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will be complemented in this paper in the sense that the existence of finite time blow-up
solutions for arbitrarily high initial energy will be proved. Moreover, an abstract criterion

IF(,:Z:V girf?ﬂ'sion for the existence of global solutions that vanish at infinity will also be provided for high
p-Laplace initial energy.

High initial energy © 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
Global existence

Blow up

1. Introduction

In this paper, we investigate the following fast diffusion p-Laplace equation coupled with the homogeneous Neumann
boundary condition

ur = div(|Vu|P=2vu) + |u|9u — ﬁ Joluli~ludx, xeQ, t>0

au
|Vu|p_2%=0, XxedQ, t>0 (M
u(x, 0) =up(x), XeQ
. . N . 2N Np .
where € is a bounded domain in R™(N > 2) with smooth boundary 9<2, N12 <p<22<q+1<p*= N_p’ n is the
unit outward normal on 92, and the initial datum ug(x) satisfies
0 up(x) € L°(Q) N WHP(Q), fuo(x)dx=0 (2)

Q

It is easily seen from the structure of the nonlinearity and the homogeneous Neumann boundary condition that the integral
of the solution u(x, t) to problem (1) with respect to x is conserved, that is fQ ux,t)dx = fQ up(x)dx =0 as long as u(x,t)
exists.
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In recent years, parabolic equations with nonlocal reaction term like |u|9~'u — ﬁ fQ |u|?'u dx have been investigated

extensively because of their wide applications in many applied sciences. Interested readers may refer to [2-7,1,8-12] and
the references therein for the motivation to study problems like (1) and for some results on the existence of local and (or)
global solutions as well as solutions that blow up in finite time. In particular, the authors in [1] studied finite-time blow-up
and extinction of solutions to problem (1). To state the blow-up results in [1] a little more precisely, we first recall some
notations and definitions of functionals in that paper. Denote by ||u||, the L"(£2) norm of a Lebesgue function u € L"(2) for
1 <r<oo and let Wl’p(Q) be the subspace of W1-P(2), whose element u satisfies fQudx: 0. Wl’p(Q) will be equipped
with the norm ||u||Wl,p(Q) = (fQ |Vu|Pdx)1/P, which, by recalling Poincaré’s inequality, is equivalent to the classical one
equipped with W1-P(). Let B > 0 be the optimal constant of the embedding inequality

1,
lullg+1 < BIVullp, ueW,P(Q) (3)

where 1 <q < (Np — N+ p)/(N — p), and set

g+l 1 1 _p(+D)
a1 =B @1, |1 = (— — 7>B -p+T > ( (4)
p q+1

Moreover, define the energy functional

N 1 1
](t):J(U(X,f))Z/[EIVU(X,f)Ip— p

+1
e O Jdx (5)
Q

Then the main blow-up result in [1] is the following.

Theorem 1.1. (Blow-up with positive initial energy) Assume that max{1, [\%—i’z} <p<21<q=<(Np—N+p)/(N—p)and that
the initial datum ug(x) is chosen to satisfy J(up) < J1 and ||Vugllp > a1, where ] and o are given in (4). Then the weak solution

u(x, t) to problem (1) blows up in finite time.

In this paper, we will extend the blow-up result obtained in [1] to the case where the initial energy J(ug) is bigger
than J;. We will show, for any M > J4, that there exists a ug such that J(up) > M, and that the solution to problem (1)
with ug as initial datum blows up in finite time. The organization of the remaining of this paper is as follows. In Section 2,
we give some notations, definitions, and lemmas concerning the basic properties of the related functionals and sets. The
main results will be stated and proved in Sections 3.

Remark 1.1. In a recent paper [8], the authors investigated problem (1) for p > 2 and obtained the blow-up results when
p@@+1)

+1-p
condition that p > 2 plays an essential role in their proof and it seems that the proof cannot be generalized to the case
p < 2 trivially. It is not difficult to check that the methods used in this paper can also be applied to the case p > 2, and
our assumption on the initial data is a little weaker than that in [8]. Moreover, we also give an abstract criterion for the

existence of global solutions that tend to 0 in Wl’p(Q) as t tends to oo (vanish at infinity) in this case.

the initial datum ug satisfies |Q|%j(ug) < ||u0||g+l, by applying Levine’s concavity arguments (see [13]). The

2. Preliminaries

Since 1 < p < 2, the equation in (1) is singular at the points where Vu = 0, and therefore classical solutions may not
exist in general. We first give the definition of weak solutions to problem (1).

Definition 2.1. We say that a function u € L®°(§2 x (0, T)) N LP(0, T; W1-P(2)) with u; € L2(€2 x (0, T)) is a weak solution to
problem (1) if

t
1
_ p—2 . q-1, _ q-1
O/S[[mps [VulP~“Vu V¢+<|u| u | IS[|u| udx)go]dxds

:/u(x, Hex, t)dx—/uo(x)ga(x, 0) dx (6)

Q Q

holds for all ¢ € C'(Q x [0, T]).
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For u e W)P(Q), set

1
_ p_ q+1
Jw = ZIVully = el
1) = [ Vullh — Juli]

and define the Nehari’s manifold
N={ueWlP (@) Iw)=0, | Vull, # 0}
Ny ={uew P (@) 1w) >0}
N_={ue W) Iu) <0}

Since q+1 < Np/(N —p), the functionals J and I are well defined and continuous on W:’p(Q). Next, we define the potential
well (see [14]) and the set outside the potential well respectively by

W ={ueW!”(Q)Iw) >0, Ju) <du{o}
V={ueW!P(@)|Iu) <0, Ju) <d

where

d= inf sup J(Au) = inf J(u)
0£ueWlP (@) 2>0 ueN

is the depth of the potential well W. The positivity of d will be given in the next lemma.
Lemma 2.1. The depth d of the potential well W is positive.
Proof. Fix u € N. It follows from (3) and the definition of N that

IVully = llulgsy < B vul !

q+1

1\
which implies [|[Vul|p > <W) e Noticing that ¢ > 1 > p — 1, we have

1 1 q+1—p p
W) = —|Vullh — —— | Vullh = —— || Vu|| ™
Jwy=JIVully = o7 IVl = gy Vel
>q+1—p< 1 )ﬁzh
~ p(q+1) \BIH!

Taking infimum over N, we see that d > J; > 0. The proof is complete. O
Remark 2.1. Since B is the best embedding constant in (3), it is easy to check that d = J4.

For any s > d, define the (closed) sublevels of | by

F={uew @) Ju) <s}
By the definition of J(u), N, J* and d, we see that

1 1
Ne2NN S:{ueN‘(——— Vup<s} g, Vs>d 8
SENNJ S o) IVulp =) # > (8

We also define
As =inf{|lull2 |u € N5}, As=sup{|lullz | u e Ns} (9)

It is clear that XAg is nonincreasing with respect to s, and that Ag is nondecreasing.
Finally, we introduce the following sets:

B={uge Wl'p(Q) | the solution u = u(t) of (1) blows up in finite time}
Go = {uo € WIP(Q) | the solution u = u(t) of (1) tends to 0 in W) P(Q) as t — oo}

To study the long-time behaviors of solutions to problem (1) with high initial energy, we need the following properties
of the functionals and sets defined above.



1156 Y. Han / C. R. Mecanique 346 (2018) 1153-1158

Lemma 2.2.

(i) J(t) defined in (5) satisfies J'(t) = — fQ utzdx, and therefore is nonincreasing in t.
(ii) Ois away from both N and N_, i.e. dist(0, N) > 0, dist(0, N_) > 0.
(iii) For any s > d, the set J* N N is bounded in Wi’p(Q).

Proof. (i) The proof of (i) is accomplished by taking u; as a test function for smooth solutions. By approximation, we can
see that it also holds for weak solutions.
(ii) For any u € N, by the definition of d and (7) we see that

qg+1—p

1 1
d<Jw =—|Vullh — ——|vulh = [Vullb
p Pg+1 PTp@+1 P

N\ 1/p
denmmmsmdeuQN):JgHVMpz(%%%;g) .

For any u € N_, we have ||Vu||, # 0. Then it follows that

p q+1 1 g+1
IVully < llullgy, < B HIvVuly

which yields

1 ﬁ
1vully = (5577)
Therefore, dist(0, N_) = inf ||Vu|l, > 0.
ueN_

(ii) For any u € JSN N4, J(u) <s and I(u) > 0. Therefore, we have

1 1 1 q+1-—p p
s> JWw) = (= — —)IVullh + ——Iw) > — || Vu||
p q+1 Prg+1 p@+1) P
and
ps(g+1)
[Vullh < =————
q+1-p

The proof is complete. O
Lemma 2.3. For any s > d, As and A defined in (9) satisfy
0<is <Ag<+4o0 (10)

Proof. To show the positivity of A; we need the following Gagliardo-Nirenberg inequality for u € Wl’p(Q) (see [15]
page 241),

1 1 1- 1 1,
Iuld3 < Cnvully P uS Y vue wyP @) (11)
1 1 1 1
where « is determined by (5 + N E)a =3~ m and C is a positive constant depending only on N, p, and q. Since

2N

N+2
from (11) that

N,
<p<2and 2<q+1< N L4 , it is easy to check that « € (0, 1). Therefore, for any s > d and u € N;, we obtain
—-p

+1 +1 1-a)(g+1
IVully = ult] < vy @ uy ey (12)

which then yields that
V)b~ @@ < cfu§ @D (13)

By Lemma 2.2 (ii) and (8), we see that the left-hand side of (13) is bounded away from 0 no matter what the sign of
p —a(q+ 1) is. This proves As > 0 by the definition of A;. On the other hand, the fact that As < oo just follows from (8)

2N N
and the Sobolev embedding inequality [|u|2 < C.||Vullp since N2 < p is equivalent to 2 < p* = N—pp The proof is

complete. O
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3. Main results

With the help of Lemmas 2.2 and 2.3 and inspired by [16,17], we can give an abstract criterion for the existence of
global solutions that tend to 0 as t tends to oo or finite-time blow-up solutions in terms of As and A; for supercritical
initial energy, i.e. J(ug) >d.

Theorem 3.1. Assume that J(ug) > d, then the following statements hold:

(i) ifuo € Ny and |lugllz < A jug), then ug € Go;
(i) ifuo € N_and |lugll2 = A jug), then ug € B.

Proof. Denote by T(ug) or T the maximal existence time of the solutions to problem (1) with initial datum ug. When the
solution is global, i.e. T = co, we denote by

WP (@)

w(ug) = \{uls): s>1)

t>0

the w-limit set of ug.

(i) Assume that up € Ny with |Jugllz < A jqu,). We first claim that u(t) € Ny for all t € [0, T). If not, there would exist
a tp € (0, T) such that u(t) € N4 for t € [0,tg) and u(tp) € N. Recalling Lemma 2.2, (i) we have J(u(tp)) < J(up), which
implies that u(tp) € J/#0). Therefore, u(to) € N j(ug)- According to the definition of A j(yy), we have

luttodll2 = A o) (14)
On the other hand, it follows by choosing u x(¢, r,] as a test function in (6) and then using Lebesgue’s differentiation theorem
that

d 2

EIIU(t)Hz:—Zl(U) (15)

Noticing that I(u(t)) > 0 for t € [0, tp), we then have

luto)ll2 < lluoll2 < Ajg)

which contradicts the definition of A, and the claim is proved. Lemma 2.2 (iii) shows that the orbit {u(t)} remains

bounded in Wl'p(Q) for t € [0, T) so that T = oc0. Let w be an arbitrary element in w(ugp), then by (15) and Lemma 2.2 (iii),
we have

loll2 <Ajwy. J(w) = J(uo)

which, recalling the definition of A (,,) again, implies w(ug) N N = @. Therefore, w(ug) = {0}, i.e. ug € Go.
(ii) Assume that ug € N_ with |lugll2 > A ju,). By applying a similar argument as above, we see that u(t) € N_ for all
t € [0, T). Now suppose, on the contrary, that T = oo, then for every w € w(uy), it follows from (15) and Lemma 2.2 (i) that

lwll2 > Ajuy, J@) < J(uo)
By the definition of A ju,) again, we then infer that w(ug) N N = . Therefore, it must hold that w(ug) = {0}, which is

contradictive with the fact that dist(0, N_) > 0. Hence, T < oo as claimed, and the proof of this theorem is complete. O

Remark 3.1. Since A, > 0, Theorem 3.1 (i) is nontrivial. Moreover, Theorem 3.1 (ii) implies that there exists a up such
that J(ug) is arbitrarily large, while the corresponding solution u(x, t) to problem (1) with ug as initial datum blows up in
finite time. To illustrate this, we need the following proposition.

1 _
Proposition 3.1. Let ug € WP () with [ (ug) > d. If%mﬂ% J(ug) < ||u0||g+1, thenug € N_ N B.
1 _
Proof. Since % |Q|% J(ug) < ||uo||g+1, we obtain, by making use of Holder’s inequality, that
p@+1) _ a1 1 1), 021
i J(uo) < uoll3™ < lluolld 11 (16)

The last inequality in (16) is strict since ug is not a constant. Recalling the definition of J(ug), I(up) and noticing (16) we
have
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1 1 L1 1 Lo
up) = — | Vuollh — ——fluoll%7 = (= — —)|Juoll9} + —I(u
J(uo) pll ollp q—i—l” ollg+1 (p q+1)” ollg+1 p (uo)

Q+ g+1 , 1 1
— +zI(u up) + —I(u
IS 2 Juo ollg41 + 51(o) > J(uo) » (uo)

which implies that I(ug) <0, i.e. ug € N_.
To show that ug € B, it remains to prove |[ugll > A ju,) by Theorem 3.1 (ii). For this, V u € Njq,), we have

+1 q-1 +1 q-1
luly™ <1z llul] 1217 | Vullp

q+1 =
w1 p@+1) 1
=1Q| 2 (—— )IVullh
q+1-— q+1
q_P((H-U
<9z J( 0)
qg+1—

The last inequality holds because of (8). Taking supremum over N« on the left-hand side of the above inequality and
recalling (16), we obtain

~12(q+1)
Ay <1917 = J o) < fuoll3™!

i.e. lugllz2 = A j(ug)- Therefore, up € N_ N B, and this completes the proof. O
Theorem 3.2. For any M > d, there exists a up; € N_ N B such that J(upy) > M.

Proof. Similar treatments have been used in [16,17]. We repeat the proof here for the convenience of the readers. For any
M > d, let Q1 and Q2 be two arbitrary disjoint open subdomains of €2, and assume that v € W”’(SZ]) is an arbitrary
1p@+ 1)
q+1-— P

Fix a and choose a function w € W*’p(Qz) such that J(w)+ J(av) = M. Extend v and w to be 0 in 2\ ©; and Q\ Q3,
respectively, and set up =av + w. Then J(uy) = J(av) + J(w) = M, and

@+ 1)
luml$ > Jav)$ > Q)T LJ(u )
q+1-—

By Proposition 3.1, it is seen that up; € N_ N B. The proof is complete. O

nontrivial function. Since ¢ > p — 1, we can choose o > 0 large enough that J(xv) <0 and ||ocv||q’H |S'2|
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