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Abstract. Path-following methods for describing unstable structural responses induced by strain-softening
are discussed. The main ingredients of the formalisms introduced by Riks and Crisfield for arc-length meth-
ods for geometrical non-linearities are presented. A link between two ways (monolithic and partitioned)
of solving the resulting augmented equilibrium problem is discussed based on the Sherman–Morrison for-
mula. The original monolithic approach assumes that the path-following constraint equation is differentiable
with respect to the unknown displacement field and load factor. However, when dealing with material non-
linearities, it is often preferred to consider constraint equations controlling the maximum of a field defined
on the computational domain (e.g., a scalar strain measure, the rate of variation of an internal variable of the
constitutive model). In that case, differentiability cannot be guaranteed due to the presence of the maximum
operator. This makes only the partitioned formulation usable. Several path-following constraint equations
from the literature are presented, and the corresponding implementations in the finite element method are
discussed. The different formulations are compared based on a simple two-dimensional test case of damage
localization in a beam submitted to tension. A test case involving multiple snap-backs is illustrated, finally,
to show the robustness of the considered formulations.

Résumé. Des techniques de pilotage indirect du chargement pour décrire des réponses structurelles instables
induites par l’adoucissement en déformation sont discutées. Après avoir rappelé les principaux ingrédients
des formalismes introduits par Riks et Crisfield pour les méthodes de longueur d’arc pour le traitement de
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non-linéarités géométriques, un lien entre les deux façons (monolithique et partitionnée) de résoudre le pro-
blème d’équilibre augmenté qui en résulte est établi en se servant de la formule de Sherman–Morrison. L’uti-
lisation de solveurs monolithiques repose sur l’hypothèse de différentiabilité des équations de pilotage par
rapport aux inconnues du problème, le champ de déplacement et le facteur de chargement. Cependant, lors-
qu’il s’agit de décrire des instabilités d’origines matérielles, des phénomènes locaux sont souvent respon-
sables de la réponse instable obtenue au niveau global. Par conséquent, il est parfois préférable d’introduire
des équations de pilotage permettant de contrôler le maximum d’un champ défini sur le domaine de calcul
(e.g., la variation d’une mesure scalaire de déformation, le taux de variation d’une variable interne du modèle
constitutif). Dans ce cas, la différentiabilité de l’équation de pilotage n’est plus garantie en raison de la pré-
sence de l’opérateur de maximum, ce qui rend utilisable uniquement la formulation partitionnée. Plusieurs
exemples issus de la littérature scientifique pour les deux classes d’équations de pilotage sont présentés. En-
suite, on dérive les formulations d’éléments finis correspondantes et on décrit les avantages et inconvénients
pour chacune d’elles. Une comparaison détaillée entre les différentes formulations est présentée sur la base
d’un cas test bidimensionnel simple simulant la localisation de l’endommagement dans une poutre soumise
à une sollicitation de traction. Un cas de test impliquant l’apparition de plusieurs snap-backs dans la courbe
de réponse globale est enfin illustré pour montrer la robustesse des formulations considérées.

Keywords. Path-following methods, Monolithic and partitioned formulations, Dissipative constraint equa-
tions, Non-dissipative constraint equations, Material non-linearities.

Mots-clés. Méthodes de pilotage indirect du chargement, Formulations monolithique et partitionnée, Méth-
odes dissipatives, Méthodes non dissipatives, Non-linéarités matériaux.
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1. Introduction

Unstable structural responses are often encountered in the numerical simulation of mechanical
processes due to both material and geometrical non-linearities. The first kind of non-linearity
depends on the mechanical behavior law that is assumed at the material level. In contrast,
the second mainly depends on structural movements appearing in the medium due to large
displacements and large strains. Both non-linearities may lead, under some circumstances, to
unstable structural responses characterized by snap-backs and snap-throughs.

These kinds of behaviors cannot be adequately described through standard force- or
displacement-controlled Newton-like solvers. The so-called path-following (in the engineering
community) or continuation (in the mathematics community) methods allow overcoming such
limitations by making the intensity of the external loading depend on the fulfillment of an addi-
tional problem equation: the path-following constraint equation [1–4]. The sole direction of the
external load (displacement/traction) is prescribed, whereas the algorithm automatically deter-
mines its intensity to fulfill the resulting augmented equilibrium problem. This representation
requires the introduction of an additional Degree-of-Freedom (DoF), the load factor, thereby ex-
panding the dimensions of the solution space by one. Thanks to its generality, this formalism
can also be extended to multi-parametric loading to model multiple indirectly controlled load-
ing conditions [5]. In that case, m load factors and m constraint equations are introduced, thus
increasing the size of the solution space by m.

There is extensive literature concerning path-following methods for unstable structural re-
sponses of both geometrical and material origins. Different numerical approaches have been
developed, mainly in the Finite Element Method (FEM). Riks [2, 3] and Wempner [1] first pro-
posed decomposing the external load vector into a prescribed part and an unknown part and
introduced the so-called arc-length method. In this method, the constraint equation is a func-
tion of all the DoFs and can be linearized [6]. In this way, one can use a standard Newton solver
where the stiffness matrix is augmented by additional blocks corresponding to the derivative of
the equilibrium residual with respect to the load factor and to the derivatives of the constraint
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equation with respect to the displacement vector and load factor. Consequently, the problem un-
knowns are computed by solving a “slightly” non-symmetric system of equations. However, the
implementation of such an approach into existing FE simulation softwares requires freely modi-
fying the stiffness and residual operators assembly process and lowers the performance of linear
solvers since the banded nature of the stiffness matrix is destroyed. This motivated several au-
thors [4, 7] to solve this problem in a partitioned/staggered fashion. This approach requires first
solving the equilibrium equation twice to compute two independent contributions to the dis-
placement correction in an iterative Newton-like solving process (the sole stiffness matrix has to
be inverted, and the algorithm does not affect the assembly routines). Then, one solves the con-
straint equation to compute the load factor correction. This introduces an additional advantage
with respect to monolithic solvers because the differentiability of the constraint equation with
respect to the problem unknowns is no longer needed.

Arc-length methods [1–4, 7, 8] are well suited for geometrical non-linearities. However, they
do not properly represent structural instabilities associated with localized dissipative processes
occurring at the material level (e.g., strain localization) [9, 10]. In that case, just a few DoFs
control the structural response [11]. Based on this consideration, De Borst [9] proposed a con-
straint equation for controlling a user-defined combination of a limited number of DoFs. Draw-
ing from this idea, several constraint equations for controlling the strain increment at a given
location of the finite element mesh [12–14] or the maximum strain variation on the computa-
tional domain [15] were proposed. Despite their relative simplicity, these formulations may fail
due to the impossibility of distinguishing between dissipative and non-dissipative branches of
the global equilibrium path. This motivated several authors to propose constraint equations en-
suring that the dissipation is always positive [16–18]. This has been done through global con-
straints on the total dissipation [19–21], or using more local constraint equations, where atten-
tion is focused on the dissipative process occurring at the material level. Several methods of this
kind were proposed in the literature. For instance, a constraint equation on the maximum value of
the elastic predictor of the damage/plasticity function was proposed by Lorentz and Badel [15],
whereas Rastiello et al. [22] developed a constraint equation allowing to control the maximum
rate of variation of the internal variables of the constitutive model used to represent material
non-linearity.

These methods were applied to non-linear FE simulations where material non-linearities
were represented using Continuum Damage Mechanics models [15, 23, 24], phase-field formula-
tions [16], and Thick Level-Set damage models [25]. Path-following methods were also employed
in strong discontinuity simulations, where cracks were modeled using zero-thickness interface
FEs [15, 26, 27], in the eXtended Finite Element Method (X-FEM) [28] and in the Embedded Fi-
nite Element Method (E-FEM) [22, 29–31]. Path-following algorithms for the Boundary Element
Method (BEM) were also proposed in [32, 33], and more recently in [34].

Focusing on structural instabilities induced by strain-softening, the main aim of the present
contribution is to propose a possible classification of available path-following constraint equa-
tions and test some of them to underline their advantages and inconveniences, in terms of not
only obtained responses but also simplicity of implementation and resolution.

The paper is structured as follows. After presenting the Boundary Value Problem (BVP) to
be solved briefly, attention is focused on monolithic and partitioned solving schemes. Then,
several path-following constraint equations suitable for performing non-linear FE simulations
in the presence of sharp snap-backs induced by material softening (a simple isotropic dam-
age constitutive model is considered in this work) are presented. A classification of constraint
equations according to their main features (global/local, differentiable/non-differentiable,
dissipative/non-dissipative, model-dependent/model-independent) is proposed, several formu-
lations are detailed, their implementations in a FE framework are illustrated, and their main
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Figure 1. Continuum bodyΩ submitted to imposed and indirectly controlled tractions and
displacements on its boundary.

advantages/inconveniences are underlined. Finally, some test cases are illustrated to show the
different formulations main features. Some conclusions and perspectives close the paper.

2. Monolithic and partitioned path-following approaches

After presenting the variational BVP, this section introduces the FE formulation of path-following
methods. Both monolithic and sequential approaches are shown. Then, attention is focused
on a possible way to include indirectly controlled Dirichlet boundary conditions into the
formulation.

2.1. Boundary value problem

Let us consider a continuum (Figure 1) occupying all points x belonging to a domain Ω ∈ Rd

(with d = 1,2,3) with boundary ∂Ω = ∂Ωu ∪∂Ωt (the over-bar denotes a closure). ∂Ωt is the
part of the boundary where external tractions are applied (Neumann conditions) and ∂Ωu is the
boundary where displacements are imposed (Dirichlet conditions). The split of ∂Ω is such that
∂Ωu ∩∂Ωt =;. Body forces are neglected for the sake of simplicity.

Load decomposition. In path-following methods, the traction and displacement boundary con-
ditions imposed to the system are written as [2, 4]:

u = uimp +λû ∀x ∈ ∂Ωu (1)

σ(u) ·n = timp +λt̂ ∀x ∈ ∂Ωt (2)

where u = u(x, t ) is the unknown displacement field, σ(u) is the Cauchy stress tensor, λ is the
unknown scalar load factor, and n = n(x) is the outward normal vector to ∂Ω. Finally, (timp,uimp)
are the imposed traction and displacement vectors respectively, and (t̂, û) are the directions of the
indirectly controlled tractions and displacements.

Variational problem. Let us introduce the following admissibility spaces:

U (uimp +λû) = {v | v regular enough onΩ, v = uimp +λû on ∂Ωu} (3)

U (0) = {v | v regular enough onΩ, v = 0 on ∂Ωu} (4)
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Under quasi-static and small strain conditions, the variational problem to be solved at time
t ∈ [0,T ] reads:

Find (u,λ) ∈U (uimp +λû)×R such that:∫
Ω
σ(u) : ε(w)dv −λ

∫
∂Ωt

t̂ ·wda =
∫
∂Ωt

timp ·wda ∀w ∈U (0) (5)

p(u,λ) = 0 (6)

where “:” denotes the double contraction between tensors (second or higher order), ε(w) = (∇w+
∇>w)/2 is the small strain tensor applied to the virtual vector-valued field w (with ∇ denoting
the gradient operator and ä> the transpose of the second order tensor ä), and p is the so-
called “path-following constraint equation”. In the following, the latter is also called “constraint
equation” or “constraint” for the sake of conciseness.

2.2. Finite element formulation

Let us now discretize Ω into a finite element mesh Ωh containing nel FEs (Ωe ), such that Ωh =
∪nel

e=1Ωe . The problem to be solved consists in finding the nodal displacement vector (d) and the
load factor (λ) such that:

r(d,λ) = fext
imp +λ f̂− fint(d) = 0 (7)

p(d,λ) = 0 (8)

where r(d,λ) is the residual equilibrium vector and:

fext
imp =

nel

A
e=1

∫
∂Ωe

NTtimp da (9)

f̂ =
nel

A
e=1

∫
∂Ωe

NTt̂da (10)

fint(d) =
nel

A
e=1

∫
Ωe

BTσ(d)dv (11)

Here, the symbol A denotes the assembly operator onΩh , N is the shape functions matrix, and B
denotes the strain-displacement interpolation matrix. Moreover,σ is expressed in vector (matrix
column) format.

2.3. Solution

The pseudo-time interval [0,T ] is discretized into an ordered sequence of steps [t0, t1, . . . ,
tn , tn+1, . . . ,T ]. Given the solution {dn ,λn}> at time tn , one seeks iteratively for the increments
{∆d,∆λ}> such that {dn+1,λn+1}> = {dn +∆d,λn +∆λ}> at time tn+1. At iteration k +1, the accu-
mulated solution increment is written as {∆dk+1,∆λk+1}> = {∆dk +δdk+1,∆λk +δλk+1}>, where
iterate {δdk+1,δλk+1}> is computed by solving a linearized augmented equilibrium problem.
From now on, subscript n will always denote quantities computed at the last converged time
step (tn).

2.3.1. Monolithic method

The linearization of (7) and (8) based on the solution (dk ,λk ) at iteration k gives [2, 3]:[
K −f̂

h> w

]
︸ ︷︷ ︸

:=K̃

{
δdk+1

δλk+1

}
=

{
rk

−pk

}
(12)
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where the stiffness matrix K, the column matrix h and the scalar w read:

K = − ∂r

∂d
= ∂fint

∂d
(13)

h = ∂p

∂d
(14)

w = ∂p

∂λ
(15)

Moreover:

rk = r(dk ,λk ) = fext
imp +λk f̂− fint(dk ) (16)

pk = p(dk ,λk ) (17)

Remark 1. According to (12), the symmetry of the stiffness-like operator to be inverted is lost.
Solving can be efficiently done using direct (e.g., LU (Lower–Upper)) or iterative (e.g., GMRES
(Generalized Minimum RESidual)) solvers. However, the banded nature of K is destroyed with
detrimental effects on solvers convergence.

2.3.2. Partitioned method

In the early 80s, implementing the monolithic formulation into industrial FE analysis soft-
wares was tricky due to the need to build the augmented system of equations (12). This diffi-
culty motivated several authors (see, e.g., [4, 35]) to propose partitioned solving strategies such
that only matrix K had to be inverted in (12) thus preserving the essential features of standard
Newton solvers.

By rewriting the first equation of system (12) as [35]:

Kδdk+1 = rk +δλk+1 f̂ (18)

it is possible to write δdk+1 as the sum of two independent contributions:

δdk+1 = δdk+1
I +δλk+1δdk+1

II (19)

where δdk+1
I and δdk+1

II can be calculated by knowing the solution at iteration k:

δdk+1
I = K−1rk (20)

δdk+1
II = K−1 f̂ (21)

Once δdk+1
I and δdk+1

II are known, the load factor correction can be evaluated by substituting
(19) into the second equation of (12):

δλk+1 =−pk +h>δdk+1
I

w +h>δdk+1
II

(22)

Finally, the solution correction vector can be written as:{
δdk+1

δλk+1

}
=

{
δdk+1

I
0

}
− pk +h>δdk+1

I

w +h>δdk+1
II

{
δdk+1

II
1

}
(23)

Remark 2. According to such a partitioned approach, two symmetric system of equations are
solved at each iteration to compute (δdk+1

I ,δdk+1
II ); then, the constraint equation is solved for

δλk+1. Although this might be costly from a computational viewpoint (matrix K has to be inverted
twice at every iteration),1 its staggered nature renders the sequential approach easy to implement
into most FE analysis softwares.

1Such a computational cost can be reduced by using direct/iterative solvers (e.g., MUMPS, SuperLU) supporting the
solution of matrix systems for multiple right-hand sides at once.
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Remark 3. The partitioned formulation is often preferable to the monolithic one because it
can be used with differentiable and non-differentiable constraint equations. Sometimes, non-
differentiable constraint equations are chosen to control the dissipative processes occurring in
the domain more locally. In that case, linearizing the constraint equation becomes impossible.
As a consequence, the monolithic formulation cannot be used.

Remark 4. Here, the external loading has been supposed to depend on a single load parameter
λ since this is the classical choice. The generalization to multi-parametric loading is, however,
possible [5]. More details are given in Appendix B.

2.4. Dirichlet boundary conditions

Indirectly controlled Dirichlet boundary conditions can be imposed in different ways (e.g.,
through penalization, row-column elimination, Lagrange multipliers, etc.). Here, a Lagrange
multipliers formalism is described.

The variational problem is formulated by incorporating the unknown reaction forces (t) asso-
ciated in duality with the kinematic admissibility conditions on ∂Ωu . The variational problem to
be solved now reads:

Find (u,t,λ) ∈U ×U ′(∂Ωu)×R such that:∫
Ω
σ(u) : ε(w)dv −

∫
∂Ωu

t ·wda −λ
∫
∂Ωt

t̂ ·wda =
∫
∂Ωu

timp ·wda ∀w ∈U (24)∫
∂Ωu

u ·sda −λ
∫
∂Ωu

û ·sda =
∫
∂Ωu

uimp ·sda ∀s ∈U ′(∂Ωu) (25)

p(u,λ) = 0 ∀x ∈Ω (26)

where:
U = {v | v regular enough onΩ} (27)

and U ′(∂Ωu) is defined by duality with U [36].
The FE discretization of this problem is obtained by introducing an additional set of un-

knowns: the Lagrange multipliers vector (η) [37]. The linearized problem to be solved reads:[
K∗ −f̂∗
h>∗ w

]{
δdk+1∗
δλk+1

}
=

{
rk∗
−pk

}
(28)

where:

K∗ =
[

K −C
C> 0

]
rk
∗ =

{
rk

lk

}
f̂∗ =

{
f̂
d̂

}
h∗ =

{
h
0

}
δdk+1

∗ =
{
δdk+1

δηk+1

}
(29)

Here, C is the matrix of the Dirichlet boundary conditions such that:

C>d = dimp +λ d̂ (30)

with (dimp, d̂) denoting the nodal counterparts of (uimp, û). Moreover:

rk = r(dk ,ηk ,λk ) = fext
imp +λk f̂+Cηk − fint(dk ) (31)

lk = l(dk ,λk ) =−C>dk +dimp +λk d̂ (32)

Remark 5. Since the constraint equation (26) is independent of the Lagrange multipliers [38],
deriving the partitioned formulation is straightforward [39].

Remark 6. It is well known that solving (28) can become tricky from a computational viewpoint
since one has to solve a so-called “saddle point problem”. To circumvent this issue, some FE
softwares (e.g., Cast3M [40] and CodeAster [41]) use a slightly different formalism based on the
introduction of two sets of Lagrange multipliers [42]. The resulting discretized linearized system
to be solved is still non-symmetric, but no zero values are present on the diagonal of the stiffness-
like operator [38, 39].
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3. Path-following constraint equations

After introducing a possible classification of constraint equations,2 some formulations suitable
for representing unstable responses caused by non-linear material behaviors (strain softening)
are presented. Then, the main equations for implementing them into monolithic and sequential
path-following solvers are illustrated. Their main advantages and inconveniences are discussed.

3.1. Classification of constraint equations

Differentiable vs. non-differentiable. Constraint equations are first classified according to two
main classes depending on their differentiability.

Differentiable constraint equations are certainly the simplest to develop and solve. They
are such that the dependency on the problem DoFs (d,λ) is explicit [9, 19, 43], which makes
immediate the use of monolithic and sequential solvers [6].

Despite their relative simplicity of formulation and implementation, these constraint equa-
tions may sometimes be unable to adequately describe unstable responses, particularly for struc-
tures undergoing highly localized failure processes. To solve this issue, it is often preferable to
write constraint equations allowing to control the maximum of a field of interest on the compu-
tational domain [15, 22]. In that case, the differentiability of the constraint equation cannot be
ensured due to the maximum operator presence, and using a monolithic solver is no longer pos-
sible (one cannot compute h and w). Conversely, the sequential approach can still be used. In
that case, however, solving the constraint equation requires ad-hoc minimization procedures to
compute δλk+1 after having derived a mesh-partition-wise differentiable constraint equation (in
the most common case, one looks for integration point-wise differentiable equations). This adds
an extra computational cost to the numerical procedure but naturally allows describing complex
damaging/cracking processes adequately (e.g., in the presence of multiple cracks, crack branch-
ing).

It should be noted that element-wise linearization is not mandatory. Most of the algorithms
introduced in the following sections use linear (by construction) or linearized constraint equa-
tions at integration points for the sake of simplicity and robustness. However, in the case of qua-
dratic constraint equations, for instance, one could also imagine solving them numerically or
analytically.

Global vs. local. An additional distinction can be made between “global” and “local” constraint
equations. With the term global, we designate constraint equations involving the whole unknown
displacement vector. In contrast, the term local indicates constraint equations where attention
is restrained on a reduced set of DoFs. This can be done explicitly by the user [9, 44] or in an
automatic/adaptive way [14, 15, 22].

Dissipative vs. non-dissipative. Inside each family of constraint equations, one can also distin-
guish between dissipative and non-dissipative formulations. Dissipative methods [15, 19, 22, 43]
allow discriminating between dissipative equilibrium paths and elastic unloading-reloading
branches, whereas non-dissipative cannot. In other words, given an equilibrium state, the next
equilibrium solution found by the algorithm can be dissipative (i.e., such that additional dissi-
pation occurs in the domain) or non-dissipative (i.e., such that elastic unloading of the medium
is described). In that second case, unloading may be observed in the overall structural response,
even though it has neither been prescribed nor an unstable bifurcation point has been passed.

2A classification of constraint equations was also proposed by Geers [13].
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This unloading phenomenon is often referred to as artificial unloading. That means that unnec-
essary computational efforts are made to describe unwanted equilibrium states. More impor-
tantly, nothing ensures that these non-dissipative methods achieve a dissipative solution after
artificial unloading.

Model-independent vs. model-dependent. Finally, one can distinguish between model-
dependent and model-independent constraint equations. In particular, model-independent
constraint equations are independent of the material behavior, e.g., when the constraint equa-
tion is a function of the problem DoFs or the strains (and thus, indirectly, of the DoFs). They
are, therefore, quite general and can be employed with any constitutive model. Conversely,
model-dependent constraints require ad-hoc developments depending on the constitutive as-
sumptions introduced by the user (e.g., when the linearization of a plasticity/damage criterion is
needed [15, 22]).

3.2. Constitutive assumptions

In the presentation of model-dependent constraint equations, it will be assumed that dissipation
occurs in the material according to a simple isotropic Continuum Damage model [45] for the
sake of simplicity. Moreover, no regularization methods will be used to induce sharp snap-back
responses in the numerical examples. The presented path-following techniques can, however, be
used even in that case without significant changes (see, e.g., [13, 15, 23, 24, 46]).

Denoting by (λ,µ) the Lame’s constants, by “tr” the trace operator, and by I the second-order
identity tensor, the Cauchy stress tensor reads:

σ(u) = (1−D)[λtr(ε(u))I+2µε(u)] (33)

where D ∈ [0,1] is a scalar isotropic damage variable. It rises from zero (intact state) to one (fully
broken state) according to the exponential evolution law:

D = r (κ) = 1−exp[−β(κ−κ0)] (34)

where κ is a history variable giving the historical maximum of an equivalent strain measure (ε̃)
during the damaging phase:

κ= max
t

(κ0, ε̃) (35)

In the previous equations, κ0 is the damage activation threshold and β is a scalar parameter
controlling the shape of the damage evolution function (i.e., the dissipated energy). Here, ε̃ is
the equivalent Mazars’ strain [47], ε̃ = ε̃(ε(u)) = p〈ε(u)〉 : 〈ε(u)〉, with 〈ä〉 denoting the positive
part operator. Alternatively, one could have used, for instance, the dissipative thermodynamic
force associated with the damage variable [48].

Finally, the damage activation function ( f ) is:

f = f (ε̃,κ) = ε̃−κ (36)

and the Karush–Kuhn–Tucker (KKT) conditions read:

f ≤ 0 (37)

κ̇ ≥ 0 (38)

f κ̇ = 0 (39)
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3.3. Differentiable constraint equations

The formulations proposed in [1–4,7] (among other works) for geometrical non-linearities belong
to the category of differentiable constraint equations. In a unified form, they can be written as:3

p =∆d>∆d+ζ2∆λ2 f̂> f̂−∆τ2 = 0 (40)

where ∆τ is the step length parametrizing the equilibrium path and ζ is a real parameter.
Depending on the chosen ζ value, different formulations can be obtained. In particular, ζ= 1

corresponds to the so-called “spherical arc-length” method, whereas ζ = 0 gives the “cylindrical
arc-length” method. For values of ζ between 0 and 1, equation (40) defines a hyper-ellipse in the
multidimensional space (d,λ).

3.3.1. Control on nodal displ. increment, CNDI (non-dissipative, local, model-independent)

Equation (40) is suitable for geometrical non-linearities. However, it may fail when dealing
with localized failure phenomena [9, 13] since only a few DoFs control the structural response.
Napoleão et al. [11], for instance, showed that only a few eigenvectors extracted from the tangent
stiffness matrix are active when the material response is non-linear.

Drawing from the cylindrical arc-length method [4] and the updated normal path equation [7],
De Borst [9] was the first to propose a constraint equation to control a weighted combination of
the DoFs. This formulation is often called “indirect displacement control”. A similar approach
was developed by Chen and Schreyer [44,49]. In the cited works, instead of the DoFs, the authors
proposed to control a combination of scalar measures of the strain variation of a set of FEs.

Constraint equation. Denoting by S a square DoFs selection matrix, the constraint equation to
be solved at iteration k +1 can be written as [19]:

p = (∆dn)>S∆dk+1 −∆τ2 = 0 (41)

where ∆dn is the accumulated displacement variation at the last converged time step. Alterna-
tively, one may write [22, 39]:

p = s>∆dk+1 −∆τ= 0 = s>(∆dk +δdk+1)−∆τ= 0 (42)

where s is a column matrix containing the coefficients of the combination of the DoFs.

Monolithic method. Starting from (42), terms (pk , w , h) appearing in (12) can be expressed as:

pk = s>∆dk −∆τ (43)

h = s (44)

w = 0 (45)

Partitioned method. Substituting (19) into (42) one obtains:

p = s>(∆dk +δdk+1
I +δλk+1δdk+1

II )−∆τ= 0 (46)

Consequently, δλk+1 can be computed as:

δλk+1 = ∆τ−a0

a1
(47)

where coefficients a0 and a1 depend on already computed quantities as:

a0 = s>(∆dk +δdk+1
I ) (48)

a1 = s>δdk+1
II (49)

3Equation (40) is often called the Riks–Wempner arc-length equation.
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Alternatively, one could have directly inserted equations (43) to (45) into (22), which leads exactly
to (47). The proof is straightforward.

Remark 7. Constraint (42) ensures excellent numerical robustness, in particular when dealing
with highly localized failure processes. Furthermore, it is useful for numerically reproducing
experimental loading conditions4 (servo-controlled loading) [50, 51]. Nevertheless, choosing s
is not always straightforward because it demands knowing/predicting the failure process before
performing the calculations. If vector s is not conveniently chosen, the method may fail [19, 22]
and some parts of the equilibrium path may be skipped. Moreover, although numerical strategies
have been proposed to adapt s throughout the simulation, the existence of a solution is not
guaranteed [15].

3.3.2. Control of the integral of the internal variable increment, CI2VI (dissipative, global, model-
dependent)

Fayezioghani et al. [21] recently proposed a global constraint equation on the integral of the
variation of the history variable of the material model over Ω, i.e., p = ∫

Ω
˙̄κdv − τ̇ = 0, with

κ̄ = maxτ<t (ε̃(τ)) 6= κ. The same authors also introduced an alternative formulation to diminish
the role of material points having already undergone high damage levels, thus controlling the
response of material points experiencing the first phases of damage evolution, p = ∫

Ω(1−D) ˙̄κdv−
τ̇ = 0. Notice that κ̄ = κ > κ0 only during the damaging phase, whereas it is lower before.
According to [21], such a constraint equation allows describing both the dissipative and non-
dissipative branches of the equilibrium solution.

Constraint equation. Here, these formulations are restated to control the integral of κ̇ instead of
˙̄κ and make them dissipative. The constraint equation is written in a generalized format as:

p =
∫
Ω

(1−D)φκ̇dv − τ̇= 0 (50)

where φ ∈ [0,1] is a real parameter such that both formulations can be recovered depending on
the chosen value. Moreover, during the damaging phase (i.e., κ̇> 0) one has:

κ̇= dκ

d〈ε〉 :
d〈ε〉
dε

: ε̇= dκ

d〈εp〉
:

d〈εp〉
dεp

:
dεp

dε
: ε̇ (51)

where εp is the strain tensor represented in its principal basis. Accordingly, 〈εp〉 is the diagonal
tensor of the positive principal strains.

In a FE context, using an explicit prediction for the damage variable at integration points, the
time-discretized constraint equation reads:

p = ∑
α∈G

[(1−Dα,n)φ∆κk+1
α Wα]−∆τ= 0 (52)

where Wα is the integration weight associated with integration point α (the jacobian of the FE
mapping is already included in Wα for the sake of conciseness), G is the set of integration points
ofΩh , and:

∆κk+1
α = κk+1

α −κα,n (53)

4For instance, when the loading is indirectly controlled through the Crack Mouth Opening Displacement (CMOD).
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Monolithic method. Scalars (pk , w) and vector h figuring in (12) read:

pk = ∑
α∈G

[(1−Dα,n)φ∆κk
αWα]−∆τ (54)

h =
nel

A
e=1

he he =
∑
α∈Ge

{
[(1−Dα,n)φWαb>

α ] κk
α > κα,n

0 otherwise
(55)

w = 0 (56)

where Ge is the set of integration points of Ωe , and the derivative of the history variable with
respect to the total strain tensor (bα) depends on the chosen damage evolution model. For the
model considered herein, one has:

bα =
〈εk

p,α〉>
ε̃k
α

Gk
αRk

αBα (57)

where 〈εk
p,α〉 = Gk

αRk
αBαdk is the vector representation of tensor 〈εk

α〉, Gk
α is the square diagonal

matrix such that Gk
α,i i = 1 if εk

p,α,i > 0 and is null otherwise, and Rk
α is the matrix that rotates

εk
α = Bαdk into εk

p,α.

Partitioned method. δλk+1 can be immediately obtained from (47) with:

a0 = ∑
α∈G

[(1−Dα,n)φ∆κk
αWα]+h>δdk+1

I (58)

a1 = h>δdk+1
II (59)

Remark 8. Implementing such constraint equations is straightforward, both into monolithic
and partitioned solvers. However, the integration process makes the choice of ∆τ less straight-
forward (and less easy to justify from a physical viewpoint) than in other methods since the size
of the integration domain has to be taken into account. Implementing the original formulation
by [21] is similar, the main difference being that ˙̄κ is used instead of κ̇ in (50). It is worth noticing,
however, that given the choice of controlling the integral of κ̇ instead of the integral of ˙̄κ, using
(50) requires a preliminary computation (at the first pseudo-time step) of the load factor such that
dissipation starts in the domain. This will not be the case with the other dissipative constraints
illustrated in the remainder of this work.

3.4. Non-differentiable constraint equations

Attention is now focused on a second family of constraint equations where the load factor is
computed by maximizing a function of interest (g ) on the domain. In discretized form, these
constraint equations can be put in the general form:

p = max
α∈G

(gα)−∆τ= max
α∈G

(gα(δλk+1;dn ,λn ,∆dk ,∆λk ,δdk+1
I ,δdk+1

II︸ ︷︷ ︸
known quantities

))−∆τ= 0 (60)

where the displacement decomposition (19) was already taken into account.5 All constraint
equations are written in this manuscript considering integration point-wise fields (i.e., fields
defined at integration points), such as strains, damage, etc. The maximum is thus sought over
integration points, but nodal fields could also be considered.

5As already mentioned, this kind of constraint equation is not differentiable due to the presence of the maximum
operator. As a result, the sole partitioned formulation can be used.
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Nested interval algorithm. During the solving process, the integration point α such that (60) is
fulfilled, is sought automatically, without requiring any arbitrary user choice. This can be done,
for instance, using a “nested interval algorithm” [15]. The sequence of tasks to be performed can
be summarized as follows:

• Initialization. One first initializes the admissibility interval of δλk+1:

L = (−∞,∞) (61)

• Iteration. Then, one starts looping over integration points α ∈ G and solves the con-
straint equation for each α to compute the corresponding load factor correction δλk+1

α .
Since function gα(δλk+1) = gα(δλk+1; . . .) is generally non-linear, a linearized constraint
equation g lin

α (δλk+1
α ) = g lin

α (δλk+1
α ; . . .) is used. One solves:

g lin
α (δλk+1

α )−∆τ= aα,0 +aα,1δλ
k+1
α −∆τ= 0 (62)

where, thanks to (19), coefficients aα,0 and aα,1 depend on known quantities:

aα,ä = aα,ä(dn ,λn ,∆dk ,∆λk ,δdk+1
I ,δdk+1

II ) ä= 0,1 (63)

Iterate δλk+1
α is then computed as:

δλk+1
α = ∆τ−aα,0

aα,1
(64)

Finally, one refines set L based on δλk+1
α and the sign of aα,1:

L ←L ∩
{

(−∞,δλk+1
α ] if aα,1 > 0

[δλk+1
α ,+∞) otherwise

(65)

If set L is empty, no solutions exist. In that case, one should reduce ∆τ and restart
iterating from the previous equilibrium solution.

• Selection. Finally, one selects the load factor correction δλk+1 ∈ L = [δλmin,δλmax] that
minimizes, for instance, the norm of the displacement correction:

δλk+1 = argminδλ?∈L ‖δdk+1
I +δλ?δdk+1

II ‖ (66)

Some authors [15, 52] suggest other criteria. For instance, one can minimize the global
residual to improve the stability of the convergence of the Newton–Raphson algorithm:

δλk+1 = argminδλ?∈L ‖rk+1(δλ?)‖ (67)

A more common choice in arc-length methods is to select the solution which minimizes
the angle between the present and past incremental displacements:

δλk+1 = argminδλ?∈L

[
−(∆dk )>∆dk+1(δλ?)

‖(∆dk )>∆dk+1(δλ?)‖

]
(68)

Unfortunately, there is no universally valid choice for such a criterion. Ad-hoc choices
need to be made depending on the adopted path-following constraint equations.

3.4.1. Control by maximal strain increment, CMSI (non-dissipative, local, model-independent)

The first attempt to control a scalar measure of the strain variation in the “most critical”
mesh region was made by Chen and Schreyer [44]. In that work, the critical FE was chosen as
the one having experienced the largest distortion. Selecting such an element is, however, not
straightforward.

A robust way to make the algorithm automatically determine the critical FE to be controlled is
to write a constraint equation on the maximum value of a scalar measure of the strain variation on
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the computational domain [15, 22]. With qα = εn/‖εn‖ = Bαdn/‖Bαdn‖ denoting a unity column
matrix defined according to [44], the constraint equation reads:

p = max
α∈G

(gα)−∆τ= max
α∈G

(q>
α∆ε

k+1
α )−∆τ= 0 (69)

where:

∆εk+1
α =∆εk+1

α (δλk+1) = Bα(∆dk +δdk+1
I +δλk+1δdk+1

II ) (70)

The linear equation to be solved at each integration point thus reads as in (62) with:

aα,0 = q>
αBα(∆dk +δdk+1

I ) (71)

aα,1 = q>
αBαδdk+1

II (72)

Remark 9. The CMSI constraint is the simplest formulation to control the simulation through a
local quantity. Its crucial feature is generality, the constraint equation being independent of the
constitutive model used to describe the material response. In other words, once implemented in
the FE software, no additional developments are needed for using it with different material laws.
As a counterpart of this, however, one cannot avoid artificial elastic unloading paths [15, 22].
Moreover, the number of artificial unloading paths cannot be predicted before running the
simulation, meaning that much computational time is possibly spent to describe uninteresting
elastic solutions.

3.4.2. Control by maximal elastic predictor, CMEP (dissipative, local, model-dependent)

A path-following constraint equation on the maximal elastic predictor ( f elas
α ) of the damage

criterion function (i.e., the value of fα when considering an incrementally elastic material re-
sponse) was proposed by Lorentz and Badel [15]:

p = max
α∈G

(gα)−∆τ= max
α∈G

( f elas,k+1
α )−∆τ= 0, ∆τ> 0 (73)

Since a positive value of the elastic predictor function is always associated with a dissipative
branch of the equilibrium path,6 formulation (73) allows obtaining dissipative equilibrium so-
lutions only. For the isotropic damage model presented in Section 3.2, f elas

α depends on δλk+1

as:

f elas
α = f elas

α (δλk+1) = ε̃α(δλk+1)−κα,n (74)

with:

ε̃α(δλk+1) = ε̃α(εk+1
α ) (75)

and:

εk+1
α = εk+1

α (δλk+1) = εα,n +∆εk
α+δλk+1δεk+1

α,I +δεk+1
α,II (76)

Linearization. Function f elas
α is convex because fα is convex. Moreover, since the “max” function

is convex, the constraint (73) is also convex. As a result, it may admit up to two distinct real
roots (complex roots are inadmissible). However, their direct determination is often impossible,
because f elas

α is a non-linear function of δλk+1 and the “max” operator adds further non-linearity.
Function f elas

α can be linearized based on the solution at iteration k (i.e., δλ= 0) as:

g lin
α (δλk+1

α ) = f elas
α

∣∣∣
δλ=0

+ d f elas
α

dδλ

∣∣∣∣∣
δλ=0

δλk+1
α (77)

6For a detailed demonstration the interested reader can refer to [15].
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The linear equation to be solved at each integration point thus reads as in (64) with:

aα,0 = f elas
α

∣∣∣
δλ=0

(78)

aα,1 = d f elas
α

dδλ

∣∣∣∣∣
δλ=0

(79)

Remark 10. As proved in [15], controlling the maximum elastic predictor of the damage crite-
rion function allows for avoiding artificial elastic unloading since only dissipative solutions are
selected. However, this constraint equation is strongly model-dependent through (78) and (79).

3.4.3. Control by maximal internal variable increment, CIVI (dissipative, local, model-dependent)

A constraint equation to control the maximum variation of the internal/history variables of
the constitutive model was proposed by Rastiello et al. [22]. These authors focused on a discrete
strong-discontinuity model developed in the E-FEM. The internal/history variables of the cohe-
sive model describing the response of the embedded discontinuity were controlled through the
path-following equation. Here, this method is employed for constraining the variation of the in-
ternal/history variables of the isotropic damage model of Section 3.2. Similar developments can
be done for other constitutive models (e.g., isotropic/anisotropic damage laws, plasticity models,
etc.).

Controlling the history variableκ (CIVI-κ). A constraint equation for controlling the variation of
the history variable (κ) of the damage model can be written as:

p = max
α∈G

(gα)−∆τ= max
α∈G

(∆κk+1
α )−∆τ= 0, ∆τ> 0 (80)

To impose this constraint at the integration point level and keep the algorithm dissipative,
Rastiello et al. [22] exploited the fact that for the integration point α such that:

∆κk+1
α =∆κk

α+δκk+1
α =∆τ (81)

fulfilling the KKT conditions implies that:

f̃α = f̃α(δλk+1
α ,δκk+1

α ) = f k+1
α (ε̃α(δλk+1),κα,n +∆κk

α+δκk+1
α ) = 0 (82)

For applying the “nested intervals algorithm”, function f̃α is linearized in the vicinity of the
solution at (δλ,δκ) = (0,0). Enforcing condition (81), the problem to be solved at each integration
point consists in finding δλk+1

α such that:

f̃ lin
α (δλk+1

α ) = f̃α
∣∣
(δλ=0,δκ=0) +

∂ f̃α
∂δλ

∣∣∣∣
(δλ=0,δκ=0)

δλk+1
α + ∂ f̃α

∂δκ

∣∣∣∣
(δλ=0,δκ=0)

(∆τ−∆κk
α) = 0 (83)

The integration point-wise linearized constraint equation finally reads as in (64) with:

aα,0 = ∆κk
α−

f̃α|(δλ=0,δκ=0)

∂ f̃α
∂δκ

∣∣∣
(δλ=0,δκ=0)

(84)

aα,1 = −
∂ f̃α
∂δλ

∣∣∣
(δλ=0,δκ=0)

∂ f̃α
∂δκ

∣∣∣
(δλ=0,δκ=0)

(85)

Controlling the damage variable D (CIVI-D). Similarly to (80), a constraint equation on the
maximum damage variation in the domain can also be written as:

p = max
α∈G

(gα)−∆τ= max
α∈G

(∆Dk+1
α )−∆τ= 0, ∆τ ∈ (0,1) (86)
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The discretized KKT conditions and the incremental damage constraint now read:

f̃α(δλk+1
α ,δDk+1

α ) = f k+1
α (ε̃α(δλk+1),r−1(Dn +∆Dk+1

α )) = 0 (87)

where r−1 is the inverse of the damage evolution function (34) and:

∆Dk+1
α =∆Dk

α+δDk+1
α =∆τ (88)

Linearizing the damage criterion function around the solution at (δλ,δD) = (0,0) and enforc-
ing condition (88) one has:

f̃ lin
α (δλk+1

α ) = f̃α
∣∣
(δλ=0,δD=0)+

∂ f̃α
∂δλ

∣∣∣∣
(δλ=0,δD=0)

δλk+1
α + ∂ f̃α

∂δκ

dδκ

dδD

∣∣∣∣
(δλ=0,δD=0)

(∆τ−∆Dk
α) = 0 (89)

Finally, coefficients appearing in (64) read:

aα,0 = ∆Dk
α−

f̃α
∣∣
(δλ=0,δD=0)

∂ f̃α
∂δκ

dδκ
dδD

∣∣∣
(δλ=0,δD=0)

(90)

aα,1 = −
∂ f̃α
∂δλ

∣∣∣
(δλ=0,δD=0)

∂ f̃α
∂δκ

dδκ
dδD

∣∣∣
(δλ=0,δD=0)

(91)

Remark 11. This kind of path-following constraint is dissipative by nature. A positive variation of
κ implies an increase in the damage variable. This ensures that dissipation occurs in the system.
As a counterpart of this, however, such constraint equations are strongly model-dependent since
the final expressions of coefficients (84), (85), (90), and (91) depend on the chosen damage
activation function and evolution model.

4. Numerical studies

A comparison between the formulations presented before is established considering simple test
cases characterized by damage localization. The simulations are performed using a partitioned
solver to test differentiable and non-differentiable constraint equations. Moreover, the stiffness
operator K is not updated throughout iterations, but it is kept equal to the elastic stiffness matrix.
This choice only affects the convergence rate of the iterative solver but does not influence the
studied path-following methods. Notice that, in a general case, convergence (stopping) criteria on
the force residual and constraint equation can be used (see, e.g., [21]). In the examples illustrated
in the following sections, however, convergence is mainly controlled by the equilibrium problem.

4.1. Beam under tension

A 2D beam under uni-axial indirectly-controlled loading is modeled. The bar is weakened in the
middle to induce damage. In that case, it is well known that a snap-back in the overall force-
displacement response occurs if the damaging element is small enough compared to the size of
the structure.

4.1.1. Geometry and boundary conditions

The geometry and the boundary conditions are depicted in Figure 2. A mesh containing 29
linear quadrilateral FEs is considered. Indirect tensile loading is imposed on the right side of the
beam, whereas the left side is constrained. Strain localization is induced by assuming that only
the central (14th) FE is damageable, whereas other FEs are considered to behave according to
an isotropic linear elastic law. Material properties are provided in the caption of Figure 2. Plane
stress conditions are considered.
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Figure 2. Beam under tension—Geometry, FE mesh, and boundary conditions. Material
parameters used in computations: Young’s modulus, E = 1× 109 Pa; Poisson’s ratio, ν = 0
(this is a purely arbitrary choice; totally similar results can be obtained by considering
ν 6= 0); Damage threshold, κ0 = 10−4; Dissipated energy parameter, β = 104. Thickness =
1000 mm.

Figure 3. Beam under tension—Comparison between the global responses obtained using
different path-following constraint equations. ∆τ is taken equal to 3.45× 10−7 m for the
CNDI formulation, to 10−5 for the CMSI, CMEP and CIVI-κ formulations, to 0.3449 ×
10−7 m2 for the CI2VI-0 and CI2VI-1 formulations, and to 0.9516 × 10−1 for the CIVI-D
formulation.

4.1.2. Results

A comparison between the overall structural responses obtained with all the constraint equa-
tions introduced previously is given in Figure 3. For the sake of comparison, ∆τ values are cho-
sen such that the horizontal strain variation (∆εxx ) of the damaged element at the onset of dam-
age equals κ0/10 = 10−5 for each constraint equation. Moreover, the number of loading steps
is adapted for each formulation to obtain the same final beam elongation (uL = ux (x = L) =
0.5×10−4 m).

Global responses. Most of the constraint equations allow the reproduction of the whole force-
displacement response (Figure 3a). The sole exceptions are the CIVI-D and CI2VI-1 (i.e., the CI2VI
constraint with φ = 1) formulations (Figure 3b). In particular, the CIVI-D formulation does not
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Figure 4. Beam under tension—CNDI, CMSI, CMEP, CIVI-κ, and CI2VI-0 formulations—
Pseudo-time evolution of the horizontal strain (a), history variable (b), damage variable (c),
and elastic predictor function (d).

enable converging after the 10th loading step (uL ≈ 0.3×10−4 m). At this step, D becomes larger
than 1−∆τ. As a consequence, imposing further damage increases is no more possible.

Constraint equations. The constraint equation is fulfilled for all the methods. As expected (Fig-
ure 4), the CNDI, CMSI, CMEP, CIVI-κ, and CI2VI-0 (i.e., the CI2VI constraint with φ = 0) for-
mulations provide the same results. The horizontal strain in the damageable FE increases lin-
early (Figure 4a), whereas the damage variable evolves non-linearly (Figure 4c). Given the con-
sidered geometrical and loading conditions, the CMSI, CMEP, and CIVI-κmethods allow control-
ling the horizontal strain variation of the damageable FE (the same strain value is computed at
each of the four FE integration points). Similarly, the CNDI formulation prescribes the average
value of the relative horizontal displacements between nodes (A,B) and (C ,D), which is equal to
the horizontal strain variation multiplied by the element size in the horizontal direction (L/nel ).
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Figure 5. Beam under tension—CIVI-D and CI2VI-1 formulations—Pseudo-time evolution
of the damage variable (a), history variable, and horizontal strain (b).

Finally, the CI2VI-0 formulation controls the horizontal strain variation multiplied by the area of
the FE.

The main difference between these formulations is that the CNDI and CMSI are non-
dissipative, whereas the CIVI-κ, CI2VI-0, and CMEP constraints are dissipative. For that reason,
these latter constraints do not allow describing the elastic material response (i.e., one jumps from
the very first loading step to a state close to the load peak without computing intermediate states).
This is also illustrated by the initial phase when κ stays constant and equals κ0 (Figure 4b) for the
CNDI and the CMSI formulations. During this phase, f elas takes negative values (Figure 4d); then,
it stays equal to ∆τ as for the other constraint equations during the damaging phase.

Slightly different considerations hold for the CIVI-D and CI2VI-1 formulations. With the CIVI-
D method, D increases linearly (Figure 5a) as prescribed by the constraint equation. In parallel, κ
and εxx rise exponentially (Figure 5b) with a clear tendency toward a vertical asymptotic growth
at the end of the simulation. As already mentioned, the simulation stops when D reaches a value
such that imposing additional damage increases without violating the admissibility condition
D ≤ 1 (i.e., the damage evolution model) becomes impossible.

Finally, concerning the CI2VI-1 formulation (Figure 6), the loss of convergence observed at
the 12th time step (Figure 5) results from a competition between terms 1−Dn and ∆κ figuring
in the constraint equation. To ensure that dissipation occurs during the whole loading process,
1−Dn has to decrease, whereas ∆κ increases. Since ∆κ rises exponentially, Dn becomes closer
and closer to one, with the risk of exceeding such an upper bound. This issue can be alleviated by
decreasing ∆τ, thus advancing more in the simulation. However, completing the calculation in a
reasonable number of steps becomes very difficult.

4.2. Multi-holed plate under tension

The second test case simulates indirectly controlled tensile loading on a 2D plate with four
holes aligned horizontally. Plane stress conditions are assumed. Given the considered boundary
conditions (Figure 7), damage propagates from one side to the other of the plate crossing the
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Figure 6. Beam under tension—CI2VI-1 formulation—Pseudo-time evolution of the terms
appearing in the constraint equation: 1−Dn (a), ∆κ (b), prescribed quantity (c).

Figure 7. Holed plate under tension—Geometry, FE mesh, and boundary conditions. Ma-
terial parameters used in computations: Young’s modulus, E = 1× 109 Pa; Poisson’s ratio,
ν = 0; Damage threshold, κ0 = 10−4; Dissipated energy parameter, β = 104. Thickness =
1000 mm.

holes. An unstable structural response characterized by multiple snap-backs is obtained. Here,
for the sake of simplicity, the simulation is stopped before damage propagation between the last
two holes (at this point, the residual structural resistance is already very low). As a consequence,
only three snap-backs are described. A similar test case was considered, for instance, in [14, 21,
43, 53, 54].

4.2.1. Geometry and boundary conditions

Geometry and boundary conditions of the considered problem are given in Figure 7. The FE
mesh used for these simulations contains about 15000 linear triangular FEs. Damage is allowed
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to occur in the central horizontal line of FEs, where the isotropic damage model of Section 3.2
is used. A linear elastic material behavior is assumed for the other FEs. To compare results,
∆τ values are chosen such that the maximum damage variation on the domain is equal to 0.1
(approximately) at the first damaging step for each constraint equation. Alternatively, one could
have used an adaptive refinement strategy for modifying∆τduring the computation [13,20,21,54,
55]. As an example, one could have computed the path step-length as ∆τ=∆τref/(i restart ×nopt),
where nopt is the target number of iterations and i restart is the number of restarting inside the
time step. Alternatively, one could have used the relationship ∆τ=∆τref/((nopt)i restart

).

4.2.2. Results

The main differences between dissipative and non-dissipative constraints are first shown. The
CMSI and CIVI-D formulations are used for this comparison, but similar considerations hold
for other constraint equations. Then, a comparison between the overall structural responses
obtained with all the constraint equations is established to show the robustness of the resulting
solvers.

Non-dissipative constraints. Figures 8a and 8b represent the global force-displacement response
obtained using the CMSI constraint equation. The force corresponds to the total reaction force at
the locations where displacements are imposed. The displacement is the vertical displacement
registered at the upper right corner of the mesh.

As expected, three snap-back phases characterize the structural response. Each of them
corresponds to the damage propagation between two adjacent holes, from the right to the left
of the plate (Figure 9). Each snap-back is followed by a pseudo-elastic reloading phase (the
force increases without damage evolution). During these phases, the strain in the damaged
FEs increases without energy dissipation until damage occurs on the other side of the hole.
As shown in Figure 9, the deformation process can be defined as “accordion-like”. Once one
ligament is entirely damaged, the displacement increases until damage start on the other side of
the hole. The displacement then reduces to accommodate a controlled constant strain variation
in the subsequent ligament. The external displacement progressively decreases during damage
propagation until the ligament is fully damaged. Then, this process is repeated till the following
ligament starts damaging.

The non-dissipative nature of the constraint equation is even more evident when observing
the pseudo-time evolution of some representative quantities throughout the simulation (Fig-
ure 10). Figures 10a and 10b provide the evolution of the reaction force and displacement respec-
tively, whereas Figure 10c gives the evolution of the maximum strain variation (maxα∈G (q>

α∆εα))
on the computational domain. Finally, Figure 10d provides the evolution of the maximum dam-
age increase on the domain.

As expected (Figure 10c), the constraint equation is strictly fulfilled throughout the entire
simulation, the maximum strain variation being constant and equal to the prescribed quantity
∆τ. Conversely, the maximum damage variation evolves during the simulation, taking positive
values when dissipation is in progress and null values when elastic reloading occurs in the system.
As illustrated in Figure 10d, these phases correspond to the first part of the reloading branches
just after the different snap-backs. The oscillations observed in the damage variation evolution
of Figure 10d correspond to the progressive damage propagation through adjacent FEs. They
reflect the fact that during the same loading step, one FE can become fully damaged, and the
adjacent one can start damaging. This effect can be strongly reduced by decreasing the loading
parameter ∆τ.

Dissipative constraints. To illustrate the response of dissipative methods, the CIVI-D formula-
tion is chosen. As expected, the non-dissipative equilibrium branches between two successive
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Figure 8. Holed plate under tension—CMSI (a,b) and CIVI-D (c,d) formulations—
Global responses and zoom on specific parts of the force-displacement curves (Force-
displacement states indicated with red circles in Figure 8a correspond to the damage fields
of Figure 9).

snap-backs are skipped (Figures 8c and 8d). In other words, one jumps from a dissipative state
to another dissipative state. This is also clear from the results depicted in Figure 11. The maxi-
mum damage variation in the system stays constant and equal to ∆τ throughout the simulation,
whereas the maximum strain variation (computed, once again, as maxα∈G (q>

α∆εα)) evolves to
ensure that dissipation occurs in the system.

Comparison of constraint equations. The structural responses obtained using all the constraint
equations described in Section 3 are in good agreement (Figure 12). The only exception is the
one achieved using the CNDI formulation due to the well-known difficulty of choosing a priori
the DoFs to control during the simulation. Here, the CNDI constraint was written considering
the variation of the relative vertical displacement ∆dy,AB between nodes A and B (see Figure 7).
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Figure 9. Holed plate under tension—CMSI formulation—“Accordion-like” deformation
process. Damage field for 15 steps of the simulation (red circles in Figure 8a).

Given this arbitrary choice, the snap-back phases are not properly described. Indeed, imposing
a positive variation of ∆dy,AB implies that the strain at this location can never decrease to
accommodate a gradual damage growth (as in Figure 9). As a result, damage develops abruptly
between holes.

All the other constraint equations allow describing a gradual damaging process. The main
difference between them concerns the description of pseudo-elastic reloading branches. They
can be conveniently reproduced using non-dissipative formulations only. This is not the case
with dissipative methods; in that case, one moves directly from the end of one snap-back phase
to a state close to the subsequent local load peak corresponding to the onset of damage on the
other side of the hole. This can be seen as a drawback of dissipative methods; however, this also
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Figure 10. Holed plate under tension—CMSI formulation—Pseudo-time evolution of the
reaction force (a), displacement (b), maximum strain variation (maxα∈G (q>

α∆εα)) (c), and
maximum damage variation (d) on the structure.

means that the computational effort associated with the description of elastic reloading phases
is drastically reduced.

5. Conclusions and perspectives

Path-following strategies for describing unstable structural responses induced by material strain-
softening were discussed. These methods are based on the assumption that the external load-
ing (either imposed displacements or tractions) is split into two independent contributions.
The first one is known (in direction and intensity); the second one is unknown in inten-
sity, the sole direction being prescribed by the user. To compute this additional unknown,
the load factor, the equilibrium equation is supplemented by the path-following constraint
equation.
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Figure 11. Holed plate under tension—CIVI-D formulation—Pseudo-time evolution of the
reaction force (a), displacement (b), maximum strain variation (maxα∈G (q>

α∆εα)) (c), and
maximum damage variation (d) on the structure.

The resulting augmented equilibrium problem can be solved using monolithic or partitioned
solution methods. The monolithic formulation is the most natural choice but leads to a non-
symmetric saddle-point problem, destroying the banded nature of the stiffness matrix. Moreover,
it relies on the assumption that the constraint equation is differentiable with respect to the
unknown displacement vector and load factor. Path-following constraint equations of this kind
can be written for material non-linearities (several of them are presented in the paper). However,
when modeling localized phenomena such as cracking, non-differentiable constraint equations
prescribing the maximum of a field of interest on the computational domain are often preferred.
In that case, only partitioned solving strategies can be used.

These considerations provided the first criterion to propose a classification of constraint
equations. Other criteria were their global/local nature (depending on whether the whole prob-
lem unknowns or just a selection of them is considered in the constraint equation), their
dissipative/non-dissipative nature, and their dependence on the chosen constitutive model.
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Figure 12. Holed plate under tension—CNDI, CMSI, CMEP, CIVI-κ, CIVI-D , CI2VI-0, and
CI2VI-1 formulations—Global responses (a) and zoom close to some parts of the force-
displacement curves (b).

Based on this classification, several constraint equations were detailed and tested. Attention
was focused on: a constraint equation on the combination of DoFs (CNDI); a constraint equation
on the integral on the computational domain of the variation (between two successive pseudo-
time steps) of the history variable of the constitutive model (two versions: CI2VI-0 and CI2VI-1);
a constraint on the maximum variation of a scalar measure of the strain field (CMSI); a constraint
equation on the maximum value of the elastic predictor of the damage criterion function (CMEP);
a constraint equation on the maximum variation of the history/internal variables of the consti-
tutive model (two versions: CIVI-κ and CIVI-D). For each of them, the numerical implementa-
tion has been discussed according to both partitioned and monolithic (when possible) solution
methods.

5.1. Conclusions

The purpose of the present paper was to illustrate different path-following methods and detail
their implementation in the FEM context. Although proposing a generally valid criterion for
choosing one formulation over the others was out of our scope, some conclusions can be drawn
based on the numerical studies illustrated previously.

Choice of the constraint equation. An unambiguous and generally valid criterion to choose a
constraint equation rather than another cannot be formulated; the choice is strictly related to
the simulated problems and to the method used to represent material degradation (e.g., damage
mechanics models, strong-discontinuity formulations, etc.).

In our numerical tests, except for the CNDI method, all the constraints allowed to represent
the essential phases of the considered structural behaviors.

The general (already known) conclusion that can be drawn is that utilizing a constraint equa-
tion controlling the combination of a restricted number of DoFs chosen a priori [9] is not always a
compelling choice. In most cases, the DoFs controlling the dissipative structural response change
during the simulation and cannot be predicted before running the computation. Moreover, find-
ing a solution is not guaranteed [13, 15], except in a few straightforward cases (even adapting the
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controlled DoFs throughout the simulation),7 since abrupt variations of the internal variables of
the constitutive model may induce convergence issues and eventually non-convergence.

More “advanced” constraint equations (e.g., those based on maximizing fields of interest on
the domain and/or containing information on the constitutive model) all made it possible to
obtain satisfactory solutions. For the CMSI method, this is probably due to the chosen examples.
The advantage of this constraint equation is its generality since, once implemented in the FE
software, it can be used with any constitutive model. However, in general situations, the solving
algorithm does not ensure finding dissipative solutions (elastic unloading-reloading paths can
be found [22]). Dissipative constraint equations (CMEP, CIVI-D , CIVI-κ, CI2VI-0, and CI2VI-1)
allow the selection of dissipative equilibrium states only. Still, they are generally more complex to
implement and require ad-hoc developments depending on the constitutive assumptions.

In conclusion, choosing a path-following constraint equation should be made case-by-case,
also based on the implementation and computational8 costs that the user considers acceptable.

Concerning dissipative formulations, those based on maximizing the damage/history variable
variation (CIVI-D and CIVI-κ) or the elastic predictor function (CMEP) are certainly more com-
putationally expensive than the others (CI2VI-0 and CI2VI-1) since an additional iterative pro-
cess is needed to solve the constraint equation. However, they allow a more straightforward in-
terpretation of the physical significance of the path step-length∆τ. Conversely, in the CI2VI-0 and
CIV2VI-1 methods, the load factor calculation is simpler (no maximization problem to solve), but
the choice of ∆τ is less obvious (see next paragraph).

A final consideration can be made concerning the boundedness of the quantity (e.g., the
damage variable) used to write the constraint equation. A substantial limitation of the CIVI-D
and CI2VI-1 methods is that when the damage tends to unity, fulfilling the constraint equation
with a given∆τbecomes impossible without violating the damage admissibility condition (D ≤ 1)
somewhere in the domain. The same consideration holds for any other constraint equation
written in terms of bounded quantities. Formulations of this kind should thus be avoided.
Instead, one should prefer controlling unbounded quantities, as in the CIVI-κ and CI2VI-0
formulations, where damage growth is indirectly driven through the history variable figuring in
the damage evolution model.

Choice of the parameter ∆τ. Choosing the loading parameter ∆τ is a challenging task in path-
following methods. In the absence of adaptive refinement algorithms (as in our case), a choice
can be made based on physical considerations. However, it is sometimes tough to provide a
physical interpretation of this parameter. In particular, this is relatively easy for the CNDI, CMSI,
CMEP, CIVI-D, and CIVI-κ formulations but is less evident for the CI2VI-0 and CI2VI-1 meth-
ods. For instance, the maximum increase of a strain measure (for the CMSI, CMEP, and CIVI-κ
methods, given the chosen constitutive model) can be selected depending on the parameters of
the damage model to ensure a “smooth” damage evolution. For the CNDI method, interpreting
∆τ is even more straightforward; it can be chosen, for instance, to exactly reproduce experimen-
tal loading conditions (e.g., to impose the same rate of variation of the Crack Mouth Opening

7An example is the notched beam three-point bending test. In this case, controlling the simulation through the CMOD
is an effective choice (see, e.g., [39]). Moreover, it may lead to a “smoother” damage evolution compared to a direct
displacement control method.

8Concerning CPU time, Oliveria et al. [39] observed for a three-point bending test (without snap-back, to have a
reference solution obtained through a standard incremental solver with direct displacement control) that the number
of iterations to converge is lower when using path-following methods than when directly imposing displacements. In
other words, the additional computational effort associated with the path-following algorithm can be partly justified by
an accelerated convergence of the solving algorithm.
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Displacement as in experiments). Concerning the CI2VI-0 and CI2VI-1 formulations, the diffi-
culty of choosing ∆τ is because the size of the computational domain directly intervenes in the
constraint equation (via integration over Ω). ∆τ becomes, in this case, a purely numerical pa-
rameter, and adaptive algorithms (see, e.g., [55]) could enormously help improve the algorithmic
convergence.

5.2. Perspectives

An exhaustive analysis of the strengths and weaknesses of all the formulations presented has
not been done in this article. Such a work will undoubtedly require more computations after
having defined ad-hoc test cases for “stressing” each constraint equation. Performance assess-
ment will also be performed after having introduced well-suited performance indicators. This is
an essential point. As an example, Geers [56] studied performances through the number of it-
erations to achieve convergence, whereas Fayezioghani et al. [21] utilized several performance
indicators (robustness, speed, accuracy, and smoothness) combined into an objective perfor-
mance measure. Restarting methods (automatic adaption of ∆τ) will also be tested. Finally, hy-
brid dissipative/non-dissipative algorithms will be studied.
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Appendix A. Link between monolithic and partitioned methods

A link between the monolithic and partitioned formulations can be established by using the
Sherman–Morrison formula [57].

Sherman–Morrison formula. Consider a square matrix L ∈Rq×q such that it can be expressed as
the sum of a invertible square matrix M ∈Rq×q and the scalar product vw> ∈Rq×q of two vectors
v ∈Rq and w ∈Rq . L is invertible if 1+w>M−1v 6= 0 and its inverse L−1 reads:

L−1 = (M+vw>)−1 = M−1 − M−1vw>M−1

1+w>M−1v
(92)

Monolithic vs. partitioned formulations. Two different strategies can be followed to establish a
link between the monolithic and partitioned formulations:

(i) Derivation 1. Let us start by multiplying the first equation of system (12) by w , and the
second equation by f̂. After adding them, one obtains:

(wK+ f̂ h>)δdk+1 = wrk − f̂pk (93)

Applying the Shermann–Morrison formula to matrix (wK+ f̂ h>) gives:

(wK+ f̂ h>)−1 = K−1

w
− K−1 f̂ h>K−1

w(w +h>K−1 f̂)
(94)
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After a few mathematical manipulations, the displacement correction can be written as:

δdk+1 = K−1rk − (K−1 f̂)pk

w
− w(K−1 f̂)h>(K−1rk )

w(w +h>(K−1 f̂))
+ (K−1 f̂)h>(K−1 f̂)pk

w(w +h>(K−1 f̂))

= δdk+1
I − δdk+1

II pk

w
− δdk+1

II h>δdk+1
I

w +h>δdk+1
II

+ δdk+1
II h>δdk+1

II pk

w(w +h>δdk+1
II )

= δdk+1
I − 1

h>δdk+1
II +w

(h>δdk+1
I +pk )δdk+1

II (95)

In (95) it is also easy to recognize the expression of δλk+1 given in (22). The solution
correction vector can thus be written in the form (23).

(ii) Derivation 2. Alternatively one could have chosen to follow the derivation illustrated by
May et al. [43]. In that case, one starts by rewriting the augmented matrix operator as:

K̃ = K̃0 −v1w>
1︸ ︷︷ ︸

:=K̃1

−v2w>
2︸ ︷︷ ︸

:=K̃2

(96)

where:

K̃0 =
[

K 0
0> 1

]
v1 =

{
f̂
0

}
w1 =

{
0
1

}
v2 =

{
0
−1

}
w2 =

{
h

w −1

}
(97)

The inverse of matrix K̃ can be computed by applying the Sherman–Morrison formula
twice; the first time to express K̃−1 as a function of K̃−1

1 :

K̃−1 = (K̃1 − K̃2)−1 = K̃−1
1 + K̃−1

1 v2w>
2 K̃−1

1

1−w2K̃−1
1 v2

(98)

and the second to express K̃−1
1 as a function of K̃−1

0 :

K̃−1
1 = (K̃0 −v1w>

1 )−1 = K̃−1
0 + K̃−1

0 v1w>
1 K̃−1

0

1−w1K̃−1
0 v1

(99)

After some mathematical manipulations, one obtains:

K̃−1 =
[

K −f̂
h> w

]−1

=
[

K−1 0
0> 1

]
+ 1

w +h>K−1 f̂

[−K−1 f̂ h>K−1 K−1 f̂
−h>K−1 −(h>K−1 f̂+w −1)

]
(100)

=
[

K−1 0
0> 1

]
+ 1

w +h>δdk+1
II

[−δdk+1
II h>K−1 δdk+1

II
−h>K−1 −(h>δdk+1

II +w −1)

]
(101)

which after multiplication by {rk ,−pk }> gives (23) or, equivalently:{
δdk+1

δλk+1

}
=

{
δdk+1

I
−pk

}
+ 1

w +h>δdk+1
II

{ −(h>δdk+1
I +pk )δdk+1

II
−h>δdk+1

I −pk (1−h>δdk+1
II −w)

}
(102)

This way of expressing the solution corresponds to the one reported by [20]. Notice,
however, that (102) is less attractive than (23) from a computational viewpoint since it
implies more operations (one additional dot product and two multiplications).
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Appendix B. Extension to multi-parametric loading

The extension of path-following methods to multi-parametric loading can be easily done by
writing the boundary conditions as:

u = uimp +
m∑

i=1
λi ûi ∀x ∈ ∂Ωu (103)

σ(u) ·n = timp +
m∑

i=1
λi t̂i ∀x ∈ ∂Ωt (104)

Since m load factors (λ1,λ2, . . . ,λm) are introduced, m path-following equations need to be
prescribed:

pi (u,λ1,λ2, . . . ,λm) = 0 i = 1, . . . ,m (105)

The resulting linearized equilibrium problem reads [5]:
K −f̂1 . . . −f̂m

h>
1 w11 . . . w1m
...

...
. . .

...
h>

m wm1 . . . wmm



δdk+1

δλk+1
1
...

δλk+1
m

=


rk

−pk
1

...
−pk

m

 (106)

where K is the standard stiffness matrix and:

hi = ∂pi

∂d
(107)

wi j = ∂pi

∂λ j
i = 1, . . . ,m; j = 1, . . . ,m (108)

rk = r(dk ,λk
1 , . . . ,λk

m) = fext
imp +

m∑
i=1

λk
i f̂i − fint(dk ) (109)

pk
i = pi (dk ,λk

1 , . . . ,λk
m) i = 1, . . . ,m (110)

System (106) can be solved in a monolithic fashion. Alternatively, the partitioned formulation
can be easily derived. In that case, the displacement correction is written as the sum of m + 1
contributions as:

δdk+1 = δdk+1
I +

m∑
i=1

δλk+1
i δdk+1

II,i (111)

where δdk+1
I is computed as in (21) and vectors δdk+1

II,i can be calculated as:

δdk+1
II,i = K−1 f̂i i = 1, . . . ,m (112)

Then, the constraint equations can be solved:

p1(δλk+1
1 ,δλk+1

2 , . . . ,δλk+1
m ;δdk+1

I ,δdk+1
II,1 ,δdk+1

II,2 , . . . ,δdk+1
II,m) = 0

. . .
pm(δλk+1

1 ,δλk+1
2 , . . . ,δλk+1

m ;δdk+1
I ,δdk+1

II,1 ,δdk+1
II,2 , . . . ,δdk+1

II,m) = 0
(113)
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