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Asymptotic analysis tq d.etermme a homogemzed model of a rr.1aterlal rglnforced by a spherlcal inclusion
I-convergence distributed randomly in space. The peculiarity here is that these particles are of very
Ergodic theory small size, this generating an energy due to the strong contrast of microstructure. The

method used for the transition to the limit is I'-convergence [1] in the stochastic case. The
random distribution is taken into account during the transition of scales, so as to preserve
the statistical information, and that in spite of the passage to the limit. In addition to
the stochastic framework, the very small size compared to the characteristic size of the
materials makes the homogenization procedure unconventional.
© 2018 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

We want here to obtain a homogenized model of a material reinforced by very rigid inclusions and distributed randomly.
The model material considered as an example is a reinforced polymer with very small carbon inclusions; by the manufac-
turing method generating random distributions, as well as the strong contrast of property, this material seems to be a very
good frame of application for this study. Indeed, the microstructural polymers have a certain characteristic length (denoted
by €), and to improve their resistance, it is possible to introduce very small carbon charges of radius r << &. This charge
is therefore distributed randomly in the material (see Fig. 1). We make the (realistic) hypothesis of an ergodic distribution
(see [2-4]). In the case of high densities of inclusion, the ergodic side seems to be appropriate.

2. Notations and basic notions

We consider an open bounded cube O = O x (—L/2,L/2) of R3, where O is a bounded open interval of R2. We write ¢
to denote a sequence of positive real numbers intended to go to 0 and chosen in order to satisfy |O \ UZE[S e(Y+2)|=0,
where I is a finite subset of Z3, and we define Y € R? the reference surface cell; this domain will be considered here as
unitary.
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Fig. 1. Example of carbon distribution.

Given r, << &, we consider the open ball

By (swp) == {x€R:[x—woe| <Te}
centered at the center wg ¢ of €Y and set, for each wo ¢ + €7, z € I¢, as
Dy, = U By, (wz,¢)
zele

The boundary of each ball By, (w,¢) is denoted by Sy, (w,,¢). At the same time as the scale transition, we are going to move
the Y domain so as to cover the entire structure under study. For stochastic homogenization to work, we therefore need

this domain Y to always include at least one inclusion. This is why we need to use the ergodicty hypothesis. The union of
the ball is By, .

For R. satisfying re << Re << &, we also define in the same way the disks Bg, (w; ), their boundary Sg, (w;,¢), their
union Bpg,, and the union of the ball Bg,. We finally denote by C; g, (@) the ring

BRS (wz,6) \ Bn8 (wz,¢)
2 o~
Given a, > 0 satisfying a.|B¢| — a, i.e. ke := asg—é — k with kr|O| =a, we consider the energy functional defined in
WP (0O) by

Fe(u) = / f(Vu) dx—l—ag/f(Vu) dx
O\Brs Br£
that we sometimes write
P = [ Fvw dxaulBel f £V dx (1)
O\By, B,

where f:R3®— R is a convex function satisfying the standard growth condition of order p > 1

alglP < f(&) =pA+I1EIP) (2)

for two given constants o > 0 and B8 > 0. Let R, satisfying r. << R, << &. Following [3,5], we split the functional F; into
three terms:

Fe(u) = / f(Vu) dx + / f(Vu)dx+a5|38|][f(Vu)dx

O\Bg, BRre \Bre

Brg
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t
We assume the following control between f and its p-recession f°-P defined by f°P (&) =, 121 flilf): there exists
— 400

B >0,0<y < p such that, for all £ e R3

|f&) — fOPE| <p' A+ 1EP7) (3)
From (2), we infer that f°P satisfies for all £ € R3

alg|P < [P @E) < pIEIP (4)
and, since clearly f°P is a positively p-homogeneous convex function, its satisfies the local Lipschitz condition

[foPE) = fPEDN < LIE = &1051P~" +1€1P (5)

For more details see [6].

Definition 2.1. Given two concentric disks B, (w) C Bg(w) of R? with arbitrary center w, we define the capacity of B,(w) in
Bg(w) associated with the function f by

Enerrf’R =inf / FRP(Vw)dx:w e Wé‘p(BR(a))) :w=1inBr(w)
Br(w)

Note that Ener{R does not depend on the choice of the center w of the disks. We assume the following limit behavior

f
of Enerrs R,

f
Ener
li e, Re — 6
EER) 82 14 ( )

with y € [0, +o0l.
3. Technical lemmas

With each sequence (ug)g~o of functions in W1-P(©O) we associate the sequence (v¢)e~g of the functions in LP(O)
defined by v, = %]lgr ug. Recall the following compactness property (see [3,5,7,8]).
re €

Lemma 3.1. Let (u¢)s-0 be a sequence of finite energy, i.e. satisfying sup,.q Fe(us) < +o00. Then there exist (u, v) in WHP(O) x
LP(O, WL-P(0, m)) and a subsequence not relabeled such that

ue - u WHP(0)
vin PO wlP
Ve —~vinL"(O,W"F(0,m))
+ boundary conditions
We denote by Dom the subset of W1-P(O) x LP((5, W1P(0, m)) made up of functions satisfying the boundary conditions.
We are going to establish the I'-convergence of the sequence (F;)s~o in LP(QO) equipped with its strong topology to the

functional Fo defined in W1-P(©) by Fo(u) = infye1p (o) G(u, v), where the bifunctional G : LP(0) x LP(O) — RT U {400} is
given by

/f(Vu)dx+y/|u—v|pdx—i—a/foo’p(g—;)dx if (u, v) € Dom
16) %) 16)

400 otherwise

G(u,v):=

The second term corresponds to a non-local energy (see [6,9]). This induced energy of influencing to long range in-
clusions. Therefore, the constant ¥ would be a characteristic length. This size depends here on the material, which is not
always the case in the literature. In fact, in some works, this length corresponds either to a regularization parameter ([10]
and [11]) or it depends on a macroscopic energy [12-14] not related to the microstructure. In our case, it also corresponds
to an energy (see (6)), but this energy depends on the microstructure. Another important quantity here, v, is a virtual
field corresponding to the displacement of the inclusions; this can be considered as a memory effect of the inclusions. It is
thanks to this field that we can maintain information from the micro scale to the macro scale.
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To establish the gamma convergence, we must increase and minimize the preceding energy by the inferior and superior
limits of (1). For the upper bound, it is enough to follow the same strategy as in [1] and [6] for the first term. For the
second one, it is obtained by using the following lemma.

Lemma 3.2. Let (u, v) € Dom. There exist (Ug, Ve = MILB,E ug) in WhP(0) x LP(@, WP (0, m)) such that ug — u LP(O), u €

|Bre |
WLP(O), vy 2> vin LP(O, WP (0, 1)) and

lim0 f(Vug)dx=y/|u—v|p dx (7)
E—
BRe \Bre O

Proof. Step 1. We establish (7) when (u, v) € C1(O). Let 6, € Wé'p(DRS(a)O,S)) be the solution to the capacitary problem

fP(V8,) dk =Ener] .
BRg (wo,¢)

We extend by eY-periodicity in O = UZE,E &(Y + 2), so as to cover the entire domain O.
On the other hand, consider

wekn =2 f VD) Lo
zele Brg (wz,6)+2
and set u, = (1 — 6.)u + 6, we. One has
lim / f(Vug) dx = lim / fP(Vug) dx
e—>0 e—>0
BRg \Brg BRe \Bre

Indeed, from (3) and Hélder’s inequality,

|f(Vug) dx — foP(Vuy)| dxsﬂ’(|BrgR€| + / |Vug P~ dx)

Bre \Bre BRre \Bre

pb
fﬂ/(|Brng|+|Br8Rs|%( / |Vu8|de)Pn>

Brg \Brg

and since clearly sup / |[Vue|? dx < +o0, the claim follows from the fact that, by the choice R, << &, one has

£>0
B \Bre

limg0 |Brr, | =0.
For each z € I¢, choose w; ¢ the center of sphere. From (5), the regularity assumption on (u,v) and since f°P is
p-positively homogeneous, we infer

lim f(Vug) dx = lim / fP(Vug) dx
e—0 e—0
Bg, \Bre Bre \Bre

= lim FOP((u — v)V8,) dx
£—

Brg \Brg

= lim lu — v|P fP(VO,) dx
e—0

BRre \Bre
T

1 0,p 5 _ p
= lim / FoP (V) deZI / (= V) @z )P dy
Bre €0

= lim l/fC’o’p(%g,O) dchez/Ku—v)(wz,g,w)w dy
0

£—0 &2
B, zelg
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i

—lim - re fe e /(u—V)(wz,sJ//)lp dy

e—0
zelg 0

=y/|u—v|pdx
16)
T

where we have used assumption (6) and the fact that Z o . v)(wze, ¥)|P dy is a Riemann sum in the last equality.

zelg 0

Step 2. We establish (7) in the general case by a standard approximation and diagonalization argument. O

Lemma 3.3. For all (ug, vg), ve = ‘T |]13r€ Ug) such that ug — u in LP(O) and v, Zvin LP(O W1LP(0, m)) one has

llmmf / f(Vug)dx_llmmf / f°°”(Vug)dx>y/|u—v|pdx (8)

BRe \Bre BRre \Bre

Proof. Step 1. Equality in (8) is clear. For n > 0 intended to go to 0 we decompose (0,n) into a finite family of intervals
(Kj)jey, of size n: )(O, m\ Uje]” Kj’ = 0. In this step, we modify the function u, into a Sobolev function i, (depending
on 1) in each ring UiE,g SreRe (wz,6) x Kj, satisfying:

ile = 0 on each surface U SreRe (Wz,6) X K
ielg
liminf P (Vug) dx > liminf P (Viig) dx
mint [ e un ezlimipt Y [ v
BRg \Brg zele ]ejnsrgRg (wz.s)XKj

We make use of a standard truncation method in each slice of a neighborhood of each one of the two bases: we set
Ug i = @jue Where v — @;(v) satisfies ¢; =1 on the neighborhood (Kj)s; and belongs to Cc((Kj)s;,,), i=1,...,v where
8; are small parameters. To perform the slicing method, the important points to note are limg_¢ fBR \Br |ug|? dx =0 and

1
lim —sup / [Vug|Pdx=0
V—>—+00 V £>0
BRe \Bre
Step 2. In what follows, we still denote by u, the function ii.. By using Jensen’s inequality, we infer
. . OO.p ~ > . . Oo,p e A A~
llglllgfz Z / foP (Vi) dx > llggfz Z n / f (][ Vug(x,s) ds, 0) dx 9)

zelg je]”SrgRg (@7,6)xK; zele jeJn SreRe (Wz,¢) K;j

In the last step we set ﬁs,j(&) = ][ug()?, s) ds for all j € J,. Note that 'LTE,J- depends on 7.
K;
Step 3. (End of the proof) We approximate the functions u and v as follows:

up(x) = Z ILK,(Xa)][u(x s)ds

jely
vy =Y T (x3) ][ v(&,s) ds
j€ly
For all fixed j € J,, our strategy consists first in modifying in each ring Sy, g, (@z,¢). The function T j is such that the new
function i, ; agrees with st (wzs)ﬁgﬁj(fc) dH! on Cg, (w;), with fsr‘(wzs)ﬁg,j(ﬁ) d#H! on S, (w,¢), and satisfies
liminf P (Vi ;,0) dx > liminf P (Vi 1,0) dx 10
mintYy [ R0 dzlmin Yy [P0 (10)
zele SreRe (Wz,6) zelg SreRe (Wz,¢)

This is done by using a standard De Giorgi slicing argument (see for instance [15], proof of Proposition 11.2.3).
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To shorten notation, we still denote by 7 ; the function i ;. For all fixed j € J,, we define the two step functions in
LP(O x Kj)

T@=3( f Tyl dH'®) e

Z€le sp, (wze)

Ve j(®) = Z( ][ U j(%) dHl(&))1£<y+z>
zele Sre (Wz,6)
It is worth noticing that ﬁTJ —Ve,j= ij (ﬁg,j — Vg,j) dx3 where u, ; and v, ; are two functions defined like &y and v,

in [5] (replace (0,m) by Kj). Proceeding like in [5,6], it is not difficult to establish that u; j — V. j weakly converges in
LP(O x Kj) to uy — vy.
By using the p-homogeneity of f°P and a l.s.c. argument, we deduce

liminf ®:-P(Vii, ;,0) dX
IELICI} ZZU / f (Vug,j,0) dx

Z€leJ€ln 5, g, (wze)
P f
=liminf)_ 3" ne? ][ T i (®) dH R) — ][ T iR dH' ®) Enetrere
T a0 , &J &J g2
zele ]E]" Re (wz,¢) STg (wz,¢)
f
Ener
. . reRg —_ =
= lim inf —= Zn/me,,-—ve,np dxi)//|u77_"n|p dx (11)
jeln o o

The claim follows by combining the first step, (9), (10), (11), and letting n — 0 O
4. Summary

In summary, in addition to the stochastic homogenization method, the important result of this work is the form of limit
energy Fo(u) =infycrp(o) G(u, v) with G : LP(O) x LP(O) — RT U {+o0} given by

/f(Vu)dx+y/|u—v|”dx+a/f°°’p(8—v)dx if (u, v) € Dom
G(u,v):= o o o Iy

+o0 otherwise

This energy can be compared to non-local models of the type [14], but it has the advantage of not having a second
gradient. Indeed, here the non-locality is represented, on the one hand, by the constant y and, on the other hand, by the
virtual field v. This model can be extended to a model of damage. In the latter case, the variable v will be the variable
of damage and y a term of regularization. This regulation constant depends on the distribution of inclusions, and can be
computed using covariance methods [16].

5. Conclusion

In this study, we determined a homogeneous deterministic model of a randomly enhanced environment with spherical
inclusion and very small relative to the size of a REV (Representative Elementary Volume). The method proposed here allows
us to obtain a homogenized model of statistical data preserved in spite of the scale transition process. The same strategy
can be proposed for other materials, such as randomly reinforced materials such as long fiber composites [17], but in the
case of fibers with a very small radius. This result is a good start to understand the damage mechanisms of this type of
material. Indeed, the second energy obtained at the limit corresponds to a stored energy, which can be at the origin of the
damage to this type of composite. Following this study, we wish to proceed to a numerical resolution of this model so as to
compare this result with mechanical experiments, for example.

In addition, from the development of a numerical resolution scheme, we wish to extend this model to a nonlinear
behavior, more precisely to a damage model [12,14,18]. In fact, the energy y corresponds to a stored energy that can
create compensation. This damage is localized at the inclusion-matrix interface. This generates a decohesion very difficult
to model; it is also by this aspect that this work is original and will help better understand these phenomena.
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