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Abstract. This paper is concerned with the following fourth-order parabolic problem:

_ 1 _
Up + Uxxxr = |ulP lu——f [P ludx, xeQ, r>0,
1Ql Jo
Uy = Uxxx =0, x€oQ, t>0,
u(x,0) = up, x€eQ

withQ = (0,a) and p > 1. Here, ug € H2(Q) is the initial function which satisfies fQ ug (x) dx = 0 with ug(x) £ 0.
We prove that the solutions for the preceding problem blow-up at finite time ¢, provided that:

ACPLD =) - (p-112 g 2+, =1

(p+1) 2c

Here,4<m<2(p+1),0<A<1and c* is a positive constant related to the Poincaré inequality. Here, J(u) is
the energy functional. The above condition trivially holds for J(ug) < 0. Thus, the blow-up result is valuable
for arbitrary positive initial energy and suitable initial data. We also obtain upper and lower bounds for the
blow-up time. Hence, the exact blow-up time is obtained under some conditions. Besides, if /(1) > 0 and the
above condition holds in the strict sense or J(up) < 0, then for every g = 2, || u(t)llg grows exponentially for
all 0 < f < t4, also, under the same conditions, the solution for this problem does not extinct in finite time if
[lugll2 > 0. The non-extinction of solutions also holds in the equal sense of the above condition. These results
extend the recent results obtained for this problem.

o3 — mJ (uo) = 0.

Keywords. Fourth-order equation, Blow-up, Exact blow-up time, Non-extinction, Exponential growth.
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1. Introduction

In this paper, we study the following fourth-order parabolic problem which describes

_ 1 _
U+ Uprrr = |UlP lu—ﬁf [P ludx, xe€Q, t>0,
Q

(1.1)

Ux = Uxxx =0, xeoQ, t>0,
u(x,0) = uo, xeQ.
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48 Khadijeh Baghaei

Here, Q = (0,a),p > 1 and up € H?(Q) is the initial function which satisfies fQ up(x) dx = 0 with
up(x) #0. The energy functional for this problem is as follows:

1
p+1
PESLAICLItE (1.2)

1 2
J(u(®) = E” uxx(ﬂ”z -

The mathematical model of (1.1) is a simplified model of the fourth-order parabolic equation that
is introduced in [1-3]. This model describes the evolution of the epitaxial growth of thin films
at the nanoscale. The physical importance of this model has led many authors to study these
types of equations, and the global existence and blow-up of solutions to these equations have
been investigated. To view these results, we refer interested readers to [4-10] and the references
therein. Also, to see the results of other fourth-order parabolic equations, we refer to [11-13]. We
now state the results obtained for problem (1.1). For this problem, if 0 < p < 1, it is proved that
the weak solutions are global [8], also, if /(1) := Jy <0, then the solution does not extinct in finite
time. For p > 1, in the case of Jy < 0, it is proved that the solutions blow-up in finite time [9].
Moreover, if d = infy J(u), where N is defined as
N ={ue H*Q)| 1) = x5~ Iulh 1} = 0, lucx(8)13 # 0},

then for 0 < Jy < d, if I(up) > 0, then the weak solutions are global and do not vanish in finite
time, whereas for (1) < 0, the weak solutions blow-up in finite time [9]. Also, the similar results
with 0 < Jy < d in the case Jy = d hold [9]. Recently, the blow-up of weak solutions with the
positive initial energy with other constraints is proved in [10]. In fact, it is proved that the weak
solutions blow-up in finite time provided that Jy < E; and | uoxxll2 > @, where E; and a are
positive constants which are introduced in [10]. Also, in [10], an upper bound for the blow-up
time is obtained.

In the present paper, we prove that the solutions to problem (1.1) blow-up at finite time t.
provided that:

ACWHD =), ~p=brz gt 4, 22—
(p+1) 2c*

where p>1,4<m<2(p+1),0<A<1,and c* comes from the Poincaré inequality. The above
condition trivially holds for /(i) < 0. Thus, the blow-up result is valuable for arbitrary positive
initial energy and suitable initial data. We also obtain upper and lower bounds for the blow-up
time. Furthermore, if /(1) > 0 and the preceding condition holds in the strict sense or J(up) <0,
then:

lugll — mJ(ug) =0,

« forevery g = 2, u(t)|| 4 grows exponentially for all 0 < £ < z;
o the solution of (1.1) does not extinct in finite time if || g/, > 0.

The non-extinction of solutions also holds in the equal sense of the above condition.
In the next section, we prove our results about the blow-up in finite time and in the last section,
we show the exponential growth and non-extinction of solutions.

2. Blow-up in finite time

In this section, we prove the blow-up of solutions to problem (1.1) and obtain upper and lower
bounds for the blow-up time.

Definition 2.1. A function u(x,¢) is called a weak solution to problem (1.1), if u €
L0, T, H?(Q)), us € L?(0, T, H2(QY)) and u(x, t) satisfies:

Ji .

for all ¢ € L2(0, T, H* () with ¢, = 0 on Q.

dxdr =0

_ 1 _
ur(l’+uxx(/)xx_(|u|p lu——f lul? 1u)qo
1l Ja
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Khadijeh Baghaei 49

Throughout this paper, we assume that the local solution to problem (1.1) exists.
Lemma 2.2. The energy functional J(t) is non-increasing and satisfies:
t
J(1)=J(0) - fo luz (0113 de @1

with ) )
_ 2 p+1
J(0) = E” Upxxllz — m” u0||p+1.

Proof. Differentiating (1.2) and making use of (1.1), we obtain

5](” = E(zllu”(l‘)llz— p+lllu(t)llp+1)

=fﬂ(uxx(t)uxxt(t)—Iu(t)l”‘lu(t)ut(t) dx)

_L Up (8) (— Uy xxx () + |u(t)|p_l u(t))dx

—f u;(r)(ut(mif lu()1P~ u(t) dx)
Q 10l Jo

- o= [ utoa] i [ taco a)
fQ(ur(t)) dx (dt Qu(t)dx Ql QIu(t)l u(t) dx|. 2.2)

We now integrate from (1.1) and use integration by parts to obtain

d
—f u(t)dx=0. 2.3)
dr Jo

This inequality along with (2.2) gives

d 2
— =- . 2.4
dt](t) fQuf(t)dx 2.9)
Integrating of (2.4) results in
t
J(1)=J(0) - fo lur (@15 d.
This completes the proof. O

Lemma 2.3. Assume that p > 1 and u is the weak solution of (1.1). Then for any u > 0, the
following estimate holds:

d _
7, 1O1Z = Genpa+ k)O3 + ks () 157! — g PV P g 2.5)
with )
ky = /1(2— ) k=~ (-2+ ﬂ), ks=(1-1) (2— i) Q= (P-D/2
p+1 c* 2 p+1
m 2 \@PD (g (2.6)
k4:|Q|(2__ _) (_ A) k5:m]0,
p+1)\p+1 p+1

where m and A are some positive constants with4 < m <2(p+1) and0 < 1 < 1, also, c* comes from
the Poincaré inequality.

Proof. At first, integrating (2.3), we are led to

fu(t)dx:f up dx.
Q Q

f u(t)dx=0. 2.7
Q

By assumption [, updx = 0, we have

C. R. Mécanique — 2022, 350, 47-56
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Making use (1.1) and (2.7), we obtain

i|Iu(t)||§=2f u()u (1) dx=—2f qux(t)lzdx+2f lu(t)P* dx. (2.8)
dr Q Q Q

From (2.8), (1.2) and (2.1), we can write

d
anu(t)uﬁ = 2l (D13 + 20w} +mJ(6) = mJ(®)
+1 m +1
=—2||uxx(t)||§+2||u(r)||§+1+Enuxx(t)n%— 1||u(zr)||5+1

t
—-mJo + mfo luz (0113 dT

t
(-2+ 3 w0l + (z—pi)||u(t)n,,+1—mfo+mfo I @I3dr  (29)

with 4 < m < 2(p + 1). In the rest of the proof, we obtain a lower bound for the first term on the
right hand side of (2.9). In order to do this, we apply the Poincaré-Wirtinger inequality to obtain
2

2
= cillux (03,
2

1
u(t)— ﬁ u(e) dx

where c; is the best constant in the Poincaré-Wirtinger inequality. By considering f, u(¢)dx =0,
the preceding inequality becomes

lu@l3 < cilluc (13- (2.10)
Because of u, = 0 on 0Q2, we can apply the Poincaré inequality to obtain
lux(1 < e2llucx (D113,
where c; is the best constant in the Poincaré inequality. This inequality along with (2.10) yields
lull3 < c* lux (013, (2.11)
with ¢* = cjc). Combining (2.11) with (2.9) gives
oz - (~2+ 2 w3 + (2 - p—) lu(Ih7y = mo. 2.12)
We now write the second term on the right hand side of (2.12) as
(2 - %) lu@I? =4 (2 - p—) luIZ +0 -2 (2 - %) luI’5,
with 0 < A < 1. Thus the estimate (2.12) is written as

1 m
—||u(t)||2_ (2+—)||um||2+A(2—p—)umwuﬁi}m 7L)(2—pT)numn,,+1 mJo.
(2.13)
We apply the Hélder inequality to obtain

(p+1)/2
f|u(t)|’”+1dxz |Q|~(P-D72 U uz(t)dx) ) (2.14)
Q Q

Combining the preceding inequality with (2.13) gives

d 1 m m —(p—
allu(t)ll% = c_*(_2+ 3)||u(t)||§+(l—/1) (2—m)|g| (p Dlzllu(t)llf“

+A(2—%)uu(t)n§ﬁ—mh. 2.15)

C. R. Mécanique — 2022, 350, 47-56
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In order to obtain a lower bound for the third term on the right hand side of (2.15), we apply the
Young inequality to obtain

2

flu(t)l’””dxzyf uz([)dx_u(l)+l)/(p—1)(
Q Q

2/(p1)(p_1
p+1

m) 1], (2.16)

where p is some positive constant to be determined later. This inequality along with (2.15) yields

d _
7 1HO1Z = Geupa+ k)O3 + ks () 174 — kg P+ VP g

with
1
k1 :/1(2_ m ), kz:—(—2+ m), ks=(1-1) (2_£)|Q|_(p_l)/2
pl ¢t 2 p+1
2 \2/(p-1 -1
k4:|Q|(2_i _) (P_ A ks =mjo.
p+1){p+1 p+1
Thus, we obtain the desired result. -

Lemma 2.4. Assume that p > 1 and u is the weak solution of (1.1). Then the following estimate
holds:

d ;!

S} 2 (k6|| ol 2 + kallugll - k5)e(k7””°”2 MRS A6 L 2.17)
with 12 1 A2 1

ke = APV, 0 vy g 2 MRPHED M) oty (2.18)

p+1 2
where ky, ks and ks are defined in (2.6) and m and A are some positive constants with 4 < m <
2(p+1)and0<A<1.

Proof. By considering the inequality (2.5), we can write
d _
3113 = G+ k) (D13 = — ka1 — ks,
This inequality yields

(p+1D/(p-1)
2 (prkpe , (KPP 4 ks (0 ek
luglls e + l1-e
kip+ ko

w3

%

1
T L ol — g0/ — ke B R a0 070 ¢
1 2
(2.19)
As in [14], we define

F() = (kyp+ k) luglls — kapuP*D/P=0 — kg

m m—4 m 2 \2PDp_1
PY PR—_L Py 2 (P“)“P—”(z——)(—) (—)Mz— :
( p+1)“ oo | ol —p 1| A&l =mJo

p+1l)\p+1 p+
Thus, we can write (2.19) as follows:
lull5 = m{ﬂp)e”‘l“b” + kg PV (P14 k5}. (2.20)
Combining (2.20) with (2.5) yields
% lu1? = Fe k2t 4 ks u(n 5+, (2.21)

We now compute

m 2/(p-1)
P =al2- ) )
H p

2
uplls = 1Q| ——=
1 lluolls =1 I(

p+1

2/(p1)]

C. R. Mécanique — 2022, 350, 47-56
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By solving F'(u) = 0, we obtain

+1 (i -
umax=(”7)|9| L [
where pmay is the absolutely maximum point of the function F. Thus, we have
+1 (- - A2(p+D)—-m) -
klumax+kz=k1(p )|Q| P=D12)13117 1+k2=’yf|m P12} 3o | P71 4 k.

For convenience, we set k7 = (A(2(p + 1) — m))/2|Q|~P~V/2_ Then we have
-1
ki fmax + k2 = kzllugly ™~ + k.

We also have

2
ol

AR(p+D)-m) L m-4
F(fima) [p—m (P=D72) P71 4

2 2 2c*

Ap-DRp+D-m)
SEPT RSP Q1D g | P g
2(p+ 1)
AR(p+1D)-m) m—4
= ZEPE I o P02 g P4 R 12 = g,

(p+1) 2c*

Now by considering the values of k; and ks from (2.6) and setting kg = (A2(p+1)—-m))/(p+1)
1QI~P~D/2 we can write

Flltmax) = kslluol) ™" + kalluol3 — ks.

By considering the preceding computations, we can write (2.20) and (2.21) as follows:

p-1 _
Ol = -~ T {Uesluolly™ + Kall g1 — ksl ¥l k0 i ey (pn) P09 7D 4 s}
71l to + K2
2 (2.22)
and
d p-1
113 = ke luolly ™ + Kalluoly - ksle1Hols R0 4 ky fucol; ™ (2.23)
This completes the proof. O

Lemma 2.5. Assume that u is the weak solution of (1.1). Moreover, assume that p > 1, 4 < m <
2(p+1) and0 < A < 1. If the following condition holds:

Kell uollZ " + Kalluo 1 — ks = 0, (2.24)
then the solution of problem (1.1) blows up at finite time t, and t. < T with

~2llugll,””
(p—Dks’
where ky, ks, ks and kg are defined in (2.6) and (2.18).

Proof. By considering the condition (2.24), the inequality (2.17) implies that
d 2 p+l
a”lt(f)ﬂg = ksllu@l; .

This inequality yields

d
(||u(t)||§)‘('”+”’za||um||§ > k3. (2.25)

C. R. Mécanique — 2022, 350, 47-56
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Integrating (2.25) from 0 to t gives

- -y (p=1D
;"™ = ol ™ - 25

kst. (2.26)
This inequality cannot hold for all ¢ > 0. In fact we conclude from (2.26) that lim,_., [ u(?) |I§ =
+00, where ¢, is bounded from above by

~ 2lugll,”

C(p-Dks’
This completes the proof. O

* =

Remark 2.6. In the case of Jj <0, the inequality (2.12) implies that

d 2 m p+1
allu(t)llz z (2— m) lu@ll, -

Making use of the inequality (2.14), the preceding inequality becomes
d
dt

Similar to Lemma 2.5, we can conclude from the inequality (2.27) thatlim,_,- || u(?) |I§ = +00, and:

m —(p- 1
||u(t)||§z(z—m)|m R 171 I (2.27)

_2(p+Dlugll,””
C(p-DR(p+D-m)
Remark 2.7. By considering Lemma 2.5 and Remark 2.6, we know that if J; > 0 and the
condition (2.24) holds or Jy < 0, then lim,_. - [[u(?) ||§ = +oo, thus the inequality (2.14) implies
that lim,_,; ||u(t)||§:} = +oo. Finally, the Sobolev inequality || u(2) [ p+1 < ¢slluxxll2 deduces that
lim;_ |l uxxllg = +00. Hence, we can write

|(p-D12,

* =

. +1
Jim. (1 e (D15 + w1} = +oo.
In the following lemma, we use the technique used in [15] and obtain a lower bound for the
blow-up time, when the blow-up occurs.

Lemma 2.8. Assume that u is the weak solution of (1.1). Also, assume that p > 1. If Jo > 0 and the
condition (2.24) holds or Jy < 0, then the blow-up occurs at finite time t. and t. is bounded from
below by
> ! ,

2r¢SP (p - DyP=1(0)
where c; is the best constant in the Sobolev inequality and:

*

1 2 1 p+1
w(0) = §||u()xx||2 + m”llo”pﬁ-
Proof. In view of Lemma 2.5 and Remark 2.6, we know that if Jo > 0 and the condition (2.24)
holds or Jy < 0, then the blow-up occurs at finite time ¢.. Thus, we find a lower bound for the
blow-up time. In order to find a lower bound for the blow-up time, we define the function v as:
1
p+1

o

1 2
y(t) = 5” uxx(t)”g +
We now compute

Y'(0) =f uxx(t)uxxt(t)dx+f ()P u(t)u, () dx
Q Q
=fQ(uxxxx(t)+Iu(t)l”*1u(t))ut(t)dx

=f (2|u(t)|”‘1um—ut(r)—mrlf lu(6)P L u(o) dx | u, () dx
Q Q

C. R. Mécanique — 2022, 350, 47-56
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=f2|u(t)|”_1u(t)ut(t)dx—f ut(t)zdx—(lQl_lf |u(t)|"‘1u(t)dx)(£f u(t)dx)
Q Q Q dr Jo

=f2|u(t)|p_1u(t)ut(t)dx—f u (02 dx, (2.28)
Q Q

where we have used from (2.3). We apply the Young inequality to the first term on the right hand
side of (2.28) and use the Sobolev inequality [ u(£)[l2p < c¢slluxx |2 to obtain

fQ 20w u(Ou (1) dx < Ju@ 55 +lu D13 < e w1+ (015 < 2P ()P +lu D15,

Here, c; is the best constant in the Sobolev inequality. This inequality along with (2.28) yields
V(1) =2 P ()P,

Thus,
v Pdy <27 dr.

Integration of the preceding inequality, we deduce

1 1 2
- — + — <2Pc"r.
(p=DyP=2(1) (p—DyP=(0)
From Remark 2.7, lim;_. ;- w(f) = +oo, thus we obtain
1
Iy = 3 .
2P (p - DyP1(0)
Thus, we obtain the desired result. O

By considering the previous lemmas and their conditions, we can obtain the exact blow-up
time. In order to do this, we equate the upper and lower bounds obtained for the blow-up time
and obtain a condition. Under this condition, the blow-up time is equal to the common value of
the upper and lower bounds.

3. Exponential growth and non-extinction of solutions

In this section, we prove the exponential growth and non-extinction of solutions.

Lemma 3.1. Assume that Jy > 0 and u is the weak solution of (1.1). Also, assume that condition
(2.24) holds in the strict sense. Then for every q = 2, |u(t) || 4 grows exponentially for all0 < t < f,.

Proof. By considering Jy > 0, the inequality (2.22) yields

+1 p-1
lu(Ol3 = (kslluoll) ™ + kallugll3 — kslekrluollz ~+kt, 3.1

(krlluo ) ™" + k2)
Making use of Holder’s inequality, for every g > 2, we can write
Q192 9 u(n) |2 = lu@)3. 3.2)

This inequality along with (3.1) gives

+1 —(g- p-1
Il = [kl oy + Kzllugll3 — ks]|Q =972 qe(Krlol ko,

(k7lluolly ™ + k2)

In view of the condition (2.24), we see that the inequality (3.1) and the last inequality deduce that
for every g = 2, || u(f)|l; grows exponentially for all 0 < 7 < £,. O

C. R. Mécanique — 2022, 350, 47-56
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Remark 3.2. In the case of Jj < 0, the inequality (2.12) implies that
d a1 m 2 m p+l
e = = (=2 + ) lul + (2— ﬁ) TG

with 4 < m < 2(p + 1). Making use of the inequality (2.16) with g = ((p +1)/2)|QI=P~D/2 || 27",
the preceding inequality becomes

d
anu(t)ni > kollull3 — k1o (3.3)

with ky = (@(p+1) - m)/21Q" P2y P™" + &k, and kip = (p—DQR(p+1)—m)/2(p+1)
1QI=P=D/2) 49 ||P* . This inequality yields

k1o
lu)l3 = ||u0||§ek9t+k—(1—ek9t)

9
1 k1o
= —[kollugll% — kiole®’ + ===
]Cg[ 9lluoll; — k1ol %o
1L[@p+D-m), ., k1o
= — | T 0 D2 g 124 4 Kl [+ T2,
kg p+1 9
For every g > 2, this inequality along with (3.2) yields
1 [Qp+)—-m) _ _(,_ 1 —(g—
(ol = — ”me P02 4|2 4 T g3 1QI7T2 e, 0< £ <t
9

Thus, we conclude that if Jo < 0 and [lugll2 > 0, then for every g = 2, ||u() | 4 grows exponentially
forallO< r < t,.

Lemma 3.3. Assume that u is the weak solution of (1.1) and uy € H?(Q) with ||upll2 > 0. Moreover,
assume that Jy > 0 and the condition (2.24) holds. Then, the solution does not extinct in finite time.

Proof. By considering the condition (2.24) in the strict sense, we can write the inequality (2.22)
as follows:

lu(o)l3 (p+1)/(p-1)

v

1
— [kGH uolly ™ + kalluol3 + ks (timax)
(kzlluolly ~ + k2)

ezl kx| 12
(k7 lluo !} 1+k2)[

lugl3 >0, £=0.

-1
Here, we have used from the facts that e®714ly ™ +k)¢ > 1 and:
Ko ll o 15+ + Ka (ptma) P+ D/ P 7Y = kg o 15
Also, when the condition (2.24) holds in the equal sense, the inequality (2.22) implies that
k4 (umax)(p+1)/(p*1] + k5
-1
kzluolly ™ + k2

We now apply the Hélder inequality for every g > 1 to obtain

2
_q_
q-1

lu(l3 = >0, t=0.

0 < w3 < lu@Zlu®l?, , t=0.

Thus, there does not exist 7 > 0 such that

lim |u(#)ll4 = 0.
t—t

Remark 3.4. We see that in the case of J < 0, the condition (2.24) is a trivial inequality. Thus in
this case under the condition | ug|2 > 0, the result of Lemma 3.3 holds.

C. R. Mécanique — 2022, 350, 47-56
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