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Automation is conquering new fields on a daily basis. Aiming for faster and more reliable 
products, industrials as well as researchers are oriented into automation. Non-destructive 
testing as well as defect quantification is not an exception. In fact, decisions with minimum 
allowable error are sought in real-time when facing any potential defect. In this work, we 
suggest a comprehensive method based on model order reduction techniques to judge if a 
structure shall be salvaged. The real-time decision is based on multidimensional parametric 
simulation, performed offline, using the Proper Generalized Decomposition (PGD). The PGD 
is a model order reduction technique that allows circumventing the curse of dimensionality 
by using domain decomposition. Therefore, the 6D simulation illustrated in this paper is 
performed within a few minutes on a standard laptop. Later on, a stress concentration 
manifold is built and used online for decision-making. The manifold is validated on a few 
selected solutions solved analytically using an analytical procedure. The aforementioned 
procedure is developed, in this paper, to calculate the tangential stress around circular 
holes of different sizes, in an infinite isotropic plate containing any number of holes 
and subjected to in-plane pressure loading at the tip of the infinite plate. The procedure 
is based on determining two Muskhelishvili complex potentials in terms of complex 
Fourier series, and applying the Schwartz alternating method repeatedly until the boundary 
conditions on the contour of every hole are satisfied.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Defects quantification as well as non-destructive testing are active research topics. Moreover, it is well known that holes 
in stressed structures are stress raisers, which, if not accounted for, may lead to catastrophic failures of the structure. More-
over, the presence of multiple interacting holes may lead to complicated and counter-intuitive results. Such a phenomenon 
is encountered, for example, when military helicopters or aircrafts are hit with flakes or penetrating bullets. Therefore, stress 
concentration around holes became of high interest in military applications, aiming to understand the effect of penetrating 
bullets on the structure and the ability of the latter to withstand in-flight manoeuvers. On the other hand, aiming for faster 
and more reliable decision making techinques, engineers develop real-time model-based and/or data-based decision-making 
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techniques. In this work, we expose a real-time decision-making technique for judging the threat created by defects in 
general, and show an application on structural defects, such as holes, on the general sustainability of the structure. The 
threat of holes in airplanes should be assessed in real-time, sometimes on a battlefield, using simple measurements like the 
hole diameters and the gap between the holes, before attempting to takeoff. Therefore, numerous studies are undertaken to 
estimate the stress concentrations around holes, either numerically or analytically [2,26].

In this work, we aim to build a decision manifold. Therefore, we model the holes using the structure’s geometrical prop-
erties (diameter, gap between the holes and thickness of the modeled part) as extra coordinates of the problem. Such an 
approach shall provide an abacus containing all the solutions for all possible combinations of these parameters. However, 
adding extra parameters increases the dimensionality of the problem, which becomes a 6D problem, three physical coordi-
nates and three parametric ones. Thus, model order reduction techniques appear as an appealing approach to take [6,7,4]. 
These techniques aim to circumvent the curse of dimensionality by solving the full dimensionality problem, 6D for instance, 
as a sequence of lower-dimensionality problems (2D of 1D for example) [10]. Many model order reduction techniques are 
qualified as “a posteriori” techniques, which means that they require to solve few full-dimensionality problems before build-
ing the reduced-order model. However, the Proper Generalized Decomposition (PGD) is an “a priori” model order reduction 
technique [1]. In fact, the PGD will build the reduced-order model without solving the full-dimensionality problem as a 
sequence of lower-dimensionality ones [1,11].

Once the multidimensional 6D solution is available, a post-processing of the solution provides the stress concentration 
values for any hole diameter, gap or plate thickness. This leads to a construction of a 3D stress concentration manifold where 
the dimensions are the diameter, the gap, and the plate’s thickness. The manifold learning approach is already popular and 
integrated in many scientific applications [18,19]. Numerous algorithms are being developed nowadays to build manifolds, 
such as the Kernel Principal Components Analysis (KPCA) [24], Local Linear Embedding (LLE) [23] and many others. Recent 
applications combined the PGD with manifold learning techniques, opening up unprecedent possibilities of performing 
real-time simulations unimaginable using classical techniques [15]. In this work, the developed manifold provides a simple 
real time simulation-based decision-making criterion for the severity of a given structural defect, by comparing a stress 
concentration threshold to a stored manifold, for example. This approach can be easily used by simple workers without any 
scientific background, or integrated in a smartphone application, for example.

Moreover, in this paper we provide an analytical method to compute the stress concentration around multiple interacting 
holes, along with, in Appendix B, the analytical method used to calculate the stress field in an infinite isotropic plate 
subjected to in-plane loading at the plate ends. The plate may contain any finite number of non-intersecting circular holes 
of different sizes. The holes may be disposed in any manner within the plate and the loading may be at any angle α
with respect to the horizontal direction. The theoretical treatment of the method, which is based on a complex Fourier 
series approximation of two Muskhelishvili complex potentials, is presented in [2], which also contains a literature review 
of relevant work that has been achieved in this regard beginning with [20] and covering several notable papers such as 
[17,21]. Previous works using the Schwartz alternating method have been published in [25,26,22].

The results for plates with various holes diameters and relative positions are also presented in this work comparing both 
the PGD method and the analytical technique, as a validation of the resulting manifold in section 5.

2. Modeling of the problem

From military investigations, flakes and penetrating bullets generate often circular holes in helicopters, rarely elliptical 
ones. Thus, in this work, for the sake of simplicity and without loss of generality, we are modeling the holes as circles 
having a diameter D inside an infinite plate. Moreover, airplane windows can be approximated by circular holes in fuselage 
plates. To avoid any edge effects, the plate edges in the simulation are located at a distance at least equal to 10 times the 
diameter of the holes [17,25].

Neglecting any volumetric loading in the simulated domain, the governing equilibrium equation modeling the displace-
ment in a plate can be written as [3]:

∇ · σ = 0, t (1)

where σ is the Cauchy stress tensor. Assuming linear elastic behavior, one may write σ = Kε , where K is the elasticity 
tensor and ε the strain one. Noting the displacement vector by u = (u, v, w), the strain tensor is therefore written as:

ε = 1

2

(∇u + ∇uᵀ)
(2)

Combining Eqs. (2) and (1) and integrating by part, one may reach the final weak form of the governing differential 
equation to solve:

1

4

∫

�

(∇u∗ + ∇u∗ᵀ)ᵀ ·K · (∇u∗ + ∇u∗ᵀ)
d� =

∫

∂�

u∗ · Fd� (3)

Solving equation (3) leads to the displacement at each point of the simulated domain under specified external loads 
and boundary conditions, F being the surface forces and u∗ the test function. For instance, the problem discussed in this 
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Fig. 1. Simulated plate.

Fig. 2. The domain (q, r, s) used for solving the 6D problem. Each square has 1 × 1 as dimensions.

work is solved in a plate domain of constant thickness t and in-plane dimensions of (22D + G) × (21D) as illustrated 
in Fig. 1, where G is the gap between two neighboring holes. The imposed boundary conditions in this problem are a 
constant displacement U0 applied parallel to the y-axis at τ1 and free ends at τ2, as well as a fixed boundary with zero 
displacements, u = 0 for instance, at τ3. To solve this problem in a general manner and construct an abacus of solutions, 
also known as a computational vademecum [1,7], one has to solve the problem for each combination of the values of D , G , 
and the thickness of the part t . That is where the use of the PGD appears to be an appealing approach to take, since the 
PGD allows circumventing the curse of dimensionality by decomposing the full-dimensionality problem into a sequence of 
lower-dimensionality ones [6]. Therefore, we add the parameters D , G , and t as extra coordinates of the problem, leading 
therefore to a 6D problem to solve.

Since t , D , as well as G are now problem parameters and therefore extra coordinates, a geometrical transformation 
should be defined from the parametric real domain (x, y, z) into a fixed-dimension calculation domain (q, r, s) [11,14,13]. 
In fact, D , G , and t do not appear explicitly in the governing equation (3), and the dimensions of the calculation domain 
are not fixed. Therefore, the geometrical transformation will incorporate these extra coordinates in the weak form of the 
problem, and lead to a domain of fixed dimensions that can be easily meshed. For instance, the dimensions of the reference 
fixed domain used in this work (q, r, s) are 5 × 3 × 1 as illustrated in Fig. 2, illustrating the in-plane mesh. The geometrical 
transformation transforming the (x, y, z) domain into the reference (q, r, s) one writes:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q ∈ [0;1], x = 9.5D · q
q ∈ [1;2], x = 9.5D + 2D · (q − 1)

q ∈ [2;3], x = 11.5D + (q − 2) · G
q ∈ [3;4], x = 11.5D + G + 2D · (q − 3)

q ∈ [4;5], x = 13.5D + G + 9.5D · (q − 4)

r ∈ [0;1], y = 9.5D · r
r ∈ [1;2], y = 9.5D + 2D · (r − 1)

r ∈ [2;3], y = 11.5D + 9.5D · (r − 2)

z = t · s

(4)

The fixed calculation domain (q, r, s) is defined by the dimensions and shape illustrated in Fig. 2. A refined mesh around 
the holes ensures a good estimation of the stress concentrations around them. The transformation depicted in Eq. (4) leads 
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Fig. 3. The displacements in m for U0 = 1 illustrated in the calculation domain (q, r, s).

to a easily separable Jacobian matrix, which is suitable for a separated representation framework, like the PGD used in this 
work [5].

Combining Eqs. (4) and (3) leads to a formulation where the extra parameters of the problem are included in the 
problem’s model. Solving the resulting problem in the (q, r, s) reference domain, while considering the thickness t , the 
diameter D , and the gap G as problem coordinates leads to a 6D abacus. This abacus contains the full 3D solutions for any 
value of D , G , and t inside a chosen domain interval. Eventually, solving this problem using classical numerical techniques 
leads to a prohibitive and unrealistic calculation time, compromising the feasibility of this approach. However, the PGD 
solves for the displacement vector field u as a sum of product of functions such as:

u =
i=N∑
i=1

⎛
⎝ Xi(q, r) · Sxi(s) ·Di(D) · Gi(G) · Ti(t)

Yi(q, r) · S yi(s) ·Di(D) · Gi(G) · Ti(t)
Zi(q, r) · Szi(s) ·Di(D) · Gi(G) · Ti(t)

⎞
⎠ (5)

where Xi , Yi and Zi are the in-plane components (q, r) of the displacement vector u, while Sxi , S yi and Szi are the functions 
of the out-of-plane components of u. In this work, we choose to decompose the 3D domain into a sequence of 2D (q, r) ×
1D s to avoid the separation of the domain containing circular holes. In fact, the circles can be separated into a sequence 
of 1D functions at the expense of increasing the problem’s complexity and calculation time. Such separation may therefore 
increase the calculation time above the needed time to solve the 2D problem. For a detailed construction of the parametric 
6D solution within the PGD framework, the reader may refer to the following publications and the references therein [6,7].

The full 6D solution in question is obtained using the PGD algorithm in the form depicted in Eq. (5) on a core i7 and 
8 GB RAM laptop. The PGD algorithm is detailed in Appendix A. Eventually, the problem calculation time highly depends 
on the 2D mesh and not on the parameters or thickness mesh, since the calculation time of 1D solutions is negligible with 
respect to a 2D one. Typically, for a mesh of 8639 nodes in the in-plane dimension (q, r), 60 nodes in the thickness direction 
s, 500 nodes for G , 100 nodes for D and 50 nodes for t , it takes about 36 min of calculation for a residual reduction factor 
of about 10−3, corresponding to 50 PGD products of functions (N = 50 in equation (5)). Eventually, increasing the mesh in 
the in-plane dimension may increase the calculation time up to about a few hours.

In the next section, we detail the post-processing of the 6D parametric solution obtained using the PGD and the con-
struction of the stress concentration manifold around the holes.

3. Post-processing the 6D solution

In this section, we post-process the solution obtained in section 2 and reduce it to an abacus offering a virtual chart that 
can be used in real time for decision-making as a manifold technique. To explore the 6D solution, a pxdmf file is used along 
with a PGD separated representation plugin for Paraview. Using U0 = 1 m (making use of the linearity of the domain), Fig. 3
shows the displacement magnitude ‖�u‖ in the (q, r, s) domain, whereas Fig. 4 illustrates the same displacement magnitude 
in the real (x, y, z) domain. The reader may note that all the plate figures in this section are chosen as D = 0.05 m, 
G = 0.025 m, and t = 0.009 m for illustrative purposes.

One can also illustrate the deformed shape of the part in the real domain (x, y, z) using the inverse transformation. Fig. 5
illustrates the deformations in the real (x, y, z) domain.

The stress tensor σ at each point of the material can be computed by first calculating the gradients of u and then using 
Eq. (2), which leads to:

σ = Kε = K · 1

2

(∇u + ∇uᵀ)
(6)

Later on, one may compute the Von Mises effective stress in the domain, as illustrated in Fig. 6. One can also check the 
stress values around the holes in real-time by changing the values of D , G , or t in a sliding bar as illustrated in Fig. 7, an 
option offered by the Paraview plugin, leading to a real virtual chart available in real-time.
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Fig. 4. The displacements in m for U0 = 1 illustrated in the real domain (x, y, z).

Fig. 5. The deformed part under the action of the imposed boundary conditions in the (x, y, z) domain.

Fig. 6. The Von Mises effective stresses σVon Mises in Pa, illustrated in the real domain (x, y, z).

In this section, we define the stress concentration factor at the holes K in the plates subjected to tension as the maximum 
in-plane axial stresses in the tensile direction (existing on the hole circumference eventually) divided by the axial average 
stress existing in a “healthy” plate without holes at the same location:

K = σymax

σyavg

(7)

Fig. 8 illustrates the variation of the stress concentration factor K as a function of the gap G and of the diameter D of 
the holes, t being the least influencing variable on the stress concentration values in the chosen simulation domain. Fig. 8, is 
a straightforward tool for the estimation of the reliability of the structure as well as of the threat created by the hole, using 
a allowable threshold. For example, if K is larger than the allowable threshold, which can be set as the factor of safety of 
the designed part, the studied element shall be salvaged. We note that K has an increasing tendency with increasing D and 
decreasing G , which is normal since the holes tend to interact at closer relative distances. One may define a dimensionless 
number such as D/G . A threshold can also be set on the dimensionless number D/G , for example.
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Fig. 7. Variation of the Von Mises effective stresses σVon Mises in Pa, computed in real-time as a function of D , G , and t .

Fig. 8. Variation of the stress concentration factor K as a function of D and G for t = 0.005 m.

4. The analytical model

Consider an infinite plate containing n circular holes, which may be of different sizes, with respective radii ρ1, ρ2, . . . , ρn , 
and centers denoted by O 1, O 2, . . . , O n . The holes may be disposed in any manner relative to each other within the plate 
as long as they do not intersect. Let the plate be subjected to a pressure loading of magnitude s∞ at infinity, at an angle 
α with respect to the horizontal direction, as shown in Fig. 9(a). It is required to calculate the stress at any point in the 
plate. In particular, the tangential stress on the contour of any of the holes is sought because it is a measure of the stress 
concentration around any hole and is an indication of the influence of one hole on the other.

The problem illustrated in Fig. 9(a) is solved by superposing the case in Fig. 9(b), where the plate is subjected to the 
same remote loading but is hole-free, with the case in Fig. 9(c), where each hole is loaded at its contour with no loading 
at infinity. In Fig. 9(b), the contours of the circles shown in dashed lines represent “would-be” holes or locations where the 
holes would exist. In Fig. 9(c), the loads on the periphery of each hole are radial and shear stresses that are, respectively, 
equal and opposite to those determined from the case in Fig. 9(b), In this way, the boundary conditions on the contour of 
each hole, i.e. no radial and no shear stresses, are satisfied. Thus, in Figs. 9(b) and 9(c), si

0 (i = 1, 2, . . . , n) stand for both 
the radial and shear stresses in the hole-free plate. The superscript “0” is used to identify a stress in a hole-free plate.

The tangential stress at a point round every hole in Fig. 9(a) is then calculated as the sum of the tangential stresses at 
the same point in each of the plates in Figs. 9(b) and 9(c). Now the radial, tangential, and shear stresses at any point of the 
plate in Fig. 9(b) may be determined from:

s0
r = s∞ ·

(
cos2α · cos2θ + sin2α · sin2θ + 1

2 sin (2α) · sin (2θ)
)

(8)

s0
θ = s∞ ·

(
cos2α · sin2θ + sin2α · cos2θ − 1

2 sin (2α) · sin (2θ)
)

(9)

s0
rθ = s∞

2 ·
(

sin (2α) ·
(

cos2θ − sin2θ
)

+ sin (2θ) ·
(

sin2α − cos2α
))

(10)

where θ is the counterclockwise angle between any ρi and the horizontal direction, as shown in Fig. 9(a).
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Fig. 9. Plate with holes under different types of loading.

The stresses at any point in the plate of Fig. 9(c) are determined using the Kolosov–Muskhelishvili equations [22], such 
as:

sr + sθ = 4 · Re
[
ψ ′(z)

]
(11)

sθ − sr + 2 · i · srθ = 2
[
z̄ψ ′′(z) +X ′′(z)

]
e2iθ (12)

where sr , sθ , and srθ are, respectively, the radial, tangential and shear stresses in the plate of Fig. 9(c), i = √−1, z = x + iy, 
z̄ = x − iy and Re denotes the real part of a complex number. ψ(z) and X (z) are two Muskhelishvili complex potentials, 
and the prime and double primes represent, respectively, the first and second derivatives of the complex potentials with 
respect to z.

For a plate containing only one hole of radius ρ with sr and srθ being known radial and shear stress loadings specified 
at the hole boundary, the complex potentials are determined as follows. Let:

ψ ′(z) =
∞∑

k=0

Ak · z−k and X ′′(z) =
∞∑

k=0

Bk · z−k (13)

The coefficients Ak and Bk are obtained by expanding the stresses around the contour of the hole in a complex Fourier 
series. Thus, if sr and srθ are radial and shear stresses applied on the hole contour, i.e. at r = ρ , then:

(sr + i srθ )r=ρ =
∞∑

k=−∞
Ck · eikθ (14)

where the Fourier coefficients are given by:

Ck = 1

2π

2π∫

0

(
(sr + i srθ )r=ρ

)
e−ikθ dθ (k = 0,±1,±2, ...) (15)

Now upon substituting ψ ′(z) and X ′′(z) from Eqs. (13) into the right-hand sides of Eqs. (11) and (12), substituting 
(sr + i srθ )r=ρ from Eq. (14) into the left-hand sides of Eqs. (11) and (12), letting z = ρ · eiθ on the hole boundary, and 
comparing the coefficients of eikθ on both sides of Eqs. (11) and (12), one can determine Ak and Bk from the known Fourier 
coefficients Ck . Therefore, if the plate were to contain one hole only under loading around the hole boundary, the problem 
would end there.

For a plate containing multiple holes, use is made of the Schwartz alternating method, where the above solution for a 
plate containing a single hole is repeatedly applied to every hole in the plate until the boundary conditions; no radial and 
no shear stresses around the periphery of every hole are satisfied. Since the procedure is iterative, the satisfaction of the 
boundary conditions is, of course, approximate and consists of checking after every cycle of loading whether the absolute 
values of the maximum (or minimum) radial and shear stresses around every hole are below a set value, sufficiently close 
to zero. Every cycle of loading brings about a decrease in the radial and shear stresses around every hole so that, after a 
certain number of cycles, the boundary conditions have effectively been satisfied.
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Fig. 10. Tangential stress variation around the left or right hole in a plate with two holes disposed and loaded horizontally, as a function of the angle θ on 
the hole.

Fig. 11. Tangential stress variation around the center hole in a plate with three holes disposed and loaded horizontally, as a function of the angle θ on the 
hole.

This process is described in Appendix B, which is at the heart of the Schwartz alternating method. This process is 
implemented in a Mathematica computer code to provide an analytical validation of the constructed manifold.

4.1. Results and discussion

The Schwartz alternating method illustrated in Appendix B is used to calculate the tangential stress around holes in 
plates containing 2, 3, and 4 holes. All loads consist of pressures of magnitude 1 unit of pressure at infinity and at various 
orientations, making either 0◦ or 45◦ with respect to the horizontal direction. In the graphs depicted in this section, the 
tangential stress around the contour of a hole, which may also be considered as the stress concentration factor, is plotted 
with respect to the angle θ in degrees as defined in Fig. 9(a). Further, let Di be the diameter of hole i centered at O i , and 
let O i O j (i �= j), be the center-to-center distance between hole i and hole j. Although all of the holes considered in this 
section are of the same size with Di = 1 unit of length, more numerical results, including consideration of holes of unequal 
size may be found in [2]. The examples in this section are mainly intended to corroborate the validity of the method.

Fig. 10 depicts the tangential stress around the left hole (hole No. 1) in a plate containing a pair of identical holes whose 
centers are located on a straight line parallel to the horizontal direction such that O 1 O 2 = 1.7 units of length. The loading 
direction is also parallel to the horizontal direction. Due to symmetry, the tangential stress variation around the right hole 
(hole No. 2) is, of course, the same. It is interesting to note, in this case, that the mutual influence of the holes is such that 
a stress relief occurs. Indeed, the maximum tangential stress at any point around the contour of any of the holes is less 
than 3.0, i.e. it is lower than that resulting in a plate containing a single hole of the same size and loaded similarly.

The same is also observed in a plate containing three horizontally aligned holes of the same size as above, with cen-
ters, from left to right, denoted by O 1, O 2, and O 3, respectively, with O 1 O 2 = O 2 O 3 = 1.7 units of length, and loaded 
horizontally. Note that the stress relief is even greater around the center hole as may be seen in Fig. 11.
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Fig. 12. Four holes arranged in a square configuration.

Fig. 13. Tangential stress variation around hole #2 in a plate with a 4-hole square configuration loaded at 45◦, as a function of the angle θ .

For the 4-hole square configuration depicted in Fig. 12 with a center-to-center side length of 1.7 units of length and 
loaded horizontally, the maximum tangential stress around any of the holes approaches 3.0. However, this maximum is 
exceeded when the applied stress is oriented at 45◦ with respect to the horizontal direction as may be seen in Fig. 13, 
which shows a maximum of around 3.6 at close to 330◦ on the hole contour. The same is true for hole #4, but with the 
point of maximum stress located at a position close to 135◦ .

To corroborate the results obtained from the present method, finite element calculations are performed using AERO-S. 
AERO-S is a finite element computer code developed by Farhat Research Group (FRG) in the Aeronautics and Astronautics 
Department, at Stanford University, and successfully used in aeronautical research with experimentally proven results [8,9]. 
The tangential stress contour plots generated from AERO-S for an aligned four-hole configuration are depicted in Fig. 14. 
These contour plots are for holes with a center-to-center distance equal to 1.7 units of length for any two adjacent holes 
and loaded at α = 45◦ with respect to the horizontal direction.

Tables 1 and 2 show the maximum and minimum tangential stresses (a compressive stress has a negative value) and 
their corresponding locations around the contours of the first and second holes (the left-most hole is hole No. 1) along 
with their relative errors in a plate containing four holes aligned horizontally as depicted in Fig. 14. As can be seen in 
Tables 1 and 2, a very good agreement has been obtained between the results generated by the present method and the 
finite element results obtained using Farhat Research Group (FRG)’s software. The relative error of 6.3% shown around hole 2 
in Table 1 can be generated by the AERO-S mesh.

Table 1 shows the results for a plate subjected to horizontal loading, while in Table 2 one can find those for a plate 
subjected to a loading at α = 45◦ with respect to the horizontal direction. It can be seen from Tables 1 and 2 that a very 
good agreement is obtained between the results generated by the present method and the AERO-S finite element results. 
Moreover, it is noted from Table 1 that, for a loading oriented along the horizontal direction α = 0◦ , a stress relief is 
obtained, similar to the case of two and three holes, whereas, for loading at α = 45◦ , this is not the case, as may be seen 
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Fig. 14. Tangential stress contour plot generated in a plate containing four aligned holes under a loading oriented by α = 45◦ .

Table 1
Tangential stress values and locations around holes 1 and 2 under horizontal loading (α = 0◦) as determined by 
the present method and by AERO-S.

Hole number Analytical method AERO-S Relative error

1
(σθ )max = 2.583 at θ = 94◦ , 266◦
(σθ )min = −0.854 at θ = 180◦

(σθ )max = 2.585 at θ = 92.34◦ , 260◦
(σθ )min = −0.872 at θ = 180◦

0.07%
2%

2
(σθ )max = 2.265 at θ = 90◦ , 270◦
(σθ )min = −0.360 at θ = 180◦

(σθ )max = 2.353 at θ = 90◦ , 272.67◦
(σθ )min = −0.337 at θ = 180◦

3.7%
6.3%

Table 2
Tangential stress values and locations around holes 1 and 2 under horizontal loading (α = 45◦) as determined by 
the present method and by AERO-S.

Hole number Analytical method AERO-S Relative error

1
(σθ )max = 3.731 at θ = 328◦
(σθ )min = −1.605 at θ = 38◦

(σθ )max = 3.748 at θ = 327.03◦
(σθ )min = −1.619 at θ = 36.2◦

0.45%
0.86%

2
(σθ )max = 3.9 at θ = 327◦ and 270◦
(σθ )min = −1.691 at θ = 40◦

(σθ )max = 3.942 at θ = 323.34◦
(σθ )min = −1.696 at θ = 36.84◦

1.06%
0.29%

Table 3
Maximum tangential stress concentration values obtained from the analytical model and the PGD manifold.

Gap G Maximum stress concentration
factor using the analytical method

Maximum stress concentration 
factor from the manifold

Relative error

G = R/4 5.48 4.82 12%
G = R/2 4.035 4.059 0.6%
G = R 3.26 3.22 1.2%
G = 3R/2 3.1 3.18 2.5%

from Table 2, which also shows that the mutual influence of the holes in a four-hole configuration results in a higher stress 
concentration than in a two- or three-hole configuration.

As mentioned in the introduction, interesting results using the authors’ method have been obtained by [2], particularly 
results that complement those published by [16], and which further attest to the accuracy of the method.

5. Validation of the manifold

In this section, we compare the results obtained from the analytical model to the results obtained from the reduced-order 
model manifold for four different relative positions of the considered holes. The results are computed for a radius R =
25 mm and gaps G equal to 6.25 mm, 12.5 mm, 25 mm, and 37.5 mm, which coincides with G = R/4, R/2, R and 3R/2. 
In this section, the computed stress concentration factors are the ratios of the stress along the direction of the load, divided 
by the same stress that would exist in the plate without holes. The results came as illustrated in Table 3.

The results shown in Table 3 evidence a good correlation between the analytical model and the stress concentration 
manifold obtained from the model reduction techniques, except for the gap value G = R/4. The high relative error appearing 
for low gap values is eventually generated by the mesh size, unable to reflect the high stress concentration around very close 
holes. However, the error is still acceptable.
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6. Conclusion

In this paper, we develop a numerical strategy to construct a reliable computational vademecum based on the PGD 
technique. Later on, the results are post-treated to construct a stress concentration manifold that can be used online in real 
time to assess the danger generated by any hole or defect in a structure. The stress concentration factors are identified 
by simply looking at the diagram, which can be used by simple technicians without any scientific background, or even by 
an artificial intelligence decision algorithm. Moreover, the results are validated analytically and through using reliable and 
industrially proven softwares. To validate the results analytically, a procedure to calculate the tangential stress at any point in 
an infinite, isotropic plate, under in-plane loading and containing any number of non-intersecting, circular holes of different 
sizes, and disposed in any manner within the plate, has been developed. The procedure, which is based on Muskhelishvili’s 
complex potential approach coupled with the Schwartz alternating method, is incorporated in a Mathematica program.

On the other hand, the manifold technique developed in this paper can be applied to any simulation-based decision-
making algorithm. The applications extend beyond the stress concentration to any real-time simulation-based artificial 
intelligence decision-making algorithms, which can create the virtual manifold of the risk or a danger coefficient. Finally, 
the manifold can be stored in a smartphone application and used by simple workers without any scientific background.

Appendix A. The PGD using a geometrical transformation

Considering the weakform of the problem depicted in Eq. (3) under the form:

1

4

∫

�

(∇u∗ + ∇u∗ᵀ) ·K · (∇u∗ + ∇u∗ᵀ)
d� =

∫

∂�

u∗ · Fd� (16)

one may note that the derivation are performed in the physical space X = (x, y, z), where d� = dx dy dz. However, the 
calculation shall be performed in the apparent space S = (q, r, s). The geometrical transformation depicted in Eq. (4) is used 
to compute the transformation’s derivatives. For instance, we note the Jacobian matrix of the transformation by J, such as:

J =

⎡
⎢⎢⎣

∂x
∂q

∂x
∂r

∂x
∂s

∂ y
∂q

∂ y
∂r

∂ y
∂s

∂z
∂q

∂z
∂r

∂z
∂s

⎤
⎥⎥⎦ (17)

and define the derivations of the inverse transformations by

B =
⎡
⎢⎣

∂q
∂x

∂r
∂x

∂s
∂x

∂q
∂ y

∂r
∂ y

∂s
∂ y

∂q
∂z

∂r
∂z

∂s
∂z

⎤
⎥⎦ (18)

In our problem, the transformation is defined by part such as:

B =
i=5∑
i=1

j=3∑
j=1

φi jBi j (19)

where the φi j are indication functions for the five transformations in the q dimension and three transformations in the r
dimension as per Eq. (4). The matrix Bi j of Eq. (19) is the derivation of the inverse transformation i in dimension q and j
in dimension r, while φi j is a characteristic function equal to 1 when both q and r exist in the domains qi and r j , φi j = 0
elsewhere.

One may note that the transformations have constant derivatives and are not functions of (q, r, s), which gives an easily 
separable determinant of the Jacobian of the transformation. Such geometrical mapping increases the separability of the 
problem, since the inverse transformation and its Jacobian matrix can be easily written in a separated form as a function of 
the problem’s extra coordinates.

We can write the gradient ∇ in the real (x, y, z) domain as a function of the gradient in the transformed domain (q, r, s), 
noted by ∇r such as:

∇ = B∇r (20)

Therefore, the weak form of the problem can be written as:

1

4

∫
r

(∇ru∗ + ∇ru∗ᵀ)ᵀ Bᵀ ·K · B
(∇ru∗ + ∇ru∗ᵀ)

det(J)dr =
∫

∂r

u∗ · F det(J)dr (21)

The weak form illustrated in Eq. (21) is used for PGD simulation. The interested reader wishing to get the detailed PGD 
algorithm to obtain the solution in transformed domains may refer to one of the following publications and the references 
therein [13,12].



112 C. Ghnatios et al. / C. R. Mecanique 347 (2019) 101–113
Appendix B. The Schwartz alternating process

The Schwartz alternating method as it applies to the multi-hole problem is presented in this section. The method is a 
stepwise process that cycles over as many calculations as is needed to satisfy the boundary conditions on the periphery 
of each hole of the plate shown in Fig. 9(a) by superposition of the stresses existing around each corresponding hole in 
Figs. 9(b) and 9(c).

For clarity, we first introduce the notations that are used subsequently in this section to describe the iterative process.
We define (sr)

k
i j , (sθ )

k
i j and (srθ )

k
i j to be, respectively, the radial, tangential and shear stresses arising around hole i

or would-be hole i due to loading around hole j, during iteration k, in a plate containing n holes under remote pressure 
loading. Similarly, we define (sr)

0
i , (sθ )

0
i and (srθ )

0
i , (i = 1, . . . , n), to be, respectively, the radial, tangential; and shear stresses 

around the would-be hole i in a hole-free plate. Recall that k = 0 means a plate containing no hole.

Furthermore, let (σr)
k
i =

n∑
( j=1)

(sr)
k
i j , (σθ )

k
i =

n∑
( j=1)

(sθ )
k
i j and (τrθ )

k
i =

n∑
( j=1)

(srθ )
k
i j , (i = 1, . . . , n). Also, let δ be a small positive 

number sufficiently close to zero. The process now follows.
First cycle, k = 1:

Step 1. Apply (sr)
1
11 = −(sr)

0
1 and (srθ )

1
11 = −(srθ )

0
1 around hole 1. Calculate (sr)

1
21, (sθ )

1
21 and (srθ )

1
21 around the would-be 

hole 2; (sr)
1
31, (sθ )

1
31 and (srθ )

1
31 around the would-be hole 3, . . . , (sr)

1
n1, (sθ )

1
n1 and (srθ )

1
n1 around the would-be hole n.

Step 2. Apply (sr)
1
22 = −(sr)

0
2 − (sr)

1
21 and (srθ )

1
22 = −(srθ )

0
2 − (srθ )

1
21 around hole 2. Calculate (sr)

1
12, (sθ )

1
12 and (srθ )

1
12

around the would-be hole 1; (sr)
1
32, (sθ )

1
32 and (srθ )

1
32 around the would-be hole 3, . . . , (sr)

1
n2, (sθ )

1
n2 and (srθ )

1
n2 around the 

would-be hole n.

Step 3. Apply (sr)
1
33 = −(sr)

0
3 − (sr)

1
31 − (sr)

1
32 and (srθ )

1
33 = −(srθ )

0
3 − (srθ )

1
31 − (srθ )

1
32 around hole 3. Calculate (sr)

1
13, 

(sθ )
1
13 and (srθ )

1
13 around the would-be hole 1; (sr)

1
23, (sθ )

1
23 and (srθ )

1
23 around the would-be hole 2, . . . , (sr)

1
n3, (sθ )

1
n3 and 

(srθ )
1
n3 around the would-be hole n.

...

Step n. Apply (sr)
1
nn = −(sr)

0
n − (sr)

1
n1 − (sr)

1
n2 − (sr)

1
n3 − · · · − (sr)

1
n(n−1) and (srθ )

1
nn = −(srθ )

0
n − (srθ )

1
n1 − (srθ )

1
n2 − (srθ )

1
n3 −

· · · − (srθ )
1
n(n−1) around hole n. Calculate (sr)

1
1n , (sθ )

1
1n and (srθ )

1
1n around the would-be hole 1; (sr)

1
2n , (sθ )

1
2n and (srθ )

1
2n

around the would-be hole 2; (sr)
1
3n , (sθ )

1
3n and (srθ )

1
3n around the would-be hole 3, . . . , (sr)

1
(n−1)n , (sθ )

1
(n−1)n and (srθ )

1
(n−1)n

around the would-be hole (n − 1).
Next, we calculate (σr)

1
i and (τrθ )

1
i , (i = 1, . . . , n). If Max

∣∣(sr)
0
i + (σr)

1
i

∣∣ ≤ δ and Max
∣∣(srθ )

0
i + (τrθ )

1
i

∣∣ ≤ δ, where Max de-
notes the maximum value of an expression and the symbol |∼| denotes the absolute value, then the solution has converged 
after the first cycle, and the tangential stress around any hole i in the plate of Fig. 9(a) can be calculated as:

(sθ )
0
i + (σθ )

1
i , (i = 1, · · · ,n) (22)

Otherwise, steps 1 through n above are repeated and a second cycle is started where the loads applied on the contours 
of the holes are those calculated at the end of the first cycle, as follows.

Second cycle, k = 2:

Step 1. Apply (sr)
2
11 = −(sr)

1
12 − (sr)

1
13 − · · · − (sr)

1
1n and (srθ )

2
11 = −(srθ )

1
12 − (srθ )

1
13 − · · · − (srθ )

1
1n around hole 1.

Calculate (sr)
2
21, (sθ )

2
21 and (srθ )

2
21 around the would-be hole 2; (sr)

2
31, (sθ )

2
31 and (srθ )

2
31, around the would-be hole 

3, . . . , (sr)
2
n1, (sθ )

2
n1 and (srθ )

2
n1 around the would-be hole n.

Step 2. Apply (sr)
2
22 = −(sr)

2
21 − (sr)

1
23 − · · · − (sr)

1
2n and (srθ )

2
22 = −(srθ )

2
21 − (srθ )

1
23 − · · · − (srθ )

1
2n around hole 2.

Calculate (sr)
2
12, (sθ )

2
12 and (srθ )

2
12 around the would-be hole 1; (sr)

2
32, (sθ )

2
32 and (srθ )

2
32 around the would-be hole 3, . . . , 

(sr)
2
n2, (sθ )

2
n2 and (srθ )

2
n2 around the would-be hole n.

Step 3. Apply (sr)
2
33 = −(sr)

2
31 − (sr)

2
32 − · · · − (sr)

1
3n and (srθ )

2
33 = −(srθ )

2
31 − (srθ )

2
32 − · · · − (srθ )

1
3n around hole 3.

Calculate (sr)
2
13, (sθ )

2
13 and (srθ )

2
13 around the would-be hole 1; (sr)

2
23, (sθ )

2
23 and (srθ )

2
23 around the would-be hole 2, . . . , 

(sr)
2
n3, (sθ )

2
n3 and (srθ )

2
n3 around the would-be hole n.

...

Step n. Apply (sr)
2
nn = −(sr)

2
n1 − (sr)

2
n2 − (sr)

2
n3 − · · · − (sr)

2
n(n−1) and (srθ )

2
nn = −(srθ )

2
n1 − (srθ )

2
n2 − (srθ )

2
n3 − · · · − (srθ )

2
n(n−1)

around hole n.
Calculate (sr)

2
1n , (sθ )

2
1n , (srθ )

2
1n around the would-be hole 1; (sr)

2
2n , (sθ )

2
2n , (srθ )

2
2n around the would-be hole 2; (sr)

2
3n , 

(sθ )
2 , (srθ )

2 around the would-be hole 3, . . . , (sr)
2 , (sθ )

2 and (srθ )
2 around the would-be hole (n − 1).
3n 3n (n−1)n (n−1)n (n−1)n
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Next, we calculate (σr)
2
i and (τrθ )

2
i , (i = 1, · · · , n). If:

Max
∣∣∣(sr)

0
i + (σr)

1
i + (σr)

2
i

∣∣∣ ≤ δ (23)

and

Max
∣∣∣(srθ )

0
i + (τrθ )

1
i + (τrθ )

2
i

∣∣∣ ≤ δ (24)

then the solution has converged after the second cycle and the tangential stress around any hole i in the plate of Fig. 9(a) 
can be calculated as:

(sθ )
0
i + (σθ )

1
i + (σθ )

2
i , (i = 1, · · · ,n) (25)

Otherwise, the procedure above is repeated for another cycle. The procedure will run for as many cycles as is necessary 
to satisfy the convergence criterion on δ.
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