give an estimate of the lower bound of the norm |[Vull;p0)(q,? In fact, due to the presence of strong
damping term Au;, the technique used in [17] is not applicable, so, we have to find some new methods or techniques;

e how can one establish the quantitative relationship between the term fQ |u|9)dx and the initial energy? Since the
initial energy is arbitrary, we can not apply the technique used in [2] to give the quantitative relation between jQ [u|90dx
and E(0).

In this paper, we construct a new control function and apply energy estimate inequalities to bypass the first difficulty
above. Furthermore, by modifying the functional constructed in [2] and utilizing the quantitative relationship between the
term fQ |u|2dx and the initial energy, we prove that the solution blows up in finite time for arbitrary positive initial energy.
In particular, it is worth pointing out that our results extend and improve those of [1,2]. For the existence of solutions, we
may refer to [1,2,15].

Define the energy functional as the following:

1 1 1
E(f)z—/|Ut|2dx+/—IVUIp(x)dx—/—lulq(X)dx
2 p(x) q(x)

Q Q Q

First of all, due to ps =q; =0 and a(x, t) =b(x,t) =1, we follow the line of the proof of Lemma 2.1 in [1] or Lemma 1.1
of [2] to obtain the energy functional E(t), which satisfies the following identity.

Lemma 1.1. Suppose that u € L% (Q1) N L>®(0, T; Wg*”(”(g)), u; € L2(0, T; HY(Q)) is a solution to Problem (1.1), then E(t)
satisfies the following identity:

t
E(t)+//|Vus|2dxds:E(O), t>0 (1.2)
0 Q

if the following conditions are fulfilled

*

2<p” <pm <pt<oo, 1<q” <q) <g* <p”
Np— . —

Pt = N_pp,, ifl<p <N
oo, ifp” =N

up € W P® (@) N LI (Q), us € L3(Q)

Let A1 be the first eigenvalue of the following problem

{—Az//:)up, xeQ

Y =0, xXedQ
and set By = min{i1, ‘;:q(,q:;f;}.

Lemma 1.2. If all the conditions of Lemma 1.1 remain true and q— > p™, then the solution to Problem (1.1) satisfies the following
inequality

- Q - Q
/uutdx2 eMot|:/u0u1dx— 1‘3/1—05(0) - %} n 1‘\7/1—05(0 " % >0 (14)
Q Q

4 —phHg B
where Mg = % > 0.
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Proof. Define F(t) = fQ uugdx. Then the definition of the weak solution shows that

F’(t):/|ut|2dx+/uundx
Q

Q
Z/Imlzdx+/[— [VulP® — Vuv, + fult™ |ax

2 VulP®
2/|uf|2dx—/|Vu|p(")dx—/VuVutdx+q_[/[ﬂ—i-| ul ]dx—E(t)]
Q Q Q Q 2 p(X)

— 2 [
:q ;_ /'utlzdx+fqgl)(X)'V”'p(X)dx_qiE(t)_/VUVUth
Q

(1.5)

p(X)
Q

The Cauchy-Schwarz inequality implies that

(q —p+)31/ (B1+4q )p* / 2
VuVuedx| < Vul|~d v d 1.6
’Q/ uVug x‘ 0 (B £ 40°) | u| x+ B |Vue|“dx (1.6)

Combining (1.5) and (1.6) with (1.2), we have

(B1 +4q7)p*

d (B1+497)p*
[Fo- e se 5 EO

4(q— — p*)B1
L4 +2

E(t)] F'(t) —

(@ —p*)B (17)

ﬁ |VU|2dX
pT(B1+4q )Q

_nt
T [ vurax—g k@ -
Q

Moreover, by virtue of p~ > 2 and the inequality fQ [v|2dx < ;—1 fQ |Vv|2dx for v € H(l)(Q), it is easy to verify that

/|Vu|P<">dx= / [Vu|P®dx + / |Vu|P®dx
{(xeQ:|Vu|<1} (x| Vu|>1}

> / [Vul>dx > / [Vu|?dx — / [Vu|>dx (18)

{(xeQ:|Vu|>1} Q {xeQ:|Vu|<1}

>/|Vu|2dx—|sz|>A1/|u|2dx—|9|>Blf|u|2dx—|sz|
Q Q Q

So, we apply Inequalities (1.7) and (1.8) to obtain that

d Q 42 _ M
[F(t)——E(r)—'m'] >4 : f|uf|2dx—|sz|—q E(t>+B—f/|Vu|2dx
Q Q

2dx — || —q E(t) + MO/ lu|?dx

- Q
> Mo [f e Pdx — L E(t)—%—i—/lulzdx]
0 0
Q

> Mo[F0 — B0 2]
Mo
Inequality (1.9) indicates that
2] 2]
F(t Mﬂf[Fo —EO ——] —Et =g
) = 0) — 0) Mo + ® + Mo

Our main results are as follows.
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Theorem 1.1. Assume that all the conditions of Lemma 1.1 and the following conditions are satisfied,

(Hhg >p">p =2

p*(B1+497) |€2]
(Hz)/UOU]dX m[E(O)‘F q__] >0

pre-3p0)

(H3)m1n{ 31/|u0| dx T 31[|u0| dx T }>p+(1+|Q|)7P‘ E(0)

then the solution to Problem (1.1) blows up in finite time.

Proof. Case 1. For all t > 0, we first assume that E(t) > 0. We will divide the proof into three steps.
Step 1. According to (Hy) and Inequality (1.4), we observe that the following facts remain true

d
&/|u|2dx=2/uutdx20, t>0 (1.10)
Q

Q

which implies that the term fQ |u|2dx is nondecreasing with respect to the time variable.
Step 2. By Holder inequality and Corollary 3.34 in [4], we have

3--%
[ rvupar< s ian’ I vuig,, (111)

n
Further, using the inequality m1n{||u||p( X ||u|| )} < fQ [ulPOdx < max{||u||p(), ||u||£(_)} and Inequality (1.11), we get

/|Vu|"“dx min{|Vull? . I Vull? )
. _3p— -3 +
> min (141227 | Vuld” e s g | (112)
pre-3p7) p- p*
>a+ieh o min{Ivuld vull”
pr@e-3p7)
> i)™ min{/Brilul? . /Bilul)?’ |
Obviously, applying |[u(.,t)|l2 > |luo(.)|l2 and (1.12), it is not difficult to prove
pre=3p7)
[|Vu|”<’dx><1+|sz|> 7 min | (V/Bluol2)?” . (/Brlluolo)?” | (113)

Step 3. Define
1 1 :
t
Lo = [uiax+ 5 [ [ ivudxd - Zivuol} + i+ 02
Q 0 @

2
%, %} will be determined later. A direct computation shows that

where 8 > 0,tp > max{

t
L/(t):/uutdx—k//VuVu,dxdt+2ﬂ(t+to)
0 Q

Q

L”(t)=/ututdx+/uutfdx—i—/VuVutdx—i—Zﬂ
Q Q Q
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According to the definition E(t), the expression of L”(t), and Lemma 1.2, we have

t

nud§4—%;l/|VuV“”dx+—q‘]1/|Vudexdr——q‘E(0y+2ﬁ
Q 0 Q

q +2

L//t>
) 3

t

42

>1 5 [IIMII%-I—//IVurIdedI —|—4/3]
0 Q

where

pr@e-3p7) _ +
qga+ipn » . 5\ / 5 N\ qE(0)
B 2@ L p* mm{( 1/|uo| X) . ( 1 [ luol x) G+ D >
Q Q

Following the lines of the proof of Theorem 1.1 of [2], we have

a+2
4

where g~ > 2, which implies

LOL" () — L'@)*=0

w=5(0) <0, for t>0

q_+2

Noting that L1*¥(0) >0, (L'="7)/(0) <0, then

=57 (0)
2
@~y ()
Case 2. There exists t; > 0 such that E(t1) < 0. Noting that E(0) > 0 and considering the continuity of E(t), we know that
there exists t; € (0,t1) such that E(t;) = 0. In addition, we apply the monotonicity of E(t) to obtain E(t) >0, 0 <t < t3.
Similar as the proof of Case 1, we may prove that the solution to Problem (1.1) blows up before the time t;. O

-5 (1) =0, for some T* € (0,

It is worth pointing out that the principle significance of the condition (H3) is that it allows us to establish an explicit
upper bound of the blow-up time. In fact, if this condition is removed, we also prove the nonexistence of solutions.

Theorem 1.2. Assume that the exponents p(x), q(x) and the initial data ug(x), uq(x) satisfy the conditions of Lemma 1.1 and the
following conditions
(Hq >p >p~>2
+(B1+4q~ Q
pT(B1+4q )[E(0)+g]>0

H d
( 5)§Z/UOH1 x>4(q——p+)31

then the solution to Problem (1.1) blows up in finite time.
Proof. Case 1. For all t > 0, we first assume that E(t) > 0. According to (Hs) and to Inequality (1.4), it is easy to check that

d
&/|u|2dx=2/uutdx22eM°tH(O), t>0 (1.14)
Q Q

where H(0) = fQ upuidx — %[E(O) + %] > 0. Assume by contradiction that the solution u is global. Then, it is

easily seen that

t

t
W@nm=mmm+z//u@wmurMMr>mmu+2/MWHer
0 Q 0 (1.15)

2H(0)(Mt
=|u ———(eMo —1)
lluoll2 + Mo
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On the other hand, by Lemma 1.1, Minkowski inequality and Hélder inequality, we have

t t
JuC Ollz < oz + uC. &) = ol < fuollz + | /ufdr |, <luollz +/||ur||zdr
0 0

¢ 1

t
< |lu + — Vu|2dt < Jju + — //Vu 2dxdt (1.16)
lluoll2 */EO/H rl2 lluoll2 “/B_l(o J |[Vue| )

Vi 2 tE(0)
< luollz + = (E©) = E©)” < ol + [ =5~

which contradicts Inequality (1.15).
Case 2. There exists t; > 0 such that E(t1) < 0. This proof is similar to the argument of the second case of Theorem 1.1.
We omit it here. O
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