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Abstract. Reduction of a Bessel integral solution for the average transient temperature change at the surface
of a constant flux thermal source/sink of circular disk aspect embedded in an otherwise insulating plane
boundary of a homogeneous, isotropic, and conducting half-space is reported. The analytic solution com-
prises algebraic expressions of tabulated functions.
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1. Introduction

Determination of exact, analytic expressions, without integrals, sums, etc. for solutions to heat
transfer problems concerned with finite dimension heat sources and/or sinks is frequently
complicated by the apparent intractability of reducing infinite integrals containing multiple
special functions. This is often the case for the resolution of parabolic differential equation
systems wherein heat transport at the surface of an embedded, finite 2D source/sink of arbitrary
aspect is the subject of interest; the circular disk structure remains important because of its
common use as conveniently fabricated detectors or source devices found in various technical
applications and studies of heat transfer.
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In a seminal work on the “constant flux” boundary problem on the disk, Selim [1] refers to
applications of the general transient temperature solution to problems in heat transfer theory,
as well as to studies in fluid flow, soil permeability, and percolation in porous materials. The au-
thors used a double integral transform (Laplace-Hankel) procedure to find an exact solution for
the spatial transient concentration profiles for the system comprising definite integrals. The in-
tegrands involved therein are relatively simple in structure with finite limits, are monotonic, and
contain no special functions; these therefore are particularly amenable to numerical integration.
Tables of concentration profiles of up to 4 significant figures as a function of normalized time and
circular coordinates were provided therein.

Attention here is directed to the determination of a closed form analytic solution for the tran-
sient average surface temperature of a circular disk source/sink operating at constant thermal
flux, which is embedded in the insulated plane z = 0 facing the half-space above. The measure
of the average surface temperature of the source/sink, is often a transient indicator of the time
to approach to steady state heating or cooling of the medium, and is used to determine other
quantities of importance in heat transfer, e.g. surface contact resistance and conductance. The
measure can be applied directly to temperature sensor data (e.g. from fast precision thermistors,
thermocouples, modified circular foil gauges, infrared surface imaging techniques, etc.). Applica-
tion of same is pertinent as well to describe thermal resistance between circular contact regions
between conducting spheres of different temperatures; there has been work resulting in approx-
imating series solutions [2] based on a previous technique[3]. Beck [4] and Cole [5] have applied
series approximations for the values of a Green’s function-based approach for problems applied
to partitioned (short, medium, and long-time (dimensionless variable)) domains, to determine
numerical estimates of the average concentration measure over the disk. At long times (or small
values of the disk radius), the nature of the mixed boundary condition at the interface of the disk
and insulator affects the rate of convergence of approximating series, and significant errors in the
average temperature estimate are known to occur if sufficient numbers of terms are not included.
The regions of significant errors have been studied and characterized so that the approximations
have therefore been useful for many present day applications.

In the present work, we report the reduction of an infinite Bessel integral from [1] to an
analytic expression in algebraic, exponential, and Bessel functions for the transient average
surface temperature. Comparison of several existing approximate solutions now in use to the
analytic solution is included to demonstrate more accurately the magnitudes and ranges of
existing errors in these applications. The results of an application from electrochemical mass
transport which uses a numerical estimation for values of the subject Bessel integral is also
included for comparison.

2. Analysis

Presented first is the statement of the problem and the replacement of the integral representation
of the solution with the analytical result. Following this is a set of standard error comparisons of
existing numerical and heuristic solutions in the literature to the analytic result.

2.1. The problem and result

The original exact analysis of [1] comprises the solution to the problem of the temperature
T = T(r, z, t) throughout a medium of thermal conductivity k and thermal diffusivity «, initially
at temperature T = 0. A planar insulating boundary at z = 0 is assumed, which contains an
embedded circular disk heat source (or sink) of radius @ maintained at a constant thermal flux Q
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beginning at time z = 0. Heat conduction into the medium was specified in circular cylindrical
coordinates by the system of equations

10T 62_T 10T °T

— = +-——+—, T=0, nz=01¢=0, 1
adt or2 ror 0z? £z ()
T(r,z,00=0; z>0, 2)
oT

— =-Q, 0<r<a, z=0,t>0, 3)

0z 1z=0
=0, r>a, z=0, t>0, 4)
rlimT(r,z,t)zO, t>0, 0<z<oo, (5)

—00

which after integral transforming the time dependent temperature to its Laplace space equiv-
alent, and the radial part of the result to its Hankel space equivalent in the usual way, exposes
two tractable differential equations in the transformed variables; the first in terms of the Laplace
space parameter temperature [(T'(r,z, £)] = T(r,z, p)

_ oo
T(r,zp) :fo e P'T(r,z,t)dt

+-—+
a or2 ror 0z2’

and the second in terms of the Hankel transform Jfof(r, z,p) = To(a, z,p),

pT 0*T 10T 6°T

Ty (0,2, p) =f0 oJo (or) T(r,z,p)dr

—
66;0 + (02 - g)T =0.

The latter differential equation is readily solved, and using the Laplace-Hankel transform of the
system boundary condition at infinity, followed by inverse transformation of the the Hankel
representation to the Laplace representation, and subsequent use of a known Bessel function
identity, it is found that the infinite integral Laplace space representation

= _Qa (*Jolon](oa) (_ | ,, P )
T(r,z,p)= ok o —\/m exp o +az do

gives the transformed temperature when the radius of the disk is a. The result has also been
confirmed for analogous mass transfer applications, e.g. for electrochemical analyses using the
surface concentration over disk electrodes subject to constant flux conditions [6].

Attention to the temperature measure on the surface of the embedded disk source/sink z = 0:

_Qa (*Jolor)]1(oa)

~pkdo Vai+pla

T(r,0,p) do (6)

and considering the Bessel identities
6+2m
fa Jo(@R)dy' = 2] (0p)]o (0p')

a a
f p'To(op)dp'==T1(0a),
0 o

performing another integration of the Laplace temperature in Eq.(6) over the surface of the disk,
and normalizing to the disk area ma? provides a representation of the average Laplace space
temperature

pklo o VoZixZ pvkd 0 \JkaZip

oo T2 oo T2
<T(p)>=2Q Jilca) do 2Q Jilca) do
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Following application of the inverse Laplace transformation

1
s vV

the result

.
<T(t)>:@f LO9 ext(vEio) do @)
k 0 g

is an exact measure of the average temperature across the surface of the embedded disk
source/sink. The reduction of the two parameter integral form therein,

oo 12
/ i (Y )erf(ﬂx)dx (8)
0 x?2

is the main focus of this report, for which the details of reduction are presented in the Appendix.
The use of the final analytic result Eq.(A.8) in Eq.(7) then gives the variable form

08 ool e -2l

and with the substitutions

(T(1) =

ﬁ:\/ﬁ, Y =a, TZ,BZ/)/Z, 9)

the average temperature at the active surface

(T(2)
e s ee o)) )

ZQa
\/_
is cast in terms of the dimensionless variable T = kt/a®. At long times, and conditions under
which the heat transfer characteristics of the medium above the disk remain under homogeneous
heat conduction conditions, e.g. no phase changes, convection, etc., the average surface temper-
ature (T(r < a,0, 1)) is seen to approach the known steady-state value 8Qa/3nk, e.g. see [7].

(10)

2.2. Comparison of the analytic result to literature approximations

In general, applications in the literature which utilize the integral (8) typically comprise series
approximations with dimensionless multipliers and variable changes to scale the integral to
the particular infinite series functional form being used. For comparative analysis therefore, it
is required to re-scale the series representatons to establish values equivalent to the analytical
result containing the same dimensionless variable T = kt/a?. Evidently, a convenient basis
representation for this purpose is the form

@, (kt/a*) = X - Integral Approximation, (11)

wherein X is the factor used to make the integral series approximation appropriately dimension-
less and consistent.

For heat transfer applications, it is appropriate to consider the various Green’s function based
results of Cole and Beck. A number of their approximating series results corresponding to various
specified time segments already expressed in terms of the dimensionless variable 7 = kt/a?.
One result for short diffusion times (small 7 values), on the surface of the disk provides their
approximation to ®;(kt/a?), which results after multiplying the right-hand side of the series
approximation ([5, Eq. (7.149) p. 275]) by the dimensionless factor X = a/2v'kt (which in their
notation is 1/2V1%), i.e.

AT P TI  ATEA EA
2Vkt wa? mwa® 4a? 4 \4a? 4 \4a?

(I)l, Coleshorttime ( ;
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Likewise for long times, the estimating function is available by multiplication of the right-hand
side ([5, Eq. (7.148) p. 275]) by the same dimensionless factor X = a/2Vkt (= 1/2Vt%):
kt a 8 a 2a® 5a* 194
q)l,Calelongtime ST 722~ 1- + 22|~ 3.3
a?]” ovki \3m  2vrkt 24kt \480k2¢ 10752k3 ¢
Similarly, comparisons can be made to other reported short and long time approximations

from [8,9](see e.g. [9, Eqns. (3.158) and (3.159)]) after normalizing the series representations using
the appropriate common multiplier X = 7a/8v/kt on the right-hand sides of each:

0, Beckshorttime(ﬂ) =2 §\/E_ ﬁ + i (E)Z + L (E)s + i (E)4

’ a?) 8vkt |n\ na? na® 8n\a? 327 \ a? 5127 \ a?
:ﬂ{i_Za 1_a2+a4+a6 ]}

8vkr |37 Vidkil 3@kt 6(4kn?  12(4kn)3

An application to mass transfer experiments that comprises the integral in question has
been reported [6, 7]. In that work, the average disk surface concentration measure C(r,0, £) 4, is

analogous to the temperature (T (r < a,0, £)) above, after replacement of the thermal conductivity
k by the diffusion coefficient D.:

(9]

C(r,o,t)Ayzz%a-\/?fo ]f(ﬁ—l“)erf(ﬁ)%.
In contrast to the technique of developing approximating series for the values of the integral
over long and short time regions, the work in [6, 7] uses numerical integration techniques to
approximate the values of the ®; integral over the dimensionless variable range. Efficiency in
convergence of the integration was attained by recasting same to the sum of two integrals, with
a precision of 4 significant figures over the reported range. The derived approximation to the
integral for comparison to the others in this work becomes, after multiplication by the parameter

X=D/2Qa-VDtla?=D/2Qa- /T,

ol ) [ [5{ -2

Finally, the analytic result from (10) for determining the percentage error of the various
approximations becomes

s3] - 2ol ol 2ol )

and a plot of the analytic function is given in Figure 1.

Results for the percentage error for all the various estimates are given in Figures 2 and 3. In
those figures, the dashed zero error (analytical reference) base line comprises the Fleischmann
numerical error data, which is only precise to 4 significant figures.

kt
q)l, Beck long time ;

3. Summary

An analytical solution to a heretofore unreduced infinite integral, containing the square of a
Bessel function, is described. The subject integral is expanded to a sum of two new Bessel
integrals after a change of variables. It is then considered that a second order, two term scaled
differentiation (with respect to the function parameter) of the Bessel component allows part of
one Bessel integrand to be recast to a double integral comprising a finite one over a simpler
infinite Bessel representation. The second integral of the expansion, after a similar differentiation
with respect to the same parameter, leads to the required remaining and reducible integrals, after
some further manipulation.
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Figure 1. A plot of the values of the analytic ®; function vs. the dimensionless variable

Vktla (or VDt a).

Small V'kt/a Estimate

Percentage Error / %

Figure 2. A plot of the percentage error of the Beck approximations @; gk v's. the dimen-
sionless variable v kt/a with reference to the analytic value (dotted line).

The described solution can be used in error analysis of existing approximations to verify
their usefulness as heuristic expressions for predicting physical quantities on active circular disk
sources/sinks commonly used in diffusion analysis in heat and mass transfer measurements.
Since an analytical solution which comprises well-known tabulated functions is in general more
efficient to implement in test use, and inherently more accurate and precise than numerical
integration techniques on modern laboratory computers, they are increasingly important in
developing better models for improved high performance applications.

Since mathematically analogous differential equation systems exist for other areas of research
(e.g. neutron density in reactors, velocity potential in incompressible fluids, (steady state) electric
potential in electrostatics, displacement of vibrating stretched membranes, etc.) the solution
is applicable to modeling in those applications as well, after appropriate unit parameter and
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Figure 3. A plot of the percentage error of the Cole/Beck approximations ®;, ¢y vs. the
dimensionless variable v kt¢/a with reference to the analytic value (dotted line).

variable substitutions changes to the the heat transfer differential equation system ((1)-(5))
introduced at the outset of this report.

4. Symbols used

a Circular disk radius

C*  Bulk diffusant concentration

Cay  Average transient surface concentration
(T(#)) Average transient surface temperature
Diffusion coefficient
Error function
Hankel transform operator
Bessel functions of the first kind
Laplace transform
Laplace parameter operator
Heat or mass Flux
Radial distance coordinate
Time
Temperature
z—distance coordinate
Thermal diffusivity
Dimensionless variable kt/a® or Dt/ a®
Scaled variants of [5° [J (yx)/x*] erf(Bx)dx
a—ow InAppendix, various integration variables.

“ranH~s=0Os RTYED

2
&
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Appendix A. Reduction of the Integral in (8)

Denoting as I the integral in (8), a change of variables shows

I:fooo ]ZEC ) erf(Bx)dx = foood(—i)l% (yx)erf(Bx)

B 1 N1 (Yx) 2 *1, _p2x2
= [T ) o) - 2 erttpo s Zop [T L ()
o[ di 2 (%L peds
31-2)/[0 Jo (yx)T1 (yx) erf(Bx) -t \/E'Bfo Ji (yx)e . (A.1)
The first integral in (A.1)
oo d
Fi= [ “ao(rah (rert(p) S,
is rearranged according to a Bessel product identity
2 /2
LJo (yx)Ji (vx), = —f J1 (2yxcos9) cos9d9:
T Jo
(A.2)
2 rni2 o) dx
Fy = —f cosﬂf J1 (2yxcos?)erf(fx) —
T Jo 0 X
Now )
) T o) v oo )
f = erf -—— A3
fo i (yx)erf(px) — erC( N i (A.3)

as can be checked by differentiation with respect to 3; thus
dﬁf Ilyxerf(ﬁxx \/_f I (yx)e e B gy

lz% % ool - poel i (i)

S ]
and
ddﬁ{erfc(y) 5_)/[1_ Xp( 47;2)]}
2 2 2 2 2
el bl -
2

2t ol

in agreement with (A.4). Combining (A.2) and (A.3),
2 pml2 9 2 c0s2 9
FI:—/ cosf){erfc(ycos )+ p [l—exp(—y cos )”dﬁ
0

p B VTycosd 46
2 rmi2 9 1 /2 2 29
:_/ cosﬂerfc(ycos ) 19+2E—f l—exp(—y cos )] dd
A y m3/2 48 (A.5)
2 22 % cos? 9 '
_2_2-°27Y smzf)exp(—y ©° )dsinﬂ
n nyaBlo 4p

B 1 B 1 [m2 y? cos? 9
+;ﬁ_2;7[3/2‘/0v exp|— ﬁZ )dﬁ
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Before continuing with the integrals in (A.5), consider

(e o)
Bo= [T
0 X

d> 3d 4 [ o0
y = (—2 + ——)F = —f coszﬁf Jo (2yxcosd) xe P** dxdo
dy* ydy m Jo 0

4 (7 ) b4 e—ﬁzxz
=— 2
n/o cos 19/ Jo(2yxcos9)d ( e dd

4
=;f0 cos ﬁdﬁ{zﬁz I3 cosﬁf J1 (2yxcosd)e P dx}

2 o1 Y~ cos” 9
:_nﬁzf cos ﬁdﬁ__nﬁzf cos 2ycosd l—exp(——’62 )]dﬁ
2 Mmoo, Y cos“ 9
:n_ﬂzfo cos ﬁexp(—T)dﬁ.

Thus
() 2P0
d}/ dy _ﬂﬁZ o Y p ﬁz ,
and since
Y Y e _/’sz
f eXp(—/lxz)dx=f xzdL)dx
0 0 —21
Y 1
:——eXP(_/le)exp(—/lyz)+—f xexp(_;LXZ)dx
24 2o
Y o 1 ,
it follows that
< : 2 { p [ ( 72005219)] v p? ( y*cos? 9
G _ < 9 - ~ )
dy 7TY3,32fCOS 2cost exp 2 Tco 9 & 5
_ ﬁz . 1 /}/2 COSZ’LL) '}’2 /}/ cos 8
_n_y3fo o520 l—exp(—T B cos 19exp( o de.

Making use of the reduction

25

j:%{1—exp(—)txz)—)szexp(—ﬂtxz)}dx:foyd(—zi) {1-exp(-1x%) - Ax*exp (- 1x%)}

_ 1 2 2 N R 2 2
= ﬁ{l—exp (-Ax°) = Ax“ exp (-Ax )}+5f0 ;{Zﬂxexp(—/lx ) —2Axexp(—1x7)

+2A%x% exp (-Ax?) }dx

— 1 2 2 2 A 2
= —ﬁ{l—exp(—/w )= Ay* exp (—Ax )}+§(1—exp(—/1yx )),
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it follows next that

1 (7 ¥? cos? 9
F=— 1- ad
2 "2n o exp( p? )]
1 B2 (™ do 2 cos? 9 2 cos? 9 2 cos? 9
[ el T ol P
2w y= Jo cos=d B B B
1 (" ¥? cos® 9
=— 1- dad
2m eXp( p? )]
1 (" ¥? cos? 9 1 p? f” do { ( y2c0528)}
+— ———|d-—= | ——=<1- -
21 Jo exp( B2 ) 2 y2 Jo cos?d eXp B2
1 1 p in9 2 cos? 9
2 [l )
2 2my? cosd p
1 1 p sind }/2 ¥? cos® 9
E_Ey_f 050 ﬁ2 cos?9sind- exp( T)dﬁ
1 1"
=———f sinzﬁexp( M)dq‘)
2 mlo p?
1 2 rni2 2
——— sin 9 exp ——cos 29|do.
2 mlo p?
A simpler determination of F, which also serves as a check is the following
dF, - 1 Y (Y
d‘B _—Zﬁf ]1 )/x Xxe ’6 x dx=-2 ﬁ ﬁexp(—ﬂ)h (W)
00 1 2 2 1 y/2ﬁ2 dy
SR = - -—— || |dx== —e I —,
2 fﬁ xeXp( 2/32) 1(2ﬁ2) x Z/p xe 1(y) )
Now

fog exp (-y) 11 (y) ci/y fo" ¢ (_i) rer-1)h )

o1
=L @ep-o)+ [ e () [y ly) -y ()] dy
g g
=-1,(0) eXp(—U)+f0 exp (-y) o (¥) dy—fo exp (-y)Ti (y) dy

=—1; (0)exp (—a)+f0 exp (-¥) 1o (¥) dy-fo exp (~y)dlo

g

(A.6)

g
=—Il(0)exp(—a)+f0 exp(—y)Io(y)dy—exp(—a)lo(a)+1—f0 exp(-y)lo(y)dy

=1-exp(-0)[lp (o) +1; (0)].
Hence
11 Y Y (Yz )]
F==——exp|l-=—=| || = |+ | =
25272 Xp( zﬁz)[°(2ﬁ2)+l 2
in full agreement with (A.6), since

ml2 w2 ] = 29 A A
f sin® 9 exp (— A cos®9) dﬁ:[ %e p(——)exp (—Ecoszf)) d?d
0 0

2
1fn(l cos2p)e ( A)e ( Acosz )d
1) p)exp > p > plap

Sl 2onl )

(A7)
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Note that
o2 (yx)dx 1
Fg—»f &:E' when f — 0
0

as implied by (A.7).
Upon collecting the results obtained

2
31 =2’)/F1 + —ﬁFg

VT
et el gl ol )
o=y - yonl 3 [ 3] 0 3]
so that
IS NE=I A B | AEA NN E)
2 2 2
ol b))
2 2 2 2 2
T wl el aee ) )
2 2 2 2 2
el el aw)
and, finally
1= g; fﬁ{l 1+§—;;)exp(—%)—lo(y—; (:1)) :;2) xp( Y;)Il(%)} (A.8)

represents the full reduction of the integral (8).
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