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A mathematical study via variational convergence of a periodic distribution of classical 
linearly elastic thin plates softly abutted together shows that it is not necessary to use 
a different continuum model nor to make constitutive symmetry hypothesis as starting 
points to deduce the Reissner–Mindlin plate model.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Due to its ability to account for shear effects, the Reissner–Mindlin plate model [1–3] is often preferred in the engi-
neering literature (see [4]) over the Kirchhoff–Love plate model. So, as done for the Kirchhoff–Love plate model [5,6], it 
is challenging to proceed with a rigorous mathematical derivation of the Reissner–Mindlin plate model by studying the 
asymptotic behavior of a thin 3-dimensional elastic body when its thickness goes to zero. This was done in [7–9] by using 
a second gradient or Cosserat continuum for the body jointly with constitutive symmetry assumptions; here – being aware 
of the results of [10] on the bonding of thin plates – we prefer to consider a strongly heterogeneous classical linearly elastic
body made of a periodic distribution of thin anisotropic plates abutted together.

Let { e1, e2, e3 } be an orthonormal basis of R3 assimilated to the Euclidean physical space. For all ξ = (ξ1, ξ2, ξ3) in R3, 
ξ̂ stands for (ξ1, ξ2). The space of all (N × N) symmetric matrices is denoted by SN and equipped with the usual inner 
product and norm denoted by · and | · |, as in R3. For all e in S3, we set

e = ê + e⊥ (1)

where (ê)αβ = eαβ and (e⊥)αβ = 0, 1 ≤ α, β ≤ 2, and (ê)i3 = 0, (e⊥)i3 = ei3, 1 ≤ i ≤ 3. For all a, b in R3, a ⊗s b stands for the 
symmetrized tensor product of a by b. Moreover, for all subset O of RN , χO is the characteristic function of O. Finally, we 
will use the symbol hn to denote n-dimensional Hausdorff measure and the letter C to introduce various constants which 
may vary from line to line.

Let ω be a domain of R2 with a Lipschitz continuous boundary ∂ω and 2η0, ε0 two positive real numbers lesser than 1. 
Let Y := (0, 1)2, Y ext

η := (−η, 1 + η)2, Y int
η := (η, 1 − η)2, Iε := {i ∈ Z2 ; ε(i + Y ext

η ) ⊂ ω} for all η in (0, η0) and
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ωint
η,ε :=

⋃
i∈Iε

ε(i + Y int
η ), ωext

η,ε := ω \
⋃
i∈Iε

(i + Y ext
η )

ωη,ε :=ωint
η,ε ∪ ωext

η,ε, bη,ε := ω \ ωη,ε

Let h be a small positive number, we will consider a structure occupying 
h := ω × (−h, h) made of an εY -periodic 
distribution of thin linearly elastic plates inhabiting 
h int

η,ε := ωint
η,ε × (−h, h) abutted together through a thin and narrow 

soft linearly elastic adhesive layer filling Bh
η,ε := bη,ε × (−h, h) and surrounded by a thin linearly hollow plate occupying 


h ext
η,ε := ωext

η,ε × (−h, h). We set 
h
η,ε := 
h int

η,ε ∪ 
h ext
η,ε and assume that all the constituents of the structure are perfectly 

bonded together.
For brevity and simplicity, we assume that the structure is subjected to body and surface forces on its upper/lower 

boundary �h± := ω × {±h} of densities f h , gh , respectively, and, as in [7,8], is clamped on its lateral boundary �h
tat :=

∂ω × (−h, h). The strain energy Ws of the body reads as:

Ws(x, e) :=
{
W(e) a.e. x ∈ 
h

η,ε

μ∧W∧(ê) + μ⊥W⊥(e⊥) a.e. x ∈ Bh
η,ε

for all e in S3, W , W∧ , W⊥ being positive definite quadratic functions on S3.
Hence the equilibrium of the structure involves a quintuplet of data s := (s′, ε), s′ := (μ∧, μ⊥, η, h) and reads as:

(P s) Min
{ ∫


h

Ws(x, e(v))dx −
∫

h

f h(x) · v(x)dx −
∫

�h+∪�h−

gh(x) · v(x)dh2 ; v ∈ H1
�h

tat
(
h;R3)

}

where e(v) is the strain tensor associated with the displacement v and, in the sequel, for all domain O in RN and all 
smooth part γ of its boundary ∂O, H1

γ (O; RN ) denotes the subspace of H1(O; RN ) made of the elements with vanishing 
trace on γ . Clearly, if ( f h, gh) belongs to L2(
h × (�h+ ∪ �h−); R3), (P s) has a unique solution us and, considering the data 
s as a parameter, we are interested in its asymptotic behavior when s takes values in a countable subset of (0, +∞)2 ×
(0, η0) × (0, +∞) × (0, ε0) with 0 as a unique limit point. Like in the mathematical derivation of the Kirchhoff–Love theory 
of plates [5,6], it is convenient to introduce the linear mappings h and Sh:

ξ = (ξ̂ , ξ3) ∈R3 �→ hξ = (ξ̂ ,hξ3)

v ∈ L1(
h;R3) �→ Sh v ∈ L1(
;R3) s.t. (Sh v)(x) = 1

h
h(v(hx)), ∀x ∈ 
 := ω × (−1,1)

We make the following assumption on the loading:

(H1) :

⎧⎪⎪⎨⎪⎪⎩
∃( f , f ′, g) ∈ L3(
;R3) × L3(
;R3) × L∞(�+ ∪ �−;R3) s.t.

f h(hx) = h
(
χ


h
η,ε

h f (x) + χBh
η,ε

h f ′(x)
)
, ∀x ∈ 


gh(hx) = h2h χ�η,ε,+∪�η,ε,− g(x), ∀x ∈ �η,ε,+ ∪ �η,ε,−

where �η,ε,± := ωη,ε × {±1}. Therefore, us := Shus is the unique solution to

(Ps) Min
{
Js(v); v ∈ H1

�tat
(
;R3)

}
where

Js(v) :=
∫



Ws(x, e(h, v)) − (χ
η,ε f + χBη,ε f ′) · v dx −
∫

�η,ε,+∪�η,ε,−

g · v dh2

e(h, v)αβ := e(v)αβ, e(h, v)α3 := 1

h
e(v)α3, 1 ≤ α,β ≤ 2, e(h, v)33 := 1

h2
e(v)33

with �tat the reciprocal image by h of �h
tat and, similarly, index h will be dropped for the image by h−1

of 
h
η,ε , Bh

η,ε

and �h± .
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2. A convergence result

Let the space of Kirchhoff–Love and Reissner–Mindlin displacements be respectively denoted by

V K L(
) :=
{

v ∈ H1
�tat

(
;R3); ∃(v M , v F ) ∈ H1(ω;R2) × H2(ω) s.t. v̂(x) = v M(x̂) − x3∇̂v F (x̂),

v3(x) = v F (x̂) a.e. x ∈ 

}

=
{

v ∈ H1
�tat

(
;R3) s.t. ei3(v) = 0, 1 ≤ i ≤ 3
}

V RM(
) :=
{

v ∈ H1
�tat

(
;R3); ∃(v M , vθ , v F ) ∈ H1(ω;R2) × H1(ω;R2) × H1(ω) s.t. v̂(x) = v M(x̂) + x3 vθ (x̂),

v3(x) = v F (x̂) a.e. x ∈ 

}

=
{

v ∈ H1
�tat

(
;R3) s.t. e33(v) = 0, ∂3eα3(v) = 0, 1 ≤ α ≤ 2
}

We recall [11,12] that the space of bounded deformations is defined by

B D(
) :=
{

v ∈ L1(
;R3); e(v) ∈ Mb(
;S3)
}

where Mb(
; S3) denotes the space of bounded S3-valued measures in 
.
We assume

(H2) : ∃ (μ̄∧, μ̄⊥) ∈ (0,+∞)2 s.t. (μ̄∧, μ̄⊥) := lim
s′→0

1

2η

(
μ∧,

1

h2 μ⊥
)

In the sequel, when no ambiguity ensues, we use the same symbol ê for an element of S2, such that its entries are the 
non-vanishing ones of the element ê of S3. For instance, for all (q, e) in S2 × S3, q = ê means that qαβ = eαβ for all α, β in 
{1, 2}.

Let the two positive definite quadratic functions on S2 defined by:

WK L(q) = Min
{
W(e); e ∈ S3 s.t. ê = q

}
W∗(q) = Min

{
WK L(q

1) + μ̄∧W∧(q2) + μ̄∧W∧(q3); qi ∈ S2, 1 ≤ i ≤ 3, (q2)22 = (q3)11 = 0, q1 + q2 + q3 = q
}

Then we have the following theorem.

Theorem 2.1. Under assumptions (H1) and (H2), as s′ goes to 0 and then ε goes to 0, us converges weak � in B D(
) toward the 
unique solution u to

(P) Min
{∫




W∗(ê(v))dx + μ⊥
∫



W⊥(e(v)⊥)dx −
∫



f · v dx −
∫

�+∪�−

g · v dh2 ; v ∈ V RM(
)
}

The proof, which uses a standard method of variational convergence, is achieved in three steps.

Step 1 (asymptotic behavior of us as s′ goes to zero):

Let σε := ⋃
i∈Iε ε(i + ∂Y ), �ε := σε × (−1, 1), 
̇ε := 
 \�ε , ν the unit normal to �ε (or σε) equal to either e1 or e2 and 

�k
ε the part of �ε such that ν = ek , k = 1, 2. For all w in H1(
̇ε; R3), we denote by [w] the jump of w across the surface 

�ε oriented by ν .

Proposition 2.1. When s′ goes to 0, us (up to a not relabeled subsequence) converges weak � in B D(
) toward some uε such that

uε ∈ V K L(
̇ε) :=
{

v ∈ H1
�tat

(
̇ε;R3) s.t. ėε(v)⊥ = 0
}

where ėε denotes the density with respect to the Lebesgue measure of the symmetrized gradient in the sense of distribution in 
̇ε , and 
with:
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Jε(uε) :=
∫

̇ε

WK L( ˙̂eε(uε))dx + μ̄∧
ε

∫
�ε

W∧([̂uε] ⊗s ν)dh2 + μ̄⊥
ε

∫
�ε

W⊥([uε]3e3 ⊗s ν)dh2

−
∫



f · uε dx −
∫

�+∪�−

g · uε dh2 ≤ lim
s′→0

Js(us)

Proof. First, ellipticity assumptions on W , W∧ , W⊥ , Hölder inequality and (H1 − H2) imply that us is bounded in LD(
) =
{u ∈ L1(
; R3); e(u) ∈ L1(
; S3)}. Thus, up to a not relabeled subsequence, us weak � converges in B D(
) toward some uε , 

and consequently weakly in L3/2(
; R3) and strongly in Lp(
; R3) for all p <
3

2
(see [11,12]). Moreover, as there exists 

δ(ε) such that us is bounded in H1
�tat

(
δ; R3), 
δ := ωδ × (−1, 1), ωδ := {x̂ ∈ ω; dist (x̂, ∂ω) < δ}, the trace on �tat of 
uε vanishes. As χ
η,ε e(us) is bounded in L2(
; S3), it converges, up to a not relabeled subsequence, to some q, which, 
by testing by any element of D(
̇ε; S3), is clearly identified as ėε(uε) with ėε(uε)

⊥ = 0. Hence, uε belongs to V K L(
̇ε)

(:= {v ∈ H1
�tat

(
̇ε; R3); ėε(v)⊥ = 0}). As for all τ in D(
; S3)∫
Bη,ε

τ · e(us)dx = −
∫



(
div τ · us + τ · χ
η,ε e(us)

)
dx (2)

we deduce:

e(uε) = ėε(uε)dx + [uε] ⊗s ν h2
¬
�ε (3)

Next let ∂ηY :=
{

x̂ ∈ ∂Y s.t. x1 or x2 ∈ (η, 1 − η)
}

and �η,ε := ⋃
i∈Iε ε(i + ∂ηY ). Jensen inequality implies

lim
s′→0

μ∧
∫

Bη,ε

W∧( ̂e(ε, us))dx ≥ lim
s′→0

μ∧
2ηε

∫
�η,ε

W∧
( ηε∫
−ηε

ê(us)(x + tν)dt
)

dh2 ≥ μ̄∧
ε

∫
�ε

W∧([̂uε] ⊗s ν)dh2

lim
s′→0

μ⊥
∫

Bη,ε

W⊥(e(ε, us)
⊥)dx ≥ lim

s′→0

μ⊥
2ηεh2

∫
�η,ε

W⊥
( ηε∫
−ηε

e(us)
⊥(x + tν)dt

)
dh2 ≥ μ̄⊥

ε

∫
�ε

W⊥([uε]3e3 ⊗s ν)dh2

because, by arguing similarly to (2), we get that χ�η,ε

ηε∫
−ηε

e(us)(· + tν) dt weakly converges in L2(�ε; S3) toward [uε] ⊗s ν . 

Moreover, arguing as in [13] through the introduction of cut-off functions and translations by ±ηεek , k = 1, 2, and by 

±ηε(e1 ± e2) yields lim
s′→0

∫
�η,ε,±

g · us dh2 =
∫
�±

g · uε dh2. Hence, the desired result stems from the very definition of WK L , the 

weak convergence in L2(
, S3) of χ
ε,η ê(us) toward ˙̂eε(uε) and the weak � convergence in B D(
) of us . �
Step 2 (asymptotic behavior of uε as ε goes to zero):

Let Y i
ε := ε(i + Y ), �k,i

ε := {x ∈ �k
ε; xk = ε(ik + 1), x3−k ∈ ε

(
i3−k, i3−k + 1

)} for all i in Iε , and �̇k
ε := ⋃

i∈Iε �
k,i
ε . Then, for 

all ψk
ε in L2(�k

ε) such that 
1

ε

∫
�k

ε

(ψk
ε )2 dh2 < C , the function �k

ε :=Lk
εψ

k
ε defined by Lk

ε(ψ
k
ε )(x) = 1

ε

∑
i∈Iε

ψk
ε (x3−k, x3)χY i

ε
(x̂) is 

bounded in L2(
). Note that, as h2(�
k
ε \ �̇k

ε) remains bounded, we have lim
ε→0

∫
�k

ε

τψk
ε dh2 = lim

ε→0

∫



τ�k
ε dx for all τ in C0(
).

Proposition 2.2. When ε goes to zero, uε , up to a not relabeled subsequence, converges for the intermediate topology of B D(
)

(see [11,12]) toward some u such that

u ∈ V RM(
), J (u) :=
∫



W∗(ê(u))dx + μ̄⊥
∫



W(e(u)⊥)dx −
∫



f · u dx −
∫

�+∪�−

g · u dh2 ≤ lim
ε→0

Jε(uε)
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Proof. As Jε(uε) is bounded, uε is bounded in B D(
) and then, up to a subsequence, weak � converges toward some u. 
Moreover as uε ∈ V K L(
̇ε), (uM

ε , uF
ε ) converges weakly in L2(ω; R2) × L2(ω) and the measure e(uε) has a narrow limit 

which can be identified with an element of L2(
; S3) such that e(u)33 = 0 and ∂3e(u)⊥ = 0. �
Step 3 (identification of the limit field u):

For all (Y, E) in {Y i
ε, Y i

ε + εek} × {RN , SN } and ψ in L2(Y, E), we set < ψ >Y= 1

ε2

∫
Y

ψ(x̂)dx̂ and let x̂i = ε( 1
2 , 12 ) + i.

Proposition 2.3. For all v in V RM(
), there exists a sequence vε in H1
�tat

(
; R3) such that, when ε goes to zero, vε converges for the 
intermediate topology of B D(
) toward v with lim

ε→0
Jε(vε) ≤ J (v), and there exists a sequence vs in H1

�tat
(
; R3) such that, when 

s′ goes to zero, vs := vs′,ε converges weak � in B D(
) toward vε with lim
s′→0

Js(vs) ≤Jε(vε).

Proof. Through a classical density and diagonalization argument, we may assume that v M , vθ , v F belong to D(ω; R2) and

W∗
(
ê(v)

) = WK L
(
ê(v) − (ϕ1 + ϕ2)

) + μ̄∧W∧(ϕ1) + μ̄∧W∧(ϕ2)

with q := ê(v) − (ϕ1 + ϕ2) = qM(x̂) + x3qθ (x̂) and qM , qθ in D(ω; S2).
Let vε the element of V K L(
̇ε) defined by:

v̂ε(x) := v M
ε (x̂) + x3 vθ

ε(x̂)

v M
ε (x̂) :=

∑
i∈Iε

(
< v M >Y i

ε
+ < qM >Y i

ε
(x̂ − x̂i)

)
χY i

ε
(x̂)

vθ
ε(x̂) :=

∑
i∈Iε

(
< vθ >Y i

ε
+ < qθ >Y i

ε
(x̂ − x̂i)

)
χY i

ε
(x̂)

(
vε

)
3(x) :=

∑
i∈Iε

[
< v F >Y i

ε
−

(
< vθ >Y i

ε
+1

2
< qθ >Y i

ε
(x̂ − x̂i)

)
· (x̂ − x̂i)

]
χY i

ε
(x̂)

The required smoothness of v M , vθ , v F , qM and qθ implies that vε converges strongly in L2(
; R2) toward v and that the 
measure ê(vε) satisfies

ê(vε) =
∑
i∈Iε

< q >Y i
ε

χ Y i
ε

dx + ϕ1
ε + ϕ2

ε

ϕk
ε := [̂vε] ⊗s ek h2

¬
�k

ε =
∑
i∈Iε

ϕk,i
ε h2

¬
�k,i

ε

with

ϕk,i
ε = Ak,i

ε + Bk,i
ε (x3−k − ε

2
), 1 ≤ k ≤ 2

(Ak,i
ε )kα = (1 + δkα)

2

[
<

(
vε)α >Y i

ε+εek
− <

(
vε

)
α

>Y i
ε
−

(
< qkα >Y i

ε
+ < qkα >Y i

ε+εek

)ε

2

]
, α = 1,2

(Ak,i
ε )3−k,3−k =0

(Bk,i
ε )kα = (1 + δkα)

2

[
< qkα >Y i

ε+εek
− < qkα >Y i

ε

]
where δαβ stands for the Kronecker delta. Clearly the smoothness of q and v implies that the measure ê(vε) converges 
narrowly to (q + ϕ1 + ϕ2) dx because 

∑
i∈Iε

< q >Y i
ε

χ Y i
ε

converges strongly in L2(
; S2) toward q and the functions φk
ε =

Lk
ε(ϕ

k
ε) converges strongly in L2(
; S2). As e(vε)

⊥ =
∑
i∈Iε

ϕ⊥ k,i
ε e3 ⊗s ekh2

¬
�k,i

ε , with

ϕ⊥ k,i
ε =< v F >Y i

ε+εek
− < v F >Y i

ε
+ε

2

(
< vθ

k >Y i
ε
+ < vθ

k >Y i
ε+εek

)
+ ψ⊥ k,i

ε
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where |ψ⊥ k,i
ε |

L∞(�
k,i
ε )

≤ Cε2 for all i in Iε and all k in {1, 2}, φ⊥ k,i
ε = Lk

ε(ϕ
⊥ k,i
ε ) converges strongly in L2(
) toward ∂k v F +

vθ
k = 2e(v)k3. Hence one deduces that vε converges toward v for the intermediate topology of B D(
) and that lim

ε→0
Jε(vε) =

J (v).
The last stage, s′ → 0, is a similar situation of bonding of thin plates as in [10] and is achieved by using a distribution and 

composition of smoothing operators along �ε like in [14,13] acting on a classical suitable approximation of Kirchhoff–Love 
fields as in [5,6].

Hence, u is the unique solution to (P) so that the whole sequences us and uε converge. �
This mathematical result can be rephrased in terms related to the genuine physical problem (P s) (Theorem 2.2).

Theorem 2.2. If ūs := S−1
h u, the field of displacement us is asymptotically equivalent to ūs solution to

(P s
) Min

{∫

h

W∗(ê(v)) + μ̄⊥W⊥(e(v)⊥)dx −
∫

h

f h · v dx −
∫

�h+∪�h−

gh · v dh2 ; v ∈ V RM(
h)
}

V RM(
h) :=
{

v ∈ H1
�h

tat
(
h;R3) s.t. e33(v) = 0, ∂3eα3(v) = 0, 1 ≤ α ≤ 2

}
in the sense that

lim
s→0

∫

h

|
(1

ε
(ûs − ūs), us

3 − ūs
3

)
|p dx = 0, ∀p <

3

2

The limit problem (P s
) describes the equilibrium of a thin linearly elastic plate clamped along its lateral boundary and 

subjected to body forces f h and surface forces gh on its upper and lower boundaries with an imposed Reissner–Mindlin 
kinematics. This problem is basically a two-dimensional one set on the middle surface ω; it accounts for shear effects and 
is easy to solve numerically by a meshing of the sole ω.

3. Concluding remarks

Obviously, the large discrepancy between the magnitudes of the stiffness coefficients μ̂ and μ⊥ of the adhesive generates 
the Reissner–Mindlin limit kinematics of the structure. Also such a result can be obtained by more general distributions of 
adhesives and heterogeneous adherents. As problem (P) has a unique solution with ( f , g) in L2(
 ×{�+ ∪�−}; R3), one can 
insert in s an additional parameter of approximation for the loading. It is worthwhile to note that our study also supplies a 
model for thin elastic masonries (see [15]).

Eventually, in another context, the stage ε goes to zero shows that a two-dimensional rotational flow can be the limit of 
a distribution of irrotational flows in Y i

ε with suitable sliding conditions on the cells boundaries.
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