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Article history: This paper is concerned with the solution to structural dynamics equations. The technique
Received 20 July 2017 here presented is closely related to Harmonic Analysis, and therefore it is only concerned

Accepted after revision 6 January 2018 with the long-term forced response. Proper Generalized Decomposition (PGD) is used to

compute space-frequency separated representations by considering the frequency as an
extra coordinate. This formulation constitutes an alternative to classical methods such as
Modal Analysis and it is especially advantageous when parametrized structural dynamics
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Harmonic analysis equations are of interest. In such case, there is no need to solve the parametrized
Modal analysis eigenvalue problem and the space-time solution can be recovered with a Fourier inverse
Dynamics transform. The PGD solution is valid for any forcing term that can be written as a

combination of the considered frequencies. Finally, the solution is available for any
value of the parameter. When the problem involves frequency-dependent parameters the
proposed technique provides a specially suitable method that becomes computationally
more efficient when it is combined with a modal representation.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Governing equations in solid dynamics are usually formulated either in the time or in the frequency domains. The former
is preferred when calculating transient responses, whereas the frequency approach is an appealing choice for calculating
forced responses. Both approaches have been extensively used and described in many reference books, as for example [1].

Formulations in the frequency domain are based on the computation of a suitable approximation basis, the so-called
modal basis, that allows very efficient time integrations by decoupling the generalized degrees of freedom (the ones associ-
ated with the different modes). The determination of the said basis is related to the solution to an eigenvalue problem, as
illustrated in the following sections. Limiting the computation of the eigenvectors to those that are related to the highest
eigenvalues can lead to efficient strategies for reduced-order approximations.
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As will be discussed in the next section, problems become a bit more complex in the case of parametrized dynamics,
and more concretely when those parameters are assumed to be depending on the frequency. In this case, frequency-based
modeling seems more appropriate than its time counterpart, provided that the functional forms expressing the parameters
dependence on the frequency are compatible with the use of space-frequency-parameter separated variable representation,
which represents the core idea of model order reduction.

Thus new proposals able to address parametrized dynamics, with parameters depending on the frequency in general
forms and able to proceed under the real-time constraint for evaluating the time response of complex structures under
dynamical loadings, could constitute a useful framework for addressing a variety of applicative problems.

In this paper we revisit, starting from standard linear dynamics in the next section, some relevant and timely ques-
tions concerning the use of parametric models and their frequency dependence, proving then that, combining modal and
harmonic analyses, both defined in the frequency domain, leads to a very powerful solution procedure for parametric
frequency-dependent dynamic systems.

2. Standard dynamics at a glance

The general semi-discrete form of linear solid dynamics equations writes

U CdU(t) KU(t) = F(t 1

o TC g TKUO =F®) (1)
where M, C and K are respectively the mass, damping and stiffness matrices, U the vector that contains the nodal displace-
ments, and F the nodal excitations (forces). This equation can be obtained through any suitable mesh-based discretization
technique like, for instance, the Finite Element Method.

The main drawback related to the time integration of Eq. (1) lies in the necessity of solving a linear system (usually
of very large size) at each time step, in particular when some of these matrices change in time for a variety of reasons
(including time-dependent behavior or nonlinearities) and need to be reassembled at each time step.

Loads can be easily expressed in the frequency domain. In what follows, we consider without loss of generality the
simplest scenario: F(t) = fg(t), with ||f|| = 1. The time function g(t) can be expressed from the superposition of har-
monic functions e!, with w the circular frequency and i = +/—1. If we assume a single frequency harmonic excitation,
g(t) = e®! the response of a linear solid is expected having the same frequency but exhibiting a certain phase angle 9, i.e.
U(t) = Uel®' 0 where U is the vector containing the amplitude of the nodal displacements. This vector can be rewritten as
U(t) = Uel®+if — Uel®t where now U = Ue!® denotes a vector of complex entries, with U = U, + iU;, where U, and U; are
respectively the real and imaginary parts of U.

By introducing F(t) = fel®! and U(t) = Ue!®! into Eq. (1) it results in the frequency-based description of solid dynamics

M

(—w2M+iwc+K)U=f )

where the exponential factor el®! was eliminated from both members.
If damping vanishes, i.e. C =0, and one focuses on the free response of the mechanical system, i.e. f =0, then Eq. (2)
reduces to:

KU = MU (3)

that defines an eigenproblem that results in the eigenmodes U; and the associated eigenfrequencies a),z Eigenmode U;
scaled from some normalization condition is called normal mode and is noted by ¢;. It is usual to normalize eigenmodes
according to ¢iTM¢,» = M; =1, from which it results ¢iTl(¢,~ =K;= a)iz, where M; and K; are known as modal mass and
modal stiffness, respectively. If normal modes are placed in the columns of matrix P, we could express U in the orthonormal
basis defined by the normal modes involving coefficients & (t), according to

U=PE(0) (4)

Now, by inserting (4) into Eq. (1), premultiplying by the transpose of P and taking into account the orthogonality condi-
tions ¢]TM¢i =0 and ¢]T.K¢i =0 when i # j, it results

2E(t) E( )
de?
where I is the unit matrix.
When damping vanishes, i.e. C =0, the previous equation reduces to a linear system of uncoupled second order ordinary
differential equations.
When damping applies, the matrix C = PTCP is not in general diagonal, compromising the efficiency of modal analysis. To
circumvent this issue, different diagonalization procedures have been proposed and widely used. Two usual diagonalization
procedures are: (i) diagonalization by model damping that expresses C = diag(2¢;w;), where ¢; denotes the damping ratio

+PTCP—=—=

+ diag(w?)&(t) = PTE(t) (5)



592 M.H. Malik et al. / C. R. Mecanique 346 (2018) 590-602

for the i-th natural mode; and (ii) Rayleigh diagonalization by assuming C = aoM + a;K results in € = diag(ap + ala)iz) =
diag(2¢iw;), with ¢ = % <Z)—01 + ala)i>. These choices imply approximations whose validity and accuracy must be checked.
A more precise route consists in extracting the modes from the solution to the quadratic complex eigenproblem:

(l(—l—ia)C—a)zM)IU:O (6)

However, many times models involve parametric damping, that is, damping depending on some parameters grouped in
vector i, C(p), and in that case the resolution of parametric quadratic eigenproblems remains a tricky issue [2,3]. Similar
issues arise in other fields of science and engineering as well, for example, [4] and aerodynamic loadings of suspension
bridges [5].

When one is interested in solving problems with parametric damping, an efficient strategy is to avoid direct time inte-
grations or time integrations based on modal analysis, in favor of a purely harmonic approach, making use of Eq. (2).

In what follows, we assume that the applied load can be written from the superposition of harmonic functions of angular
frequency w

gm=fmwwwu 7)

where G(w) represents the content of each harmonic el! in g(t). In fact, G(w) is the Fourier transform of g(t)

¢}

amEﬂym=/gm€Wm (8)

—0o0

In general G(w < w™) =G(w > wT) ~ 0, that is,

a)+
yo~/mwwww (9)

which implies that Eq. (2) must be solved for any value of w € Z =[w ™, w™]
(—w2M+iwC+K) U(w) =f (10)

leading to the parametric solution U(w). This characterizes the linear behavior of a system and describes a generalized
solution by virtue of the superposition principle

ot

u@t) = / G(w) U(w) e dw (11)

The main drawback of that approach is the necessity of solving a linear system related to the solution to Eq. (10) for each
value of w involved in the discrete inverse transform (11). Therefore, the computational cost increases with the frequency
interval length Aw = |w™ — w™| and with the signal’s resolution. For this reason, modal analysis is usually preferred to
harmonic analysis.

In the general parametric case, mass, damping, and stiffness matrices can depend on a series of parameters grouped in
the vector u, i.e. M(u), C(n) and K(u), leading to a parametric eigenproblem [2], [3], implying an even higher computa-
tional effort, in case a fully parametric solution in explicit form is sought. On the other hand, the use of harmonic analysis
requires solving Eq. (10) for each frequency w and each possible choice of the parameters p, U(w; #) to finally compute
the discrete sum related to

w+
U(t; p) = / G(w) U(w; p) et dw (12)

for any choice of the parameters .

For instance, if only two parameters w7 = (41, (42) are considered, a parametric sweep including a hundred points per
parameter will produce 10* samples. Furthermore, if we assume 10* discrete frequencies involved in the reconstruction
of g(t), the calculation of the parametric solution U(w;; pt) requires solving 10% linear systems.
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The use of the Proper Generalized Decomposition (PGD), largely considered in our former works [6-10], allows solving
the parametric model

(—o™M@) + i@ + K@) U, p) =f (13)

by assuming the separated representation

N

U(, 1, 2) = Y ZeWi(@) My (1) MR (142) (14)
k=1

where Z; is a vector of nodal displacements and Wy (w), M,l(/u) and ./\/l,%(uz) are functions that depend on the extra-
coordinates w, @1 and uo, respectively. The construction of the separated representation (14) implies the resolution of a
number of linear systems scaling with the number of terms involved in the finite sum, i.e. in the order of N linear systems
(N being in general of few tens).

In soil mechanics [11], the damping is assumed scaling with the inverse of frequency. The interested reader can refer
to [12], which analyzes the theoretical consequences of assuming a frequency-dependent dashpot parameter. In [12], it was
proved that, even if such a choice succeeded to fit experimental data, when coming back to the time space, causality is lost,
and then the resulting expressions in the time domain were called non-equations. However, it is important to note that, even
when considering complex nonlinear frequency-dependent damping C(w) in Eq. (2), the problem in the frequency domain
remains linear because here the frequency is a model parameter (or an extra-coordinate model within the PGD framework).

3. Harmonic analysis from a separated representation perspective

We consider the space-frequency formulation
(—w2M+iwc+K) Uw) =f (15)

and look for its space-frequency separated representation

N
Uw) ~ Y LW (w) (16)
k=1
Space-time and space-frequency separated representations were used for solving dynamics problems [13,14]. In [15], the
authors extended such a decomposition for efficiently addressing parabolic problems. Finally, parameters were also included
as extra-coordinates in such a representation [15-17].
For that purpose, we consider the usual integral form considered when applying the PGD constructor

/ U () (—a)ZM +iwC + K) U(w) dw = f U*T (w)f dw (17)
T T
assuming at iteration n the solution U"!(w) is known, and looking for U™ (w)
n—1
U'w) =) ZWi(@) + ZyWa(w) (18)

k=1
with the test function U*(w) expressed from
U*(w) = Z*Wp(w) + Z,W* () (19)

Thus, Eq. (17) can be expressed at the present iteration as

/ U*T () (—a)zM +iwC+ 1() ZW(w) do =
s

n—1
f U*T (w)f dow — / U*T (w) (—w2M+iwC+I() <ZZka(a))> dw (20)
T T k=1

In order to solve the previous nonlinear problem, we consider an alternating direction fixed-point strategy that, by
assuming known Z,, calculates Wy, from which Z, is updated, and so on until reaching the iteration fixed point. Both steps
are described below.
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(i) Calculating Z, by assuming known Wj(w).
In that case the test function reads
U* (@) =Z*Wp(w) (21)
from which Eq. (20) writes

/ ZTW, (@) (—a)zM +ioC + 1() Z,W(@) do =
A

n—1

/ 7T Wy (w)f dw — / ZT Wy () (—wZM T i€ + 1() (Z Z Wk(a))> dw (22)
T T k=1

By performing the frequency-dependent integrals:

a®= [, W2(w)w? dw

B = [; W2 (w)w dw

y? = [; W) do

3% = fI Wh(w) dw (23)

of = [ Wa(@)w? Wi(w) do

BY = [z Wh(@)oWi(w) do

Ve = [z Win(@)Wi(w) do

Eq. (22) reduces to

n—1
7 (—a®M +iPC+ yK) Zy =ZT6“F — Z°T ) ((—aM+iB7C+ v "K) Z) (24)
k=1
which, being Z* arbitrary, leads finally to the linear system

(—a®M +ip”C+y“K)Z, =f (25)
with

n—1
f=5"f— ) ((—a¢M+iB’C+ yIK) Z) (26)
k=1

that allows computing Z,,.
Calculating Wy (w) by assuming known Z;,.
In that case, the test function reads

(ii

=

U*(w) = Z,;W* () (27)
from which Eq. (20) writes
/zg W*(w) (—w2M +iwC + K) ZuWi(@) do =
A
n—1
/z,{w*(w)f dow — /z;w*(w) (—w2M+ iwC + K) (Z Zka(a))> dw (28)

T T k=1
By performing the matrix products:

a? =721MZ,

Br=121CZ,

y? =1721KZ,

8 =1If (29)
of =ZIMZ,

Bi =Z] CZ;

YE = LI KZ,
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Eq. (28) reduces to

/W*(w) (—wzaz—i—iwﬂz—l—yz) Wa(w) dw:/W*(w)yzda)
T T

n—1
- / W @) Y ((—e?ef +ioff + 1) Wi@) do (30)
T k=1
which, using the arbitrariness of W*, leads to the algebraic equation
(—wzozz Fiwp? + yZ) W () = h(w) (31)
with
n—1
h) =y* = Y ((~e?af +i0Bf + 7¢) Wi() (32)

k=1

that allows calculating the function W;(w).

This procedure allows us to compute the functions Z, and Wy(w) in a greedy algorithm, in which the originally two-
dimensional problem is broken down to the sequential solution to one-dimensional smaller problems. The enrichment
process is stopped once the number of computed terms is enough to obtain the desired accuracy. A detailed numerical
procedures and implementation aspects are presented in [9]. The separated representation of the nodal displacements U(w)
resulting from the PGD method is given by Eq. (16).

Even if the problem is linear and is assumed to have a unique solution, the separated variables approximations is not
unique since it can be computed in different formats depending on the numerical algorithm adopted for the construction
of the solution. Indeed, the individual terms appearing in Eq. 16 can differ from one computational strategy to another,
although they will sum to the same values. In order to obtain the most compact expression of the solution, regardless of
the considered constructor, the Singular Value Decomposition (SVD) or its high-order counterpart, the so-called HOSVD, can
be employed as a post-processing step. Recall that the SVD is optimal in terms of compactness, at least in two dimensions.
Connections between SVD and PGD are described in [9].

3.1. Parametric harmonic analyses

If parameters are assumed as extra-coordinates, as is usual within the PGD framework [8], the computed parametric
solution allows real-time simulation, optimization, inverse analyses, and simulation-based control in a very efficient way.

Parametric dynamics was addressed in [16,17]. If, for the sake of notational clarity, we consider a single parameter u
involved in the model and affecting the three terms of the momentum balance (mass, damping, and elastic terms), the
dynamical problem reads

(—wzﬁm(M)M oL ()C + L"(,u)l() Ulw, p) =f (33)
whose parametric solution is sought under the separated form
N
U(w, ) ~ Y ZeWi(@) My (1) (34)
k=1

To construct the separated representation (34), we apply again the algorithm described in the previous section. In this
case, each enrichment iteration n involves the solution to three one-dimensional problems. The first one is needed to
compute space vectors Z, and is related to the solution to a linear system of equations arising from the discretization
of differential operators in space, while the computation of the modes W,(w) and M;,(1) only involves the solution to
decoupled algebraic equations. For more details, the interested readers can refer to [6,18,19].

When considering many parameters (1, -, iip = p, the solution, in its separated representation expression, reads

N
U, ) ~ Y ZWi@) M} (1) - ME (11p) (35)
k=1

As a remark, it is often useful for efficient numerical implementation to consider an affine decomposition of the different
operators appearing in Eq. (33)
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Qm
M) =3 L ) L7 (p)M;
=1
Qc
Cy =Y L5 () L5 (up)C; (36)
j=1

& k,1 k,1
K(w) = > L5 (1) L5 (1p)K;
i=1

In cases in which it is not possible to enforce such a decomposition exactly, approximate decomposition techniques can be
used [20,21].

4. A harmonic-modal hybrid - HMH - description for parametric frequency-dependent models

When damping is neglected, C =0, or when proportional damping is considered, C = agM + a;K, the single-parameter
dynamic equation reads

(—oLm M+ £GUK) U, ) =f (37)

A particularly difficult situation is found when it is assumed that parameter i depends on the frequency, as usually
considered in soil dynamics, structural dynamics, and power-transmission dynamics [22].
In this case, assuming a frequency-dependent parameter i (w) in the equation

(—wzﬁm(u(w))M + (u(w))K) Uw, u) =f£ (38)

introduces a formal difficulty in establishing an equivalent formulation in the time domain. In fact, the inverse transfor-
mation to the time domain may imply the loss of causality. The appellation non-equation originated from this considera-
tion [12].

In the case just described, time formulations are seldom employed, since traditional modal analysis based on the diag-
onalization of matrices M and K is not easily achievable. Thus, harmonic analysis seems the best option for addressing the
solution to Eq. (38) with frequency-dependent parameters. However, as proved in this section, the harmonic solution can be
significantly simplified by using some standard ingredients of modal analysis.

Moreover, the technique that we are describing in what follows allows circumventing the curse of dimensionality in-
volved by the consideration of multiple parameters (grouped in vector m) without requiring the affine decomposition
described at the end of previous section, which remains in most cases a tricky issue.

For the sake of generality, we extend model (38) to the multi-parametric case, which now reads

(—? L (@) + L R@)K) Uw, ) =f (39)
We now consider matrix P diagonalizing matrices M and K, that is,
PTMP =M
{ PTKP =K (40)

with Mj; =m;;8;; and K;j = k;;8;j, with §;; the Kroenecker’s delta, i.e. M and K becomes diagonal with entries m;; and k;;
respectively.

Such a choice implies that the system is no longer described in terms of its nodal degrees of freedom, but rather in
terms of the modal content. The two are formally related through the linear transformation

U=P¢ (41)
Thus, the dynamical problem (39) reduces to
(—o L™ @M + L4 n(@)K) (@, p) =PTi=F (42)
which results in a system of N, decoupled algebraic equations (N, being the size of matrices M, C, and K)
(—L™@)mis + LX)k ) &, wy = Fi, i=1,2,- Ny (43)
from which it results
fi= s i =12 N, (44
(—@?Lm(p(@))mi; + LK (pr(w))kii)

that allows reconstituting & and from it the nodal amplitudes from Eq. (41), i.e. U=PE&.
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Fig. 1. Displacement at the rod end at which the prescribed force is applied, u(x =L, t), computed by using time-stepping (red curve) and the HMH scheme
(blue curve) for linear dynamics.

A separated representation can be derived by writing

Np
U(w, p) =Y Zi&i(w, p) (45)
k=1

where Z; is the k-column of matrix P.

Now, as soon as the parameters are defined, the parametric scalars & (w, i) are particularized, leading to U(w), which
allows coming back to the time domain U(t) by applying an inverse Fourier transform according to Eq. (11).

This simple strategy for computing solutions of parametrized dynamics, with frequency-dependent parameters, proved
to be, according to the authors’ experience, more efficient than other existing strategies summarized in Section 2, with
potential capabilities to compute under real-time constraints.

5. Numerical results
5.1. 1-D problem

In order to illustrate the capabilities of the proposed strategy, this section addresses the dynamics of the rod of length L,
cross section A, clamped at its left boundary and subjected to an axial load applied on its right boundary, evolving in time
according to f(t) = sin(2nt)e~ !>, The one-dimensional mechanical response is computed from the discrete system

d?u() | _du() B
2 e TKUO=F® (46)

whose expression in the frequency domain is

M

—w*M+ioC+K)U=f (47)
( )

while assuming the proportional damping expressed by C=a K.

In the first analysis, the model parameters were selected according to: p=1,L=1, A=10"% E=10% and a; =10~
(all the units are in the metric system). Then both formulations (46) and (47) were solved, the former by using a standard
time-stepping technique (with time step At = 10~4), whereas the latter was solved by the previously described HMH
scheme. Fig. 1 compares both solutions and evidences that the one obtained by using the HMH scheme is more accurate
for the considered time step. Obviously, by decreasing the time step, both solutions superpose, but the impact in computing
time is significant. This is shown through the zoomed-in comparison in Fig. 2.

After proving that, in the linear case, both approaches lead to similar results, more complex behaviors were addressed
by assuming a frequency-dependent damping. In the present case, the damping was modeled from

c= %K (48)
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Fig. 2. Displacement in rod at x = L, convergence of time stepping scheme to HMH solution with increase in time resolution from At =10"% to 107>.
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Fig. 3. Displacement at the rod end at which the prescribed force applies, u(x =L,t), computed by using HMH scheme in the case of constant damping
(red curve) and frequency-dependent damping (blue curve).

with

nw)=02w+1) x107* (49)

In the present case, the problem was solved in the frequency space by using the HMH scheme, but because it has not
a time-description counterpart, the results were not compared with a reference time solution. Fig. 3 compares the solution
provided by the HMH scheme when considering constant and frequency-dependent damping, after performing the inverse
transform of the solutions obtained in the frequency domain. The significant effect of the frequency dependency of the
damping can be noticed.

Finally, in order to prove the ability of addressing parametric models while considering frequency-dependent parameters,
we addressed the just-discussed example, but now adding the Young modulus E as a parameter, and then the solution is
searched under the parametric form U(w, E), with the damping depending on the frequency. The solution can be particular-
ized for any value of the elastic modulus and pushed-back to the time domain. Fig. 4 depicts the recovered time-solutions
for four different elastic moduli, from which an extremely high effect of the elastic modulus on the time-response can be
noticed.

5.2. 2-D problem

To further prove the efficiency and capability of the method developed in the current study, a 2-D plane stress dynamic
problem was also solved. A mesh on the geometry is presented in Fig. 5. The parameter values used in the solution to 2-D
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Fig. 4. Displacement at the rod end at which the prescribed force applies, u(x = L,t), computed by using the HMH scheme in the case of frequency-
dependent damping for four different elastic moduli: E = 1.25 x 10* (top left), 1.5 x 10* (top right), 1.75 x 10* (bottom left), and 2 x 10* (bottom right).
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Fig. 5. Mesh for the 2-D plate with nodes 20 and 60 marked by A and B, respectively.

problem are: E =1 x 10%, v =0.33. The dimensions of the plate is 1 mx1 m, with a quarter of a circular hole of radius

0.5 m at the bottom left corner of the plate.
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Fig. 6. Displacement field in the plate computed by using the HMH and time-stepping schemes and the difference between the two schemes at times
t =1 s (left column) and t =3 s (right column).

The left and bottom edge of the plate are subjected to symmetric boundary conditions, i.e. u(x =0,y) =0 and
v(x, y =0) =0, where u, v represent the x and y components of the displacement field, respectively. The right-hand edge
of the plate is subjected to a uniform time varying load similar to the one presented in the 1-D case. The problem was
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Fig. 7. Displacement components u and v at nodes marked A and B, located at the positions indicated in Fig. 5, computed by using the HMH and time-
stepping schemes, and the difference between both solutions.

then solved using both HMH scheme and a time-stepping scheme with a time step of At =10~%. The results are presented
in Fig. 6 in terms of contour plot at times t =1 s and t =3 s as well as the difference between the solutions of both
schemes. Again, we observed that the HMH scheme is more accurate for the comparable time step in time domain solution.
This has significant advantage in terms of saving computational time. The effectiveness of the method as compared with
time-stepping scheme is presented for a couple of nodes in Fig. 7. It can be observed that the time-stepping scheme suffers
from excessive numerical dissipation due to the first-order time-stepping scheme utilized.

6. Conclusions

In this work, we revisited the solution to elastodynamics while operating in the frequency domain. This formulation
allows considering frequency-dependent parameters without major difficulties. Moreover,by virtue of the linearity of the
problem, the time-solution can be reconstructed with no particular effort, potentially enabling real-time calculations. How-
ever, the main difficulty of such an approach lies in the difficulty of recovering an affine decomposition (separated form) for
the discrete operators, which is the real bottleneck for efficient application of traditional model order reduction strategies.
In this paper, we succeeded to define a hybrid technique combining the main ingredients of harmonic and modal analyses
able to efficiently compute parametric solution within the framework of frequency-dependent parametric models.
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