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a positive answer to this question, we prove that if the manifold under consideration is
an immersed submanifold of the vector space, considered as ambient manifold, then it

f)(fé/;‘/)frr‘;ineralized decomposition is possible to construct explicitly a reduced-order vector field over this submanifold. In
Frequency-dependent parametric models particular, we found that the reduced-order vector field satisfies the variational principle
Harmonic analysis of Dirac-Frenkel and that we can formulate the Proper Orthogonal Decomposition under
Modal analysis this framework. Finally, we propose a local-point estimator of the time-dependent error
Dynamics between the original vector field and the reduced-order one.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Model reduction applied to a dynamical system (described by an ordinary differential equation) allows one to extract the
most significant features of this system, representing them in a reduced system of coordinates. The goal of this approach is
to construct a computational low-cost procedure that reproduces the dominant physical mechanisms of the original model.
The interested reader is referred to the following review papers and books [1-4].

One of the more widely used model reduction technique is the Proper Orthogonal Decomposition (POD). Its main goal
is to obtain a lower dimensional approximation of a given dynamical system, as follows. Let be an ordinary differential
equation (ODE)

du
— =X(t,w), u0)=up 1
dt
for t € [0,t7], with w,up € R" and X :[0,tf] x R" — R". Consider next the solutions to (1) at m-time points
{u(ty), ..., u(tm)} collected in the n x m-matrix A = [u(t;) —X - - - u(t;,) —X] and where X = % 3™ u(t;) is the mean of these

observations. POD seeks a r-dimensional subspace S of R" (r <n) and the corresponding projection matrix I1s € R"*", so
that ||A — IIsA| is minimized over all k-dimensional subspaces. The projection matrix corresponding to the optimal sub-
space S is obtained as I1s = ZZT, where the matrix Z € R™*" consists of the columns of the singular vectors corresponding
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to the r largest singular values obtained from A. In a coordinate system embedded in S, the projection of a point u onto
S is represented by £ = ZT(u — X) € R". In particular, if x € X+ S then X — X = Z& for some & € R". A POD-based reduced
model that approximates the original problem (1) can then be constructed by the following rule. For any point x = Z£ € S,
compute the vector-field X(t,X + Z&) € R" and take the projection ZTX(t,X+ Z&) € R" onto the subspace S. Therefore, we
obtain

dé _

E:ZTX(t,x-i—ZS), £0)=ZTug (2)
The dynamical system (2) allows an efficient (typically low-dimensional) representation of the key system behaviour. This
framework appears useful in a wide variety of applications.

The Dirac-Frenkel variational principle is a well-known tool in the numerical treatment of equations of quantum dy-
namics. It was originally proposed by Dirac and Frenkel in 1930 to approximately solve the time-dependent Schrodinger
equation. It assumes the existence of a vector field over a configuration space represented by a Hilbert space. This con-
figuration space contains an immersed submanifold, the so-called Hartree manifold, and the reduced-order model is then
obtained by projecting the vector field at each point of the submanifold onto its tangent space (see [1,5]). It allows also one
to introduce the so-called geometric numerical integration methods for differential equations (see V1.9 in [6]).

A similar approach is used in the so-called dynamical low-rank approximation for time-dependent data matrices and
tensors [7,8]. The reduced model is obtained by using the Dirac-Frenkel variational principle, over a manifold of matrices
(respectively, tensors) of fixed rank (respectively, tensor rank).

To the authors’ knowledge, there is no proof, in a general setting, that the reduced-order dynamical system is a vector
field, that is, a differentiable map between the immersed submanifold and its tangent bundle. This fact implies that the
existence and uniqueness of the solutions to the reduced dynamical system is not ensured. The main result of this paper
is to give a positive answer to the above question. In particular, given a vector field defined over a finite dimensional inner
product space, we will prove the following. Assume that the manifold chosen to construct the reduced-order dynamical
system is an immersed submanifold of the vector space, considered as ambient manifold. Then we will show that it is
possible to construct explicitly a reduced-order vector field over this submanifold.

The paper is organized as follows. In the next section, we give some preliminary definitions. In Section 3, we state and
prove the main result of this paper. We also give some examples and we propose a point estimator of the time-dependent
error between the original vector field and the reduced order one. Finally, in Section 4, some conclusions are given.

2. Preliminary definitions

A differentiable manifold can be seen as a configuration space used to describe a particular physical system. The most
obvious examples are related to mechanical systems for the study of the movements of a pendulum or of a system of solids.
It may equally well be used to model the evolution of a chemical system where the parameters are the temperature and
the concentrations of various species. One of main characteristics of these abstract objects is the property to describe a
neighbourhood on each point in the configuration space by using a set of (local) coordinates into an open set of a particular
finite-dimensional normed space. This neighbourhood and its corresponding set of local coordinates are known as a chart,
and the whole set of charts constitutes an atlas for the manifold. The atlas can be used to endow the manifold with a
topology. Since we need to perform infinitesimal variations in our configuration space, a compatibility condition between
two different coordinates systems is needed.

Along this paper, we will consider a manifold as a pair (M, .4) where M is a subset of some finite-dimensional vector
space V and A is an atlas representing the local coordinate system of M. We recall the definition of an atlas associated
with a set M.

Definition 2.1. Let M be a set. An atlas of class CP (p > 0) or analytic on M is a family of charts with some indexing set A,
namely {(Uy, ¢q) : & € A}, having the following properties (see [9]):

AT1 {Ug}aea is a covering of M, that is, U, C M for all @ € A and UycaUy =M

AT2 for each o € A, (Uy, ¢y) stands for a bijection ¢y : Uy — Wy of Uy onto an open set W, of a finite-dimensional
normed space (Xq, || - ll), and for any @ and B the set ¢ (Uy NUp) is open in Xg;

AT3 finally, if we let Uy NUpg = Uq,g and ¢ (Uy g) = Uq, g, the transition mapping ¢g o go,;l :Uq,p = Upq is a diffeomor-
phism of class CP (p > 0) or is analytic.

Since different atlases can give the same manifold, we say that two atlases are compatible if each chart of one atlas is
compatible with the charts of the other one in the sense of AT3. One verifies that the relation of compatibility between
atlases is an equivalence relation.

Definition 2.2. An equivalence class of atlases of class CP on M, also denoted by A, is said to define a structure of a
CP-manifold on M, and hence we say that (M, A) is a finite-dimensional manifold. In a similar way, if an equivalence class
of atlases is given by analytic maps, then we say that (M, .A) is an analytic finite-dimensional manifold.
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Now, we introduce the definition of tangent vector to a manifold. It is related to the notion of velocity vector to a curve
lying in the configuration space.

Let (M, .A) be a manifold of class C? (p > 1) or analytic. Let m be a point of M. We consider triples (U, ¢, v) where
(U, @) is a chart at m and v is an element of the vector space in which ¢(U) lies. We say that two of such triples (U, ¢, v)
and (V, 4, w) are equivalent if the derivative of ¥ o ~! at ¢(m) maps v on w. Thanks to the chain rule, it is an equivalence
relation. An equivalence class of such triples is called a tangent vector of Ml at m.

Definition 2.3. The set of such tangent vectors is called the tangent space of M at m and it is denoted by T, (M).

Each chart (U, ¢) determines a bijection of T;,; (M) on a finite-dimensional normed space, namely the equivalence class
of (U, ¢, v) corresponds to the vector v.

The whole set of tangent spaces in a given manifold, called the tangent bundle, plays an important role to describe the
velocity fields over the configuration space.

Definition 2.4. Let (M, .4) be a manifold of class C? (p > 1). The set

TM = |_J Tin(M) = {(m, Xp) :m € M and X, € Trn (M)}
meM
is called the tangent bundle of M.

To define an atlas for the tangent bundle, we consider the projection ©n: TM — M over the first component, and we
can construct for a given (m, Xp;) € TM a local chart by taking (Up, ¢) € A and using the fact that there exists a bijection

Ym T (Up) = {(M, Xp) :m’ € U and X}, € Ty (M)} —> Upy X Ty (M)

It can be shown that A* = {(Up, ¥m) : m € M} is an atlas for TM.
Our next step is to recall the definition of the differential of a morphism between manifolds. It gives a linear map
between the tangent spaces of the involved manifolds.

Definition 2.5. Let (M, A) and (N, B) be two CP-manifolds (p > 1). A morphism F from the manifold (M, A) to the man-
ifold (N, B) is a map F : (M, A) — (N, B) where we take into account the representation of F by using both atlas. More
precisely, assume that F(x) = y, then take (U,¢) € A a chart in M at x and (W,y) € B a chart in N at F(x), since
we usually perform calculus by means of the parametric representation of both manifolds; in practice, we use the map
YoFop™l:pU)— (W) where ( o F o o~ 1)(¢(x)) = ¥ (y). Assume that F : (M, A) — (N, B) is a CP morphism, i.e.

YoFop ' ipU)— Y (W)

is a CP-differentiable map. For x € X, we define

TeF : TeM) — Tr(N), v [(¥ o Fop™) (@)]v

Finally, we will introduce the notion of vector field in a manifold. It represents a global velocity field over a particular
configuration space. It is defined allocating on each point of the configuration space a velocity vector compatible with its
local coordinate system.

Let (M, .A) be a CP-manifold (p > 2), a CP~!-vector field on M is a CP~!-morphism

X: (M, A) — (TM, A%

such that

(Mo X)(Mm) =m

holds for all m € M. Let m € M and take (U (m), ¥;) be a local chart in M, such that v, (U(m)) is an open set in R™. Then
U(m) is also a manifold and its tangent bundle is trivial, that is, T(U(m)) = U(m) x R™ and the vector field X on U is a map
Xlum) : U(m) — U(m) x RM of the form X(m') = (i, Xu@my(m”)), the map Xyn) is called the principal part of X. However,
having a separate notation for the principal part turns out to be an unnecessary burden. By abuse of notation, in linear
spaces we shall write a vector field simply as a map X : U(m) —> RM and shall mean the vector field m’ — (m’, X(m')).
When it is necessary to be careful with the distinction, we shall be.

If X:(M,A — (TM, A*) is a CP-vector field (p > 1) on M, an integral curve of X is a CP-morphism (p >1) y:
J — M, from an open interval | C R to M, such that p’(t) = X(y(t)) for all t € J. If 0 € ], then the point x =y (0) e M
is called the starting point of y. The theorem of existence and uniqueness of integral curves is the following (see [9, IV §2
Theorem 2.6]).



518 A. Falcé, E. Sdnchez / C. R. Mecanique 346 (2018) 515-523

Theorem 2.6. Let (M, A) be a CP-manifold (p > 2), X be a CP~!-vector field on Ml and x be a point in M. Then there exists one and
only one maximal integral curve y of X with starting point x.

3. Reduced-order models on immersed manifolds

Assume that given X : V — V, a CP-vector field (p > 1) on V, where (V,| - ) is a finite-dimensional inner product
space, we want to construct a reduced-order model of the dynamical system

v=X(W), v(0)=vy

To this end we will consider, a CP*!-manifold (M, .4), where M is a subset of V. The inner product space V is an analytic
manifold modelled by itself taking into account the trivial atlas Ayvial = {(V, idy)}, where idy : V — V. It is well known
that the trivial atlas endows V with a natural manifold structure. Since the standard inclusion map

itM—V

given by i(v) =v is injective, we shall study i as a morphism between manifolds. To this end, we recall the definition of an
immersion between manifolds.

Definition 3.1. Let F : (M, A) — (N, B) be a morphism between manifolds and let x € M. We shall say that F is an immersion
at x if there exists an open neighbourhood Uy of x in M such that the restriction of F to Uy induces an isomorphism from
Ux onto a submanifold of Y. We say that F is an immersion if it is an immersion at each point of X.

For manifolds, we have the following criterion for immersions (see Theorem 3.5.7 in [10]).

Proposition 3.2. Let (M, .A) and (N, B) be two manifolds of class CP (p > 1). Let F : (M, A) — (N, B) be a CP morphism and x € M.
Then F is an immersion at x if and only if Ty F is injective.

A concept related to an immersion between manifolds is introduced in the following definition.

Definition 3.3. Assume that (M, A) and (N, B) are manifolds and let f: (M, A) — (N, B) be a C? morphism. If f is an
injective immersion, then f(M) is called an immersed submanifold of N.

From now on, we will assume that (M, A) is CP-manifold (p > 2) and that the standard inclusion map
it (M, A) — (V, Agivial)
is a CP-immersion, that is, i is a CP-differentiable morphism, and the linear map
Tyi: Ty(M) — V
is injective and Tyi(Ty(M)) is a linear subspace of V, for each v e M. In consequence,
Tyi: Ty(M) — Tyi(Ty(M))

is a linear isomorphism for each v € M. Since V is an inner product space, for each ve M Cc V we have that V =
Tvi(Ty(M)) @ Tyi(Ty(M))L, where Tyi(Ty(M))L is the orthogonal complement of the linear subspace Tyi(Ty(M)). It allows
us to write each velocity vector X(v) = X(i(v)) € V for ve M as

X(i(v)) = My(X (V) + (idy — Iy)(X(i(v))) (3)

where Ily : V —> V is the orthogonal projection onto Tyi(Ty(M)). Thus, ITy(X({i(v))) € Tyi(Ty(M)) for all v e M, that is,
Tvi~ ' (ITy (X (i(v)))) € Ty(M). A natural question arising in this context is as to whether the associated morphism

X:M—TM, v X (W) := (v, Tyi " (TMy(X(i(V))))) (4)

where TM is the tangent bundle of M, satisfies the conditions of Theorem 2.6 and, in consequence, for each vy € M, the
differential equation

v ="Tyi " (TIly(X(i(v))), Vv(0)=vo (5)
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is well posed on M. We want to point out that the velocity v in (5) satisfies the so-called Variational Principle of Dirac-Frenkel
(see [1]), that is,

vearg min |Tyi(Z) — X(i(v 6
g, 1Ty i(z) — XAl (6)
Since, without loss of generality, we may assume that V =R" and || - || is the Euclidean norm, by using [11, Corollary p. 183]

(see also [12, Remark 1 p. 124]), we obtain from (6) that (5) is equivalent to

v=Tyit (X({(V))), v(0)=vo (7)

where Tyi™ denotes the Moore-Penrose pseudo-inverse of Tyi. We point out that, in contrast to matrix inversion, the
map from R™" to R™" given by A~ A* is not continuous (see [13, Example 4.1]). However, if we consider the set
MR :={A € R™ : rank(A) = s}, where s € {1,2,...,r}, it can be shown that the map A+~ A™ is continuous from
M (R™T) to R™" (see [13, Theorem 4.2]).

We illustrate the above construction with the following two examples.

Example 1 (Proper Orthogonal Decomposition). Suppose the original dynamical system under consideration in V = R" is given
by the time-dependent differential equation

u=X(t,u), u0)=ug (8)

Let M := S +X C R" be the best r-dimensional approximating affine subspace, where S is a linear subspace of R" defined
by S={Z&:& € R"} where Z € R"™ " is such that ZT Z = id,. Assume that ug =X+ Xg € S. Let I1s :=Z ZT € R™" be the
orthogonal projection onto the linear subspace S. The local coordinate of x+X € S + X, will be & := ¢(x+X) € R" if and only
if ZE+X=x+X=¢ (&), that is, £ = ZTx. Thus, (S, ¢) where X+ X+ @(X+X) := ZTx is a chart, 4 = {(S, ¢)} is an atlas
for the manifold S + X, and the tangent space of S+X at X+ X is Ty, x(S +X) =R" ={£ : & e R"}. Now, Ty xi: S — R" is
given by Tx;xi(§) =[(io o Y (p(x+X))](&) = Z&, and hence (Txsx 1)1 (X) = ZTx. From (7), we obtain the time-dependent
differential equation on X+ S given by

E=ZTX(t,X+ZE), £0)=ZTxo
Then 5(\(5) = (&, ZTX(t,X+ Z§&)) is the reduced-order model of (8) in the manifold S + X. Observe that £ € R" and u € R".

In the above example, it is clear that the reduced-order model is also a vector field because the map Tyxixi=Z is
independent of the point x + X. Unfortunately, it is not true for other manifolds in general as we show in the next example.

Example 2. Let us consider the northern hemisphere of the manifold S? = {x € R3 : xTx = 1}, that is, M = {(x, y,z) € S? :
z > 0}. In this case, we consider the chart (U, ¢) given by the open set U = {(x, y) € R? : x> + y? < 1} ¢ R? and the map
@ : M — U, where ¢(x,y,2) = (x, y), clearly ¢~1(x, y) = (x,y,+/1 —x2 — y2). Then M as an immersed manifold in R is
also described by x = (io 1) (x, ¥) = (x, y, v/1 — x2 — y2), defined over the open set U. Then
1 0
Tei= (o™ (xy) = _OX jy

V1-x2—y2 /1-x2—y2

is a full-rank matrix for all (x, y) € U and hence its pseudo-inverse is

it — 1=x>) —xy —x/1—x2—y2
—xy  (1=y%) —yJ1-x2—y?

Assume that X : R?> — R3 is a vector field in R3. Then (7) appears as

1 | a=x»H —xy —x/1-x2 [ 2 2
[5’}_[ —xy  (1-y? y\/—yz}x(x’y’ T=x =y ®)

where [x(O) ¥(0)]T € U. In this case (9) defines a vector field, namely S(\(U,@, on U CS? and (U, @) is a chart for the atlas
={( a,(pa) ae{x,y,z},be{+,—}} of S? given by the open sets

Uf ={(y,2):x>0}, Uf :={(x,y,2):y >0}, Uf :=={(x,y,2):2> 0}
Uy ={(x,y,2):x <0}, uy, ={x,y,2):y<0}, U; :={(x,y,2):2< 0}
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and where goa (x y z) € R? is obtained by removing a € {x, y, z} from (x, y,z) € R3. We can proceed in a similar way for
each chart (U llfa) € A, obtaining a vector field X(Ub uby However, this procedure does not ensure the existence of a

vector field X on S2, constructed by using X(Ug.qu for (Ua, wa) € A. Observe that the existence of x € S? satisfying that
Xe Ug N Ug,/ implies that a possible definition of Y(x) will depend on the choice of the chart.

The next section is devoted to state and prove the main result of this paper.
3.1. Statement and proof of main result

Let n=dimV and r = dim Ty (M) for all v € M. Clearly, r < n. We recall the definition of the non-compact Stiefel manifold
of R™" denoted by M, (R"™") = {A € R™" :rank (A) = r}, which is an open set in R"*" and hence a manifold. Assume that
i is a CP-immersion (p > 2). Then for each v € M the linear map Tyi: Ty(M) — V can be identify with a matrix, also
denoted by Ty i, in R"*". Hence, we can write its Moore-Penrose pseudo-inverse as

Tyit = (TyiTTyi) " TyiT e R™*"

It allows us to introduce a map MP : M —> R™" defined by MP(v) = Tyi™. Our first result is the following

Lemma 3.4. Let V be a finite dimensional inner product space and (M, A) be a CP-manifold (p > 2) such that M C V. Assume that
the standard inclusion map i : M —> V is an CP immersion. Then the map MP is a CP~!-morphism between manifolds.

Proof. Given v e M take (U, ¢) € A be such that v e U. Since the standard inclusion map is an immersion, by Proposi-
tion 3.2, we known that Tyi is injective. Hence Ty i € R™" has rank (Tyi) =r, that is,

Tvi=[(0¢ 1) (pW)] € M (R™")

and (io@~ 1) : @U) — R™ isa CP~! map (p > 2). Since M, (R" ") is open in R™, there exists an open set W C ¢(U),
where @(v) € W, and such that (io @~ 1) (W) C M, (R"™"). We point out that since Tyi € M,(R"*"), then TyiTyit is the
orthogonal projection onto Tyi(Ty(M)). In consequence, we obtain that [(iog~ 1) (@(u))][(io@~1) (p(u))]* is the orthogonal
projection onto [(io@~1) (@u))](TyU) = Tyi(TyU) = Tui(TeM) for all u e ¢~ (W) C U C M. Hence,

[Gop™ ") ()" =Tyi"
and it maps Tyi(TyM) to TyM. Thus, we have that the map
(MPog™h): W Co(U) — R™, g Tuit =[(og™ ) (pw)]"

is well defined as a morphism. Since, the map from M, (R"™ ") to R"™" given by Z > Z+ := (Z7Z)~'ZT is analytic, then
the lemma follows. O

The main result of this paper is the following.

Theorem 3.5. Let V be a finite dimensional inner product space and (M, A) be a CP -manifold (p > 2) such that M C V. Assume that
the standard inclusion map i : M — V is an CP immersion. If X : V. — V is a CP~1-vector field on V, then

X (V) := (v, MP(V) X (i(V))) = (v, Tvit X(i(v))) (10)
is a CP~1-vector field on M such that

Ty iMP(V) X (i(v))) = Ty (X (i(V))) (11)
holds for all v e M.

Proof. Without loss of generality, we may assume that V = R". From Lemma 3.4, the map MP is a C?~!-morphism (p > 2).
In consequence, the map

WcCoplU) — R xR", ur~ (MP(V), X(i(u)))
is also a CP~!-morphism. Let us consider the evaluation map

eval : R x R" — R
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given by eval(L, u) := Lu. It is clearly a C*°-bilinear map and

MP(v) X (i(v)) = eval (MP(Vv), X(i(Vv)))

is a CP~'-morphism. Thus, we conclude that X is a vector field on M. Finally, (11) follows from the fact that Iy =
TyiTyit =TyiMP(v). O

Remark 1. The above theorem remains true for time-dependent vector fields X :R x V — V.

Theorem 3.5 says us that the reduced-order model given by (10) is a true dynamical system on the manifold M, and
from Theorem 2.6 we have ensured the existence and uniqueness of solutions for that reduced model.

3.2. Alocal-point estimate for the time-dependent error

In practice, we need to consider, for a given initial condition vg € M, a local chart system (U, ¢) € A, such that vo € U.
Denote by & = ¢(v), where v € U, the local coordinates on the manifold M. Then we can write the dynamical system
associated with (10) in ¢(U) as

E=MP(p ' E)X((iop (&), E0)=pWo) (12)
The differential equation (12) is the reduced-order model in M of the dynamical system in V given by

v=X(W), v(0)=vogeM (13)
To describe the time-dependent error, we take into account

et) =v(t) — (o™ HE®D)

where v(t) is the solution to (13) and &(t) the solution to (12). Clearly, e(0) =0 € V, and if M is an invariant manifold
for the vector field X, that is, X(v) € Tyi(Ty(M)) for all ve M, then e(t) = 0 for any time t. Now, we introduce V(t) :=
(io@~1)(&(t)) €M, and from (11), we have

d_. oy

&V(t) =To) 1€ (1)) = M) (XV(L)))
Recall that ITy) is the orthogonal projection onto Ty i(Tge)(M)). Since v(t) = vo + j(f X((s))ds and V(t) = vg +
fot Ty(s) (X (V(s)))ds we can write

t

e(t) = / (X(v(s)) — Mg (X(V(s)))) ds

t
(X (W(9)) = My(s) (X (V(5)))) ds + / (Mas) (X(V())) — M) (X(V(5)))) ds
0

t

(idy — Tags)) (X(v(s)) ds + / Mo (X(V(S)) — X@(s)) ds
0

O °——_ ©°

In consequence, the error speed

d
ae(f) = (idy — Hy()) (X)) + Mg (X)) — XV(1)))

can be decomposed into two orthogonal components. The first one represents the normal error speed, and it is given by

d
e 0= (idy — Mg ) (X(V(0)) € Tai(Tae (M) ©

and the second is associated with the tangent error speed and is defined as

d
aeu (t) := Tgin (X)) — XV(©))) € Ty i(Te (M)
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Recall that e(t) = v(t) —V(t). Since X e CP-vector field (p > 1) on V, by using the Taylor’s expansion, we have

X(V(D) — X(W(D) = X(V(D) + e()) — XW(D) = X' W(1))e(®) + O([le®)]*)
Then,

My (X(V(6) — XV(t))) = Ty (XV(E) 4 e(t)) — X V(1)) ~ Ty (X' (W(D))e(t))
Finally, we obtain the following expression
d

d d , ,
Ee(t) =3¢ o+ Eel(t) ~ Iy (X' V(t)e(t)) + (idy — Myg)) (X V(L))

It allows us to propose a definition of a local point estimate €(t) for the time-dependent error e(t) as follows.

Definition 3.6. Let be vo € M, (U, ¢) € A be such that vo € U and V(t) = (io ¢~ 1)(&(t)) with &(t), which solves (12). We
define the local point estimate error €(t) of (13) in (U, ¢) € A as the solution to the differential equation

d_ - . ~
3 &0 =Ty (X' V(©)&n) + (idy — My ) (XV(?)), €0)=0 (14)

In the Example 1, we known that ITg) = I1s = ZZT € R™" for all time t, and hence (14) for a time independent vector
field X : R" — R" is

d_ _ . ~
Ee(t) =TI X' (V(t)) €(t) + (idrn — IT5) X(V(£)), €(0)=0
In particular, for a linear vector field X(v) = Av, where A € RN*N, we obtain the linear differential equation
d_ Y . ~ -~
Ee(t) =TIsAe(t) + (idgn — I1s) AV(t), €(0)=0

Finally, by using the method of variation of parameters, we have the following expression for the point estimate error
t
) = / eI A (igpn — ) AV(s) ds
0

which allows us to give the following bound

el < ( sup || (idgn — Hs)AV(s>||) (ellMsAlr 1)

0<s<t
4. Conclusions

In this paper, we give a constructive approach under a geometric framework of the reduced-order model of a vector
field defined over a finite-dimensional inner product space. Moreover, a local point estimate for the time dependent error is
given. Establishing the properties of this proposed estimate is part of our future research and will be published elsewhere.
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