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A hybrid computational fluid dynamics (CFD) and computational aeroacoustics (CAA) 
method is used to compute the acoustic field of turbulent hot jets at a Reynolds number 
Re = 316, 000 and a Mach number M = 0.12. The flow field computations are performed 
by highly resolved large-eddy simulations (LES), from which sound source terms are 
extracted to compute the acoustic field by solving the acoustic perturbation equations 
(APE). Two jets are considered to analyze the impact of exit conditions on the resulting 
jet sound field. First, a jet emanating from a fully resolved non-generic nozzle is simulated 
by solving the discrete conservation equations. This computation of the jet flow is denoted 
free-exit-flow (FEF) formulation. For the second computation, the nozzle geometry is not 
included in the computational domain. Time averaged exit conditions, i.e. velocity and 
density profiles of the first formulation, plus a jet forcing in form of vortex rings are 
imposed at the inlet of the second jet configuration. This formulation is denoted imposed-
exit-flow (IEF) formulation. The free-exit-flow case shows up to 50% higher turbulent 
kinetic energy than the imposed-exit-flow case in the jet near field, which drastically 
impacts noise generation. The FEF and IEF configurations reveal quite a different qualitative 
behavior of the sound spectra, especially in the sideline direction where the entropy source 
term dominates sound generation. This difference occurs since the noise sources generated 
by density and pressure fluctuations are not perfectly modeled by the vortex ring forcing 
method in the IEF solution. However, the total overall sound pressure level shows the same 
qualitative behavior for the FEF and IEF formulations. Towards the downstream direction, 
the sound spectra of the FEF and IEF solutions converge.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The understanding of the acoustic field of propulsive jets is one of the most elusive problems in aeroacoustics, although 
impressive research results have been obtained over the last few decades. The jet near field and the dominant noise sources 
strongly depend on the flow conditions at the nozzle exit. In other words, the overall reliability of an acoustic prediction is 
defined by the quality of the jet inlet conditions, and an accurate determination of the acoustic field requires the computa-
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tion of the flow inside the nozzle. Zaman [1], for example, experimentally showed that two jets with the same nozzle exit 
diameter but different interior nozzle details can produce remarkably varying spectra.

However, to reduce the computational costs, it was common in the past to exclude the nozzle geometry from the com-
putational domain. In those studies, usually artificial perturbations are imposed to prevent any spurious noise generation. 
The transition to a fully turbulent free-shear layer is initiated by synthetic fluctuations to obtain the correct spreading rate 
of the free-shear layer. Although highly developed inflow formulations exist, which are extremely useful for generic nozzle 
geometries, it is still questionable whether such inflow forcing methods yield an acceptably accurate sound field in the 
near field, i.e. sound pressure level distributions, directivity pattern etc., when technically relevant nozzle geometries are 
considered.

In a vast number of large-eddy simulation or direct numerical simulation studies, the effect of artificially forced inflow 
conditions on the development of cold jets was analyzed. Andersson et al. [2], for instance, exploited numerical data to 
determine the influence of the inflow conditions on the acoustic field. At a fixed Reynolds number, a jet with synthesized 
turbulence showed only a small change in the overall sound pressure level (OASPL) distribution compared to a jet without 
synthesized turbulence. Keiderling et al. [3] numerically studied the influence of inflow forcing on the flow and sound field 
of isothermal high subsonic jets. They introduced several instability modes to excite the jet turbulence. The amplitude of 
the inflow disturbances was changed in the range 1.5%, 3%, and 4.5% of the exit velocity. They reported that by increasing 
the forcing amplitude the low-frequency noise reduces. Moreover, they observed that, in the 3% and 4.5% amplitude cases, 
a tonal component at St = 0.9 occurs, which reduces the frequency where the decay of the SPL spectra occurs. Bogey and 
Bailly [4] numerically examined the effect of the flow state at the nozzle exit of initially laminar jets on the flow and the 
resulting acoustic field. They showed that the pairing noise was shifted to higher frequencies as the momentum thickness 
decreases. They also found a noticeable noise level reduction when random perturbations at the inlet section of the jet 
are imposed. Furthermore, Bogey and Marsden [5] numerically analyzed the impact of nozzle exit boundary layer thickness 
on the sound field of subsonic isothermal jets. The inflow distribution was excited by random vortical disturbances. They 
observed that for an increased boundary layer thickness, the noise level decreases due to the reduction of the turbulence 
intensities in the near sound field. Bodony and Lele [6] reviewed numerous jet studies being performed at various flow 
conditions. They concluded that the inflow forcing has a remarkable impact on the turbulence level and the sound field of 
the jet.

Other jet studies focused on hot flow conditions. Bodony and Lele [7] explored jets at heated and unheated flow con-
ditions. Their results exhibited a lower noise level in the unheated jet at a low Mach number M = 0.51. It is known that 
heated transonic jets, i.e. M > 0.7, reduce the noise level, while the noise level is increased for high subsonic jets, M < 0.7, 
compared to the unheated jets at the same jet velocity [8]. Koh et al. [9] numerically investigated single and coaxial jets 
for hot and cold stream conditions. They showed that the low-frequency noise is enhanced by the pronounced temperature 
gradients that intensify the turbulent structures. The experimental results in [10] evidenced the dependence of the spectral 
shape of the acoustic field on the jet temperature, showing an extra hump in the frequency band. Furthermore, subsonic 
heated jets showed an enlargement of the maxima of the acoustic spectra at acute angles. Gloor et al. [11] numerically 
investigated the sound field of coaxial hot jets at various temperature ratios between the primary core and the secondary 
core. They reported, for a higher temperature of the primary core of the jet, an increase of the overall sound pressure level. 
Far-field measurements of high subsonic jets at varying fluid temperatures were analyzed in [12]. It was found that, at a 
constant Mach number, an increasing jet temperature decreases the high-frequency content of the noise spectra at shallow 
radiation angles.

Nozzles with built-in components create an internally mixed multi-shear-layer flow that increases the complexity of the 
flow state at the exit. The studies [13–17] showed the importance of the internal nozzle geometry upstream of the nozzle 
exit on the flow field, and thus on the jet noise. Recent efforts focused on the impact of the inner nozzle geometry on 
the exhaust plume and the resulting acoustic field. Fan flow deflectors, i.e. wedges, vanes etc., for example, are analyzed 
in [18–21]. Overall, it was found that nozzle built-in components can yield an acoustic shielding effect, i.e. the noise level 
is mitigated by an increased turbulent mixing in the jet near field. However, it has to be stated that, in the majority of 
the studies, in which large-eddy simulations or direct numerical simulations were performed, the influence of the nozzle 
geometry has not been discussed to avoid the enormous computational costs.

The investigation of the impact of the various nozzle exit formulations on the sound field is the purpose of this study. 
As stated above, previous studies mostly focused on single and coaxial jet flows by prescribing steady inflow distributions 
plus some perturbations to excite the nonlinear growth of the shear layer instabilities. A study in which the influence of the 
exit conditions from a realistic multiple shear layer generating nozzle flow on the acoustic field is analyzed is still missing. 
To investigate such a problem, a slightly simplified helicopter nozzle geometry, which generates an inner shear layer created 
by flow structures shedding from a centerbody and an outer shear layer from the nozzle lip, is considered.

Highly resolved numerical analyses for low Mach number turbulent hot jets are performed to determine the effect of 
exit conditions on the resulting acoustic field. The Reynolds number is Re = 316, 000 and the Mach number is M = 0.12. 
Two jet setups are considered by large-eddy simulations (LES) that determine the sound source terms of the acoustic field, 
which is simulated by solving the acoustic perturbation equations (APE). In the first setup, the internal nozzle flow is 
computed so that the nozzle exit flow is determined by the LES solution of the conservation equations. This case is denoted 
free-exit-flow (FEF) formulation. In the second setup, the details of the flow inside the nozzle are not considered. This 
formulation is comparable to the standard approach in the literature. The time averaged flow distribution of the nozzle-jet 
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solution of the FEF case plus a jet forcing define the nozzle exit flow distribution, i.e. the inflow of the second jet analysis. 
This formulation is denoted imposed-exit-flow (IEF). The acoustic fields of the FEF and the IEF approach are compared.

The present article has the following structure. First, the numerical methods of the flow and acoustic computations are 
introduced. Then, the flow and acoustic problem setups of the two jet configurations are briefly described. Subsequently, the 
essential findings of the flow fields are concisely summarized, while the acoustic fields and the differences are discussed in 
detail. Finally, the essential results are summarized.

2. Numerical method

2.1. Flow field

The turbulent, unsteady, compressible flow field is determined by solving the Navier–Stokes equations using a massively 
parallelized unstructured Cartesian finite-volume cut-cell method. The large-eddy simulation is based on the monotone 
integrated large-eddy simulation (MILES) approach [22]. That is, the truncation error of the numerical scheme mimics the 
dissipation of the unresolved subgrid scales.

The convective fluxes of the governing equations are formulated by a low dissipation version of the advection upstream 
splitting method (AUSM) [23]. The cell center gradients for the second-order derivatives are computed using a second-order 
accurate least-squares reconstruction scheme [24] so that the overall spatial approximation is second-order accurate. An 
explicit second-order 5-stage Runge–Kutta method is used for the temporal integration of the conservation equations [25].

A Cartesian unstructured fully parallel mesh generator with hierarchical mesh refinement is used for the grid genera-
tion [26]. In the vicinity of the boundaries, the equidistant cells are reshaped into cut cells [24], where fully conservative 
boundary conditions are applied. Small cut-cells are treated using an interpolation and flux-redistribution method devel-
oped by Schneiders et al. [25,27]. Further details of the numerical methods are described by Meinke et al. [23] and Hartman 
et al. [24]. This solution method has been validated for several internal and external flow problems such as various jet flows, 
axial fan flows, premixed flames, etc. [28–30].

At the inflow boundaries of the flow problems, a zero-pressure gradient normal to the inlet plane is prescribed. Adiabatic 
no-slip conditions with a zero-pressure gradient are imposed on the walls. For the outflow and lateral boundary conditions, 
a constant static pressure is prescribed and all other variables are extrapolated along linearized characteristics from the 
interior domain. To prevent spurious reflections from the boundaries, sponge layers are prescribed [31].

2.2. Acoustic field

The acoustic perturbation equations (APE) are applied to determine the sound propagation and to identify the dominant 
noise sources. Since a compressible flow problem is considered, the APE-4 system is used [32]. The acoustic perturbation 
equations were derived from the continuity and Navier–Stokes equations. Using an expression for the excess density ρe =
(ρ − ρ) − (p − p)/a2, where the overbar denotes mean quantities, the rearranged APE-4 system [33] reads

∂ p′

∂t
+ a2∇ ·

(
ρu′ + u

p′

a2

)
= a2(qc + qe) (1)

∂u′

∂t
+ ∇ (
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(

p′

ρ

)
= qm (2)

The right-hand side source terms are

qc = −∇ · (ρ ′u′)′ (3)

qe = −∂ρe

∂t︸ ︷︷ ︸
qet

−∇ · (ρeu)︸ ︷︷ ︸
qes
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2

)′
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ρ
−

(∇p
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)′
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The excess density represents the difference between the density and the pressure perturbation at an analogous acoustic 
medium whose density perturbation is isentropic, and the sound speed is a [34].

The first step of the hybrid method is based on an LES for the turbulent jet flow to provide the data of the noise source 
terms in Eqs. (3), (4), and (5). Then, the corresponding acoustic field is computed by solving the acoustic perturbation 
equations (1) and (2).

To accurately resolve the acoustic wave propagation, a 6th-order dispersion-relation-preserving finite-difference 
scheme [35] is used for the spatial discretization and an alternating 5–6-stage low-dispersion and low-dissipation Runge–
Kutta method for the temporal integration [36]. On the embedded boundaries between the inhomogeneous and the 
homogeneous acoustic domain, a damping zone has been implemented to suppress spurious sound generated by the 
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Fig. 1. Rear section of the nozzle geometry and coordinate system. The x-direction defines the streamwise direction.

Fig. 2. Sketch of the computational domain of the flow fields for the FEF (—) and the IEF case (−−).

acoustic-flow-domain transition [37]. A detailed description of the two-step method and the discretization of the Navier–
Stokes equations and the acoustic perturbation equations is given in [38].

For the acoustic computations, non-reflecting boundary conditions [35] are prescribed on the boundaries of the compu-
tational domain.

3. Problem definition and computational mesh

3.1. Flow field

Fig. 1 illustrates the interior of the divergent annular axisymmetric nozzle used in the LES computation of the FEF case. 
The details of the nozzle geometry and the extent of the computational domains of the FEF and the IEF case are given in 
Fig. 2. The quantity R i is the nozzle inlet radius, Rcb the radius of the centerbody, and Re the nozzle exit radius. The nozzle 
expansion ratio Re/R i is 1.3125 and the ratio of the radii of the centerbody and the exit cross section Rcb/Re is 0.42.

As stated before, two computational setups are considered. For the free-exit-flow (FEF) configuration, in which the flow 
inside the nozzle is computed, isotropic synthetic turbulence is superimposed to the steady flow field at the inflow plane 
with 10% turbulence intensity. Note that the inflow plane is located 3.42 Re upstream of the nozzle exit (Fig. 2). This 
synthetic turbulence generation method is only used to prescribe the inflow distribution for the FEF configuration. The 
method that yields a divergence-free velocity distribution is described in detail in [39].

The inflow plane of the imposed-exit-flow (IEF) configuration matches the exit cross section of the nozzle (Fig. 2). To 
trigger the growth of the instabilities of the free-shear layer shed from the centerbody and the wall-bounded shear layer, 
two distinct vortex rings are prescribed for the inner (r/Re ≈ 0.45) and the outer (r/Re ≈ 1) shear layer.

The axial and radial vortex ring velocities are

Uax,ring = 2rring

r�y
exp

(
−ln(2)

�(x, r)2

(�y)2

)
(r − rring) (6)

V rad,ring = 2rring exp

(
−ln(2)

�(x, r)2

2

)
(x − xring) (7)
r�y (�y)
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Table 1
Coefficients of the velocity distribution of Eq. (10).

Coefficient a0 a1 a2 a3 a4 a5

IEF u(r) 0.0037333 0.22194 −0.20494 2.1886 −70.185 −8.3139

Coefficient a6 a7 a8 a9 a10

IEF u(r) 208.9 7.0968 10.165 −206.51 0.11101

Fig. 3. (a) Axial velocity, (b) density distributions of the jets for (—) FEF, (−−) IEF. The distributions of the FEF solution is obtained by time averaging the 
solution at the nozzle exit, whereas the IEF solution is determined by a 10th-order polynomial fit and the Crocco–Busemann relation.

where rring and xring are the ring radius and the axial position. Using the thickness of the ring in the axial and radial 
direction, i.e. x − xring and r − rring, the quantity �(x, r)2 is defined �(x, r)2 = (x − xring)

2 + (r − rring)
2 and �y is the grid 

spacing in the y-direction. Note that the vortex ring possesses no azimuthal velocity component.
The aforementioned defined vortex ring velocities change the axial and radial velocities at each time step

uax = uax +
m∑

i=n

α εi cos(iϕ + ϕi) ue Uax,ring (8)

vrad = vrad +
m∑

i=n

α εi cos(iϕ + ϕi) ue V rad,ring (9)

The inflow forcing is based on the azimuthal modes where α is the force coefficient. The quantities m, n represent the 
lower and upper bounds of the modes. The random amplitude εi and phase ϕi differ at each time step between −1 and 1 
and 0 and 2π.

The radial thickness of the inner and outer vortex ring is r − rring = 0.0228 Re and r − rring = 0.015 Re and the axial 
thickness of both rings is x − xring = 0.015 Re. The same forcing parameters, i.e. force coefficient α, number of modes 
(m − n + 1), etc., are prescribed for both rings as in the reference study in [40].

A 10th-order polynomial fit is prescribed for the axial velocity distribution

u(r) = a0 +
10∑

i=1

ai · ri (10)

at the nozzle exit which represents the inlet plane of the IEF case to match the mean nozzle exit velocity distribution 
of the FEF configuration. Table 1 shows the coefficients of Eq. (10) for the IEF problem. Moreover, the Crocco–Busemann 
relation [40] is used to map the nozzle exit density distribution of the FEF case onto the inlet of the IEF solution.

The maximum time averaged radial velocity vrad,max in the FEF configuration is less than 0.0056 ue in the nozzle exit 
plane. Thus, its impact is negligible in the inflow distribution of the IEF solution.

The comparison of the axial velocity and the density distributions of the conservation equation based solutions of the 
FEF configuration and the prescribed polynomial based distribution for the IEF case is shown in Fig. 3. The radial profiles 
obtained by Eq. (10) and the Crocco–Busemann relation for the IEF case almost perfectly match the mean nozzle exit 
distributions of the FEF case.

The flow problems possess a temperature ratio of Te/T∞ = 3.1, where Te is the nozzle exit temperature for the FEF 
formulation and the jet inlet temperature for the IEF formulation. The Reynolds number ReDe = ρeue De

ηe
is defined based on 

the exit conditions, where ρe is the density, ue is the average nozzle exit axial velocity
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Fig. 4. Cartesian meshes for the free-exit-flow problem FEF where x/Re = 0 is the nozzle exit (left) which also defines the jet inlet for the imposed-exit-flow 
problem IEF with an enlargement for the final refinement level jump (right).

Fig. 5. Schematic of the acoustic computational domain in the x−y plane, ——— APE domain, − − − acoustic source region, Re is the nozzle exit radius.

ue = 1

A

∫
u · �n dA (11)

De = 2Re the nozzle exit diameter, and ηe the dynamic viscosity. The Reynolds number for the FEF and IEF cases is ReDe =
316, 578. The Mach number M j = ue

a∞ based on ue and the ambient speed of sound a∞ is M j = 0.12 for both cases.

The LES meshes are generated by the parallelized Cartesian mesh generator [26]. The FEF grid contains 329 × 106 mesh 
cells, where the minimum cell length in the x-, y-, and z-directions is �xmin = �ymin = �zmin = 0.00297 De. A grid con-
vergence study in [30] showed that the current mesh resolution is sufficient to capture all the important features of the 
turbulent energy spectrum. The IEF grid contains 250 × 106 cells, where the grid is identical to the FEF case in the free-jet 
region. Fig. 4 depicts the Cartesian meshes used for the flow computations.

3.2. Acoustic field

Fig. 5 shows a schematic of the computational domain to determine the acoustic field. The noise source region extends 
by 17.4 Re in the axial direction and 4.6 Re in the sideline direction. The acoustic perturbation equations are solved on a 
domain that extends by 48Re in the axial direction and 52 Re in the sideline direction. The minimum/maximum spatial 
step of 0.024 Re/0.53 Re in the sideline direction and the constant spacing of 0.024 Re in the jet direction of the source 
region result in approx. 108.5 million cells to resolve the acoustic field. The time step is �t = 0.011 Re/a∞ . Based on 
the summation by parts dispersion-relation-preserving scheme, the spectral resolution in the wavenumber space requires at 
least five points per wavelength λ. Consequently, on the present acoustic mesh, the maximum Strouhal number St = f De/ue
based on the frequency f, the nozzle exit diameter De, and the mean axial exit velocity ue is approximately Stmax = 3, 
where the mean wavelength λ is 5 times the grid spacing at a position (x = 15 Re, y = 11 Re) of the acoustic domain. 
Table 2 summarizes the essential mesh and simulation parameters of the LES and APE computations.

4. Results

The flow field and the acoustic field of the free-exit-flow FEF and the imposed-exit-flow IEF configurations are analyzed. 
Note that the flow fields are discussed in great detail in [41], so that only a brief description of the FEF and IEF flow fields 
will be given. The differences in the development of the shear layers and the turbulent structures, which define the acoustic 
sources and as such the jet noise, will be evidenced since this information is necessary to understand the acoustic fields. 
The focus of the current discussion, however, will be on the FEF and IEF sound fields, which will be described at length. 
That is, while the investigation in [41] was on the flow field, the current analysis is new in the sense that the acoustic fields 
are addressed.
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Table 2
Simulation features of the flow and acoustic simulations.

Mach number M 0.12
Reynolds number ReDe 316,578
Te/T∞ 3.1
Min. cell length �x = 0.00297 De

Number of samples 2251

Simulation time
Flow field 128 De/ue

Acoustic field 638 De/a∞

Mesh points
Flow field FEF 329 × 106

Flow field IEF 250 × 106

Acoustic field 108 × 106

4.1. Flow field

The FEF and IEF flow computations are run for 128 De/ue convective time units to reach a fully developed turbulent flow 
regime. For the averaged flow field and the turbulence statistics, 2251 LES snapshots within 70 De/ue convective simulation 
time units are used. First, the instantaneous FEF and IEF flow fields are shown, then the time-averaged flow fields are 
qualitatively and quantitatively discussed. Finally, spectral analyses of turbulent quantities are investigated.

4.1.1. Instantaneous flow field
An overall impression of the jet flow field is given by the instantaneous contours of the vorticity component in the 

z-direction in Fig. 6. Compared to the IEF solution, the FEF solution shows a more perturbed flow distribution in the jet 
near field caused by the wall-bounded shear layer and the free-shear layer emanating from the centerbody. Therefore, no 
clear potential core exists in the FEF formulation. The IEF solution possesses two distinct shear layers right downstream of 
the exit. The inner shear layer is generated by the centerbody and the outer shear layer from the outer nozzle wall. These 
shear layers merge approx. five jet diameters downstream of the exit section. The comparison of the FEF and IEF solutions 
shows that the vortex ring forcing method, which is used to trigger the shear layer instabilities, can not perfectly model the 
free jet flow in the near field, since the perturbation of the inner shear layer, which determines the wake of the centerbody, 
is too local.

4.1.2. Time averaged flow field
The contours of the time-averaged axial velocity in the central x−y plane are illustrated in Fig. 7. The FEF solution 

is characterized by a pronounced recirculation region right downstream of the centerbody inside the nozzle. This flow 
structure with an increased radial momentum exchange leads to a velocity distribution that determines the cone-like shape 
of the contours. Unlike the FEF configuration, the velocity contours of the IEF formulation result in a cylinder-like shape 
just downstream of the inflow plane. That is, although the axial velocity distributions of the FEF and IEF formulations in the 
x/Re = 0 plane match, the flow development in the streamwise direction differs dramatically.

The temperature distributions of both solutions are plotted in Fig. 8. It is evident that although the exit distributions 
at x/Re = 0 match for both solutions, further downstream, i.e. for x/Re > 0, the temperature profiles differ due to the 
varying turbulent mixing in the jet near field. The FEF solution possesses a stronger temperature shear layer than the IEF 
solution caused by the turbulent wake generated by the centerbody which is missing in the IEF solution. Fig. 9 shows the 
turbulent kinetic energy k = 1

2

(
u′2 + v ′2 + w ′2

)
distributions on the centerline, on the line in the shear layer region of 

the centerbody, and on the nozzle lip line. The distributions of the FEF solution on the centerline and on the line in the 
shear layer region of the centerbody in Figs. 9(a) and 9(b) have a much higher turbulent kinetic energy level close to the 
nozzle exit than the IEF solutions. That is, the turbulent structures, being shed from the centerbody, increase the turbulent 
fluctuations in the jet near field of the FEF solution, which is not perfectly modeled on the centerline and centerbody’s 
shear layer in the IEF solution. The FEF distribution on the nozzle lip line in Fig. 9(c) possesses a higher increase than the 
IEF solution right downstream of the nozzle exit due to the delayed generation of turbulence by the forcing via vortex rings. 
However, both distributions almost match for x/Re > 10. This means that the synthetically imposed flow distribution is a 
better model for the outer free-shear layer than the inner shear layer.

The two-point space-time correlation Ruu(x, τ ) = <u′(x,τ )u′(x+�x,t+τ )>

<u′2(x,t)>
distributions as a function of the streamwise dis-

tance �x and the time shift τ in the centerbody’s shear layer and outer free-shear layer at x/Re = 15 are shown in Fig. 10. 
Again, the illustration shows that the IEF solution in the centerbody’s shear layer decays more rapidly than the FEF solu-
tion, while the distributions in the outer free-shear layer almost match. Both solutions possess a Gaussian shape decay as 
discussed in the studies [30,42].
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Fig. 6. Contours of the instantaneous distribution of the vorticity component in the z-direction color coded by the density in the central x−y plane; 
the levels are chosen between min and max magnitudes where −10 < ωz < 10 for the FEF configuration and −2 < ωz < 2 for the IEF configuration; 
(a) free-exit-flow problem FEF, (b) imposed-exit-flow problem IEF.

Fig. 7. Time averaged axial velocity contours u/ue of the (a) free-exit-flow problem FEF, (b) imposed-exit-flow problem IEF.

Fig. 8. Temperature distributions in the radial direction at several streamwise locations for (—) FEF, (−−) IEF.
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Fig. 9. Streamwise distribution of the turbulent kinetic energy k (a) on the centerline (r/Re = 0), (b) on the line in the shear layer region of the centerbody 
(r/Re = 0.45), and (c) on the lip line (r/Re = 1) for the FEF (—) and the IEF case (−−).

Fig. 10. Two-point space-time correlations of the fluctuating axial velocity component Ruu at the reference point x/Re = 15 for several streamwise distances 
�x along (a) the line in the shear layer region of the centerbody (r/Re = 0.45) and (b) the nozzle lip line (r/Re = 1) for the FEF (—) and the IEF case (−−).

4.1.3. Spectral analysis of the turbulent quantities in the jet near field
Next, the spectral content of the pressure fluctuations and the contours of the Fourier transformed auto-correlation 

Ruu(τ ) = <u′(t)u′(t+τ )>

<u′2 (t)>
distributions of the axial velocity fluctuations are analyzed in the jet near field.

The power spectral density (PSD) distributions of the FEF and IEF cases are illustrated in Fig. 11. Two probe locations 
are considered, one in the centerbody’s shear layer x/Re = 20, r/Re = 0.45 and one in the outer free-shear layer x/Re = 20, 
r/Re = 1. The IEF solution possesses a lower amplitude in the high-frequency range St > 4 in the centerbody’s shear layer 
in Fig. 11(a) and the distributions in the outer free-shear layer in Fig. 11(b) almost match. This indicates that the vortex 
ring forcing method better mimics the spectral content of the wall-bounded shear layer in the nozzle exit plane than that 
of the free-shear layer. The contours of the Fourier transformed auto-correlations Ruu of the axial velocity component are 
illustrated in Fig. 12. The IEF solution at x/Re = 10 in Fig. 12(b) shows a less pronounced high-frequency spectral content 
in the region −2 < r/Re < 2 than the FEF solution in Fig. 12(a), which is related to the less pronounced turbulent mixing in 
this cross section. Further downstream at x/Re = 20, both jets reveal a qualitatively almost likewise distribution in Figs. 12(c) 
and 12(d).
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Fig. 11. Power spectral density (PSD) distributions of the pressure fluctuations in (a) the centerbody’s shear x/Re = 20, r/Re = 0.45 and (b) the outer shear 
layer x/Re = 20, r/Re = 1 for the FEF (—) and the IEF case (−−).

Fig. 12. Contours of the Fourier transformed auto-correlations in the radial direction (a) at x/Re = 10 for the FEF case, (b) at x/Re = 10 for the IEF case, 
(c) at x/Re = 20 for the FEF case, (d) at x/Re = 20 for the IEF case.

4.2. Acoustic field

The analysis of the results of the acoustic field contains two parts. In the first part, the overall noise fields of the FEF and 
IEF configurations are juxtaposed to emphasize the influence of the exit conditions on the noise radiation. In the second 
part, the analysis focuses on the impact of the various noise sources on the sound field.

4.2.1. Impact of the exit conditions on the overall noise field
First, the impact of the FEF and IEF configurations on the various noise sources is analyzed. The sound sources are 

determined by the unsteady eddy motion and the momentum intrusion of convecting turbulence [43] which varies for the 
individual jet configurations.

In Fig. 13, the contours of the acoustic pressure in the near field of the jet are illustrated in the range |p′/ρ0a2
0| ≤

5 × 10−6. The IEF configuration in Fig. 13(b) obviously generates less noise than the FEF configuration in Fig. 13(a), since the 
pronounced vortical structures generated by the centerbody are hardly modeled by the IEF formulation. The lower acoustic 
energy in the IEF jet is due to the lower turbulent kinetic energy distribution, as shown in Fig. 9. The large amplitude, 
which has a wavelength of approximately 30 Re, corresponds to the non-dimensional frequency St = f De/Ue = 0.56. In this 
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Fig. 13. Acoustic pressure contours determined for the configurations (a) FEF and (b) IEF, the range of the acoustic pressure is normalized by ρ0a2
0 is 

|p′/ρ0a2
0| ≤ 5 × 10−6; the five-microphone array is located at a radial position r/Re = 6 from the centerline.

frequency range, the turbulent fluctuations associated with the entropy source qe are much more pronounced for the FEF 
than the IEF configuration. The details of the sound spectra are analyzed next, and the impact of the FEF and IEF for-
mulations is discussed for all the source terms. That is, the distributions of the acoustic pressure signals determined on 
the five-microphone array at a radial position r/Re = 6 shown in Fig. 13(b) are analyzed. The sound spectra determined 
by all the source terms in Fig. 14 show the variation of the source contribution to the acoustic generation in the near 
field. The acoustic field of the IEF configuration shows almost similar decaying sound spectra at all streamwise locations 
3 ≤ x/Re ≤ 15 with amplitudes increasing by 10 dB in the streamwise direction at low frequencies St < 0.4. The FEF con-
figuration, however, possesses, on the one hand, higher amplitude sound spectra than the IEF formulation and, on the other 
hand, a different qualitative behavior for x/Re ≤ 9. This difference is defined by the increasing and decreasing distribution 
in the frequency range 0.2 ≤ St ≤ 0.8. It will be shown that this variation is strongly determined by the entropy source 
distributions. The spectral peak changes from a higher frequency St = 0.45 for x/Re ≤ 9 to a lower frequency St = 0.04 at 
the position x/Re = 15. The IEF configuration does not yield the same broadband distribution since the acoustic sources of 
the excess density ρe of the IEF solution do not match the same level as in the FEF solution due to the delayed transition. 
The sound spectra in the near field indicate that the forcing used for the prescribed inflow profile does not generate the 
turbulent fluctuations coupled with the thermal expansion and the entropy variation. The forcing by velocity fluctuations 
does not suffice to mimic the overall character of the acoustic field generated by the real nozzle flow.

4.2.2. Impact of the exit conditions on the source terms
The following discussion focuses on the analysis of the impact of the exit conditions on the distributions of the decom-

posed acoustic sources in the APE-4 system. The source components are divided into three parts, i.e. the momentum qm, 
the entropy qe, and the nonlinear qc sources in Eqs. (1) and (2). The momentum source qm in Eq. (5) contains besides the 
fluctuations of the Lamb vector components, i.e. the vortex sound source, the thermodynamic fluctuations, and the nonlin-
ear effects of the turbulent kinetic energy. Considering the result of the hot-jet analysis in [9], in which the temperature 
gradient was a major sound source contributor, the entropy source term is expected to strongly contribute to the noise 
generation.

In Fig. 15, the axial development of the sound sources is presented by the distributions of the root-mean-square (rms) 
values of the acoustic source terms in Eqs. (3), (4), and (5). On the outer shear layer r/Re = 1, the source terms containing 
the heat components, i.e. the source qc in Fig. 15(a) and the source qe in Fig. 15(b), are highly intensified immediately 
downstream of the nozzle exit.

On the centerline r/Re = 0, the strong increase of the qc and qe sources is shifted downstream, i.e. the rms peaks occur 
at higher x/Re locations since the turbulent mixing has to grow in the streamwise direction. It is evident that this shift 
of the qc and qe peaks in the downstream direction is more pronounced for the IEF than the FEF formulations. Moreover, 
the maxima of the FEF solutions are always greater than the IEF maxima. Unlike the qc and qe findings, the qm distribu-
tions of the FEF and IEF formulations are not qualitatively alike. The qm distributions of the FEF case in Fig. 15(c) almost 
monotonically decrease in the streamwise direction on the centerline and on the outer shear layer, while the IEF solutions 
possess a local extremum downstream of the nozzle exit plane. It goes without saying that this varying behavior is due to 
the lower turbulent mixing intensity initialized by the vortex ring forcing method. Since the sound sources qc, qe, and qm
determine the acoustic field, a large quantitative difference of the FEF and IEF sound fields is determined in Fig. 14. It is 
evident from Fig. 16 that the overall sound pressure level of the FEF configuration is higher than that of the IEF case. This 
result is true for the individual source terms qc, qe, and qm and consequently also for the combination of all sources. The 



M.O. Cetin et al. / C. R. Mecanique 346 (2018) 932–947 943
Fig. 14. Sound spectra determined by all acoustic source terms for the configurations FEF (———) and IEF (− − −) in the near field at a radial position 
r/Re = 6 for the axial coordinates (a) x/Re = 3, (b) x/Re = 6, (c) x/Re = 9, (d) x/Re = 12, and (e) x/Re = 15.

qualitative behavior of the qe and qm sources is different for the FEF and IEF formulations. The qe distribution of the FEF 
solution decreases, while that of the IEF solution increases with the streamwise position. This seems to be caused by the 
pronounced downstream shift of the peak on the centerline illustrated in Fig. 15(b). The qualitative difference in the qm
distributions in Fig. 16(b) is less dramatic since both solutions increase for x/Re ≥ 8. Only just downstream of the nozzle 
exit, the FEF solution shows unlike the IEF solution a plateau-like distribution. The comparison with Fig. 15(c) indicates that 
this discrepancy is again caused by the varying development on the centerline. The distributions of the qc term possess the 
same tendency. The amplitudes of the OASPL for the FEF and IEF solutions grow with a slightly higher slope for the FEF 
case. Note that in the FEF and IEF formulations, the entropy source qe is the leading term of the overall sound pressure 
level in the near field shown in Fig. 16. The OASPL difference between two configurations FEF and IEF is increased up to 
12 dB in the sideline acoustics where the entropy source possesses the dominant impact on the noise generation. In the IEF 
solution, the temperature and the density fluctuations have to be excited by the jet forcing and augmented by the mixing 
process. They show a delayed growth in the streamwise direction without reaching the FEF amplitudes in the near-field 
region x/Re ≤ 15. Fig. 17 shows the acoustic contribution of the various noise sources on the sound spectra. In the left 
column, the sound spectra of the sideline acoustics x/Re = 3 are presented and in the right column, the distributions of the 
downstream acoustics x/Re = 15 are illustrated. The acoustic contribution by the nonlinear source qc in Fig. 17(a) shows 
that the sideline acoustic generation of the FEF formulation is higher than that of the IEF case over the complete frequency 
range St ≤ 2.8. The FEF and IEF downstream sound spectra are almost alike except in the very low frequency range.

The impact of the high temperature of the jet on the noise is evidenced by the entropy source qe in Fig. 17(b). For the 
FEF configuration, the sound generation in the sideline direction results in a much higher acoustic radiation than the IEF 
configuration. This varying qualitative and quantitative behavior of the FEF and IEF solutions diminishes in the streamwise 
direction which is shown at x/Re = 15 in Fig. 17(b). As illustrated by the distributions of the OASPL in Fig. 16, the dominant 
acoustic source is the strong temperature or density gradients so that the sound spectrum from the entropy source qe
almost matches the full source acoustic spectra shown in Fig. 14(a).
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Fig. 15. Axial distributions of the rms values of the acoustic sources determined on the centerline (left column) and on the free-shear layer r/Re = 1 (right 
column), (a) continuity source qc in Eq. (3), (b) entropy source qe in Eq. (4), (c) momentum source |qm| in Eq. (5).

The momentum source in Fig. 17(c) has a minor impact on the sideline acoustics than the entropy source. Due to 
the vortical structures shed from the centerbody, the FEF configuration has a peak at St = 0.6 in the distribution of the 
qm source term [15], which is also visible as a second peak in the distribution of all source terms in Fig. 14(a). At the 
downstream position x/Re = 15, the acoustic contribution of the momentum source becomes the dominant term in the 
low-frequency range with a peak near St ≈ 0.04 (Fig. 14(e), Fig. 17(c)). The IEF configuration possesses a lower, qualitatively 
similar qm sound spectrum distribution. Only the pronounced peak in the sideline direction caused by the free-shear layer 
emanating from the centerbody is missing.

The FEF solution generates strong broadband acoustics in the frequency range St < 0.8, with a peak located at St = 0.45. 
The turbulent flow includes a high-intensity entropy source that describes the acoustic contribution of the excess density ρe

in Eq. (4). The entropy source consists of two parts, i.e. the local derivative of the excess density qet = − ∂ρe
∂t and the spatial 

rate of change of the product of the excess density and the mean velocity qes = −∇ · (ρeu). Due to the dominance of the qe
term in the sound spectra the noise generation of the individual parts is illustrated in Fig. 18 for the FEF and IEF solutions 
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Fig. 16. Overall sound pressure level determined for the configurations FEF (———) and IEF (− − −) in the near field of a radial position r/Re = 6 based on 
various combinations of the acoustic source terms, (a) all source terms (•), qc (�), and qe (�), (b) all source terms (•) and qm (�).

Fig. 17. Sound spectra determined by the individual acoustic source terms for the configurations FEF (———) and IEF (− − −) in the near field at a radial 
position r/Re = 6 and the streamwise coordinates of x/Re = 3 (left column) and x/Re = 15 (right column), (a) source qc in Eq. (3), (b) source qe in Eq. (4), 
(c) source |qm| in Eq. (5).

at the axial positions x/Re = 3 and x/Re = 15. In Figs. 18(a) and 18(c), the sound generation of qet is more pronounced than 
that of the total entropy term qe, i.e. the SPL of the total entropy source is determined by partial acoustic source cancellation 
of qet and qes. The sound spectra of qet and qes show a similar frequency dependence since both terms are dominated by 
the turbulent fluctuations of the excess density ρe. The comparison of the FEF and IEF solutions, i.e. Figs. 18(a) and 18(b)
and Figs. 18(c) and 18(d), shows the major difference to occur in the sideline direction. Further downstream at x/Re = 15, 
the mixing process has excited the density fluctuations, which determine the qet and qes sources, so that the FEF and IEF 
results almost match. In the near field at x/Re = 3, the density fluctuations in the IEF solution, which have to be triggered 
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Fig. 18. Sound spectra determined by the entropy source qe defined in Eq. (4), where qet = − ∂ρe
∂t and qes = −∇ · (ρeu); (a) the FEF solution at r/Re = 6, 

x/Re = 3, (b) the IEF solution at r/Re = 6, x/Re = 3, (c) the FEF solution at r/Re = 6, x/Re = 15, (d) the IEF solution at r/Re = 6, x/Re = 15.

by the velocity field, are too low, so that the SPL level compared to the FEF solution is clearly underpredicted. Since the 
qe term dominates the near-field acoustics, it is the lack of density fluctuations in the imposed-exit-flow formulation that 
causes the pronounced differences in the FEF and IEF acoustics.

In conclusion, the FEF and IEF configurations possess clearly different sideline acoustic fields. That is, even the qualitative 
behavior of the sound spectrum of the FEF distribution is not obtained by the IEF formulation. This difference occurs since 
the excess density term ρe = (ρ −ρ) −(p − p)/a2, which dominates the acoustic entropy source, is not sufficiently generated 
by the vortex-ring-forcing method in the IEF solution. In the downstream direction, the FEF and IEF sound spectra approach 
each other. Furthermore, the momentum source dominates the sound spectrum in the low-frequency range.

5. Summary

The flow field and the acoustic field of turbulent hot jets are computed by a hybrid large-eddy simulation/computational 
aeroacoustics method for two formulations. First, the free-exit-flow (FEF) formulation is considered, in which the flow 
inside the nozzle is part of the overall flow field computation, i.e. the nozzle exit flow is determined by the solution of the 
discretized conservation equations. Second, in the imposed-exit-flow (IEF) formulation, the time-averaged flow distributions 
of the free-exit-flow solution are imposed in the nozzle exit cross section, i.e. on the inflow plane, plus two vortex rings for 
the wall-bounded and free-shear layer to trigger the shear layer instabilities. It goes without saying that the variations of 
the flow field and the acoustic field in the FEF and IEF solutions are related to the current nozzle geometry.

The differences in the FEF and IEF flow field are evidenced by the varying turbulent mixing in the jet near field. The FEF 
solution has a clearly higher turbulent kinetic energy level just downstream of the nozzle exit than the IEF solution. This 
is due to the fact that, unlike the wall-bounded shear layer, the flapping motion of the free-shear layer downstream of the 
centerbody of the nozzle is not generated by the vortex ring forcing method. This results in a different jet pattern in the 
near field, i.e. the FEF flow resembles a converging and the IEF flow a cylindrical streamtube.

The analysis of the acoustic fields of the FEF and IEF formulations is based on the solution of the acoustic perturbation 
equations. The closer to the nozzle exit, the more pronounced are the quantitative differences in the FEF and IEF solutions. 
The total overall sound pressure level possesses the same qualitative behavior for the FEF and IEF formulations, while the 
distributions of the entropy source term, which is the dominant source in the jet near field, show an opposing trend. This 
clear discrepancy is caused by the noise sources generated by the density and pressure fluctuations which are not perfectly 
captured by the IEF formulation due to the delayed transition. Further downstream, the momentum source term dominates 
the sound spectra in the low-frequency range and the differences in the FEF and IEF acoustic fields decay.
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