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1. Introduction

In this paper we focus on optimal feedback control for problems of the form

{ infy,, 70 w) = 3 7 (1Q0((0) = ya()? + Blud?) de+ 1 |Qa (y(1) - y7)|?

(P)

st. y=f+gu, y0O) =y and ue L?(0, T;R™),

with nonlinear dynamics described by f : [0, T] x R” — R". The system can be influenced by
choosing a control input u which enters through a control operator g : R” — R"*", We assess the
perfomance of a given control by its objective functional value which comprises the (weighted)
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distance between the associated state trajectory y and a given desired state y; as well as the norm
of the control for some cost parameter 8 > 0. The weighting matrices Q;, for i = 1,2, are assumed
to be symmetric positive semi-definite. Searching for an optimal control u* in feedback form
requires to find a function F* : [0, T] x R" — R such that

u'(t)=F*(t,y* (1), for t€ (0, 7).

Here (u*,y*) denotes an optimal control-trajectory pair associated to (P). Under appropriate
conditions, see e.g. [1], the feedback mapping can be expressed as

1
F*(t,y)=—BgT(t,y)0yV*(t,y), o)
where V* stands for the value function associate to (P), i.e. for (Ty, yp) € [0, T] x R™:
V*(To, yo) = rryliun]T0 (y,u), subjectto y = f(y) +g(u, y(To) = yo,

and

I 1
I =3 [ (101 (0= ya®)P + pluco) dr+ 3 |Q2 (vm -y
0

The value function V* satisfies a Hamilton-Jacobi-Bellman (HJB) equation which is a time-
dependent first order hyperbolic equation of spatial dimension 7. Numerical realisations, there-
fore, are plagued by the curse of dimensionality. Indeed a direct solution of the HJB equation
already becomes computationally prohibitive for moderate dimensions n.

Therefore, for practical realization, the interest in alternative techniques arises. In many
situations of practical relevance researches have relied on linear approximations to the nonlinear
dynamical system and have treated the resulting linear-quadratic problem by Riccati techniques.
Much research has concentrated on validating this approach locally around a reference trajectory.
Globally such a strategy may fail, see for instance [2, 3].

In this paper we follow an approach, possibly first proposed in [3], circumventing the con-
struction of the value function on the basis of solving the HJB equation. Rather the feedback
mapping is constructed by an unsupervised self-learning technique. In practice, this requires the
approximation of V* by a family of functions Vj which are parametrized by a finite dimensional
vector O and satisfy a uniform approximation property. Possible families of universal approxi-
mators include, e.g., neural networks or piecewise polynomial approximations. Subsequently, in
view of (1), we introduce the corresponding feedback law

1
Fy(t,y)= —BgT(y)ayVe(t,y), for (¢, ) € [0,00) x R", )

as approximation to F*. An “optimal” parametrized feedback law is then determined by a variant
of the following self-learning, structure preserving, variational problem:
Ye

1 T
min J(y, Fo(y) + Efo Y1 | Vo(t, y(0) = To (v, Fo (o )| + 72 |0, Vo (£, y(£) = p(0)|* dr + 1o

st 7=f+gNFm), y0) =y, p1)=Q;Q(¥T)-y})
3)
—p=FW p+|DgWNTF|p+Q Q- ya).

In this problem, minimization with respect to u is replaced by minimizing with respect to the
parameters 6 which characterize Vy and Fy. The cost functional of problem (3) consists of four
parts: The first term represents the objective functional of (P) where the control u is replaced
by the closed loop expression Fy(y). The next two terms realize the fact that Vp is constructed
as approximation to the value function associated to (P) and exploit the well-known property
that, under certain conditions, the gradient of the value function coincides with the solution of
a suitable adjoint equation, see e.g. [1, p. 21]. The final term penalizes the norm of the structural
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parameters. We point out that Vy and Fy are learned along the orbit @ = {y(#; o) : t € (0,00)}
within the state space R”. To accommodate the case that one trajectory does not provide enough
information, we propose to involve an ensemble of orbits departing from a set Yy of initial
conditions, and to reformulate problem (3) accordingly. This will be done in Section 4 below.
While we focus on linear-quadratic objective functionals, the derived results can be readily
generalized if suitable coercivity and differentiability properties are assumed for this functional.

In our earlier work on learning a feedback function [3], we considered infinite horizon optimal
control problems. In that case, the time-dependent HJB equation results in a stationary one.
There we had not yet incorporated the structure preserving terms involving Vg and 8, Vj into
the cost. Moreover we directly constructed an approximation Fyp to the vector valued function
F*, rather than approximating the scalar valued function V* and subsequently using (2). In the
present paper we provide the theoretical foundations for the learning based technique that we
propose to construct an approximation to the optimal feedback function for (P). Recently in [4]
a variant of the approach as in [3] was used for interesting numerical investigations to construct
optimal feedback functions for finite horizon multi-agent optimal control problems.

Let us very briefly mention some of the vast literature on solving the HJB equations. Semi-
Lagrangian schemes and finite difference methods have been deeply investigated to directly
solve HJB equations directly, see e.g. [5-7]. Significant progress was made in solving high dimen-
sional HJB equations by the of use policy iterations combined with tensor calculus techniques,
[2,8,9]. The use of Hopf formulas was proposed in e.g. [10, 11]. Interpolation techniques, utiliz-
ing ensembles of open loop solutions have been analyzed in the works of [12, 13], for example.
Finally we mention that optimal feedback control is intimately related to reinforcement learning,
see e.g. the monograph [14], and also the survey articles [15-17].

The manuscript is structured as follows. Some pertinent notation is gathered in Section 2. In
Section 3 concepts of optimal feedback control, semi-global with respect to the initial condition
Yo, are gathered. Section 4 is devoted to describing the learning technique that we propose to
approximate the optimal feedback function. In Section 5 the required assumptions on approxi-
mating subspaces are checked for a class of neural networks and a class of piecewise polynomi-
als. Existence of solutions to the approximating learning problems is proved in Section 6. Their
convergence is analyzed in Section 7. The case of learning from finitely many orbits is the focus
of Section 8. Section 9 provides an example illustrating the numerical feasibility of the proposed
method. We do not aim for sophistication in this respect. The Appendix 9.2 details the proofs of
several necessary technical results.

2. Notation

For I := (0,T), with T > 0, we define Wr = {y € L*(I;R") | y € L?(I;R™)}, where the temporal
derivative is understood in the distributional sense. We equip Wr with the norm induced by the
inner product

(1, y2dwy = (1, Y2 2wy + (Y1, Y2 2wy - for y1, y2 € Wr,

making it a Hilbert space. We recall that Wy embeds continuously into C(I;R"). For a compact
metric space X we denote the space of continuous functions between X and Y by € (X; Y) which
we endow with [l@ll¢x;y) = maxxex l(x)lly as norm. By Yy we denote a compact set of initial
conditions in R”. When arising as index, the space 6 (Yy; Wr) will frequently be abbreviated by €.
The space €' (X;Y) of continuously differentiable functions is defined analogously. Open balls
of radius € in a Banach space X with center x will be denoted by B¢ (x). The space of bounded
linear operators between Banach spaces X and Y, endowed with the canonical norm, is denoted
by (X, Y). We further abbreviate 8(X) := 8(X, X).
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3. Semi-global optimal feedback control

Consider the controlled nonlinear dynamical system of the form
y=f()+gu inL*(LR"), y(0) =y, @)
described by Nemitsky operators

f: Wr — L*(I;R"), f(y)(0) = £(£, y(2)
5)
g: Wr — £ (L*(LR™); L2 (LR™),  80)(0) = g(t, y(1)
fora.e. tel, f: IxR" - R™and g: I xR" — R The smoothness requirements on f and g
will be detailed in Assumption 1 below. Our aim is to choose a control input u* € L?(I;R") which
keeps the associated solution y* € Wr close to a known reference trajectory y,, while keeping the
control effort small. This is formulated as the constrained minimization problem

)](y, u)

inf
yeWr,ue L2(I;R™ (Pyo)

st. y=fy)+gyu, y©)=yo,
where

1 1
J(y,w) = Efl(lol (v = ya@)[* + plueo?) de+ 2@ (D - y3)[*,

which incorporates the weighted misfit between the trajectory y within the time horizon I = (0, T)
and at the terminal time to desired states y; € L?(I;R") and yg € R", as well as the norm of the
control u. While this open loop optimal control problem captures well the objective formulated
above, it comes with several disadvantages. First, its solution is a function of time only, and does
not include the current state y(¢). This makes the open loop approach susceptible to possible
perturbations in the dynamical system. Second, determining the control action for a new initial
condition requires to solve (Py,) from the start.

The aforementioned limitations of open loop optimal controls motivate the study of semi-
global optimal feedback control approaches to (Py,). More precisely, given a compact set ¥ < R",
we look for a feedback function F*: I x R" — R which induces a Nemitsky operator

F*:Wr— L*(LR™), F*()()=F*(t,y() forae. tel,
such that for every yy € Y the closed loop system
y=ty)+gMZF ), y0) =y, (6)

admits a unique solution y* (yo) € Wr and (y* (yo), F * (y* (¥0))) is a minimizing pair of (Py,).
The determination of an optimal feedback function usually rests on the computation of the
value function to(Py,) which is defined as

V*(To, yo) = min  Jp(w st y=fy)+gu, y(t) =y, !
ye H' (To, T;R™),
uel?(To, T;R™)

where (Ty, yo) € I x R", and J7, (3, u) is defined as

1T 1
Ty (1) = EfT (|1 = yaten[* + Brucoi?) de+ 5 1@ = ya(r .
0
By construction V* satisfies the final time boundary condition

1
V(T 0 = 5 Q0 —ya(M[* Yy eR",
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If V* is continuously differentiable in a neighborhood of some (¢, yp) € I x R" then it solves the
instationary Hamilton-Jacobi—-Bellman (HJB) equation

1 1
0: V™ (t, y0) + (f (70),0y V™ (£, ¥0) ) o — 5 |g(t,y0) T3, V* (1, yo)|* + > |Qio—ya®|*=0 @®)

in the classical sense there, see e.g. [1, 18]. Here 0,V* denotes the partial derivative of the
value function with respect to ¢ and 6, V* is the gradient of V* with respect to the y-variable.
An optimal control for (P),) in feedback form is then given by u* = —%g(y*)TOyV*(y*)
where 0,7 (y*)(¢) = 0,V* (£, y* (1)) for every t € I, and y* = y* (o) € Wr solves the closed loop
system

y=fy) - %g(y)g(y)TayV* W, y0) = y.
Thus
y*(yo),—%g(y* 30)' 0,7 (y* (o)) | € argmin (Py,)
and the function
F ()= == g, 0,V ()

B

is an optimal feedback law.

Realizing the optimal feedback in this way requires a solution to (8) which is a partial differen-
tial equation on R”. This can be extremely challenging or even impossible depending on the di-
mension n and the computational facilities at hand. Similarly to our previous manuscript [3], we
take a different approach by formulating minimization problem over a suitable set of feedback
functions involving the closed loop system as a constraint. This relates to a learning problem,
within which the feedback functions are trained to achieve optimal stabilization. This makes the
problem computationally amenable.

The procedure just described will be formalized in the following section. Here we first summa-
rize the assumptions on the nonlinear dynamical system that we refer to throughout the paper.

Assumption 1.

(A.1) The functions f: IxR" - R" and g: I x R" — R""™™ are twice continuously differentiable.
Their Jacobians and Hessians with respect to the second variable, denoted by Dy f, Dy f,
and Dy g, Dy, g, respectively, are Lipschitz continuous on compact sets, uniformly fort € I.

(A.2) There exists a constant My, > 0 such that the value function V(-,-): I xR" — R for (Py,)
is twice continuously differentiable on I x B, 7;(0) with Lipschitz continuous gradient and
Hessian (w.r.t. y uniformly in t € I) where

M= My, |l oy, € rm)), 9
and 1 denotes the embedding of Wr into € (I;R™)).

As a consequence of (A.1), the Nemitsky operators f, g are at least two times continuously
differentiable with domains and ranges as defined in (5). Their derivatives, denoted by Df(y) €
B(Wr, L2(I;R")), and Dg(y) € B(Wrp; BLA(LR™); LA(I;R™)), are the Nemitsky operators in-
duced by Dy, f and D, g. Moreover f, Df, g, Dg are Lipschitz continuous and bounded, on bounded
subsets of L*°(I;R"), and thus in particular on %,; € Wy, where

Yoa:={y € Wr [ 1yllwy <2My, }. (10)

Finally DEfT( y) e B(Wr, L2(I;R™)) denotes the Nemitsky operator associated to Dy f T
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Analogously, due to (A.2), V* induces a twice Lipschitz continuously Fréchet differentiable
Nemitsky operator ¥ * : %, c Wy — L2(I). Moreover 7 * and its first derivative D¥* are weak-to-
strong continuous. Define the Nemitsky operator
1
B
where 0,7 is the Nemitsky operator induced by the gradient 6,,V* = D, V(, )T. Note also that
F* € CY(Wr; (L2(I;R™); L?(I;R™))). We further assume the following:

(A.3) For every y, € Yj there exists a unique function y = y*(y,) € Wr satisfying

F* WY —12(LRY), F () =-—g0 0,7 ), e8))

7=t +8WF* (), yO0 =y lyllw,; <My,.

Moreover we have
(¥ ), F* (" (y0))) € argmin (Py,) V yp € Y.

When referring to Assumption A we mean (A.1)-(A.3). We emphasize that the constant M appear-
ing in (A.2) and (A.3) is assumed to be same. Note further that as a consequence of (A.3) prob-
lem (P),) admits a solution for each y, € Yy, with the optimal control given by u* = %™ (y* (y0))).

Remark 2. Using (A.1), (A.3) as well as the implicit function theorem it can be readily be verified
that the mapping y*: Yy — Wr from (A.3) is continuously differentiable. Given 6y, € R” the
directional derivative dy = dy* (39) (6 yo) of y* at yg € Yp in direction §y, satisfies the linearized
ODE system

8y =DE(y" (1)) 6y +[Dg(y* () 6¥] F* (v* (00)) +&(v* () DF™* (v* (0)) 6, 6y(0) = 6 yo.
Here Dg is induced by D, g which is given by

n
[Dyg(,y)0y];; = (Z Oxgij(t, y)6yk) VoyeR”,
k=1

where g(y) = (g;;) and “0;” denotes the partial derivative w.r.t to the k™ component of y.
The transposed Dg(y) ", which will arise in the adjoint equation below, is induced by the ten-
sor Dy g(t,)" = (Dyg(t,")kji) € R™"™™, with € I. In particular, we readily verify that Dg(-)" €
B(L*(L;R™); BWr; L* (IR™).

To end this section we collect structural information on the relation between the adjoined
state, denoted by p below, the optima value function V*, and the induced optimal feedback
law & *.

Proposition 3. Let Assumption 1 hold. Then there exists a unique continuous mappingp*: Yy —
Wr such that for each yy € Yy the tuple (y, p) = (y* (y0), p* (y0)) satisfies

d
R f) +8WMF* (), ¥(0) = yo, (12)
d

——-p=DIY) p+[Dg F NP+ QL QY -ya) PN =Q (¥ -yg), (3

1
F*(y) = —Bg(y)Tp. (14)

Moreover we have
V(L y)=J; (y(t),F*(t,y(t))), p()=0,V(t,y(®) Vrelo,T]. (15)

Proof of Proposition 3. By (A.3) problem (P),) admits a solution for each yy € Yp. Then (A.1)-
(A.2) guarantee that (13), with y = y(y) € Wr the state component of a solution to (Py,), admits a
unique solution p in Wr which continuously depends on y € Wr. Moreover (12) - (14) represent
the first order necessary optimality condition for (P),) with the optimal control u(z) = % *(y(0).
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Since y*: Yy — Wy is continuous as mentioned in Remark 2 and the solution to (13) depends
continuously on y € Wy, the claimed continuity p*: Yy — Wr follows. Equation (15) is a direct
consequence of the dynamic programming principle, and (A.3). O

4. Optimal feedback control by value function approximation

This section is devoted to introducing a family of computationally tractable minimization prob-
lems from which we will “learn” approximations of optimal feedback laws. Our approach rests on
two main pillars. First, given € > 0, we consider a family of functions VHE € € (I x R™) which are
finitely parametrized by 0 € 2, = R™:, N, € N. These serve as “discrete” approximations of the
optimal value function V*. The following a priori estimate is assumed, for some fixed £y > 0:

Assumption 4. For every0 < € < gy there holds V¢ € €*(%, x R x R") and Vs (T, y0) = %|Qg(y() -
ya(T)) 2 for every yo e R™ and 0 € R .. Moreover there exists 0, € &, with

max |V, (6, - V' (1 y)| + (ay (Ve wy-via, y))‘ + Hayy (Ve ey-via, y))“ <ce  (16)
for ;ﬁ;?z > 0 independent of € € (0, &¢].

Now recall from (11) that the optimal feedback law & * is the superposition operator induced
by F*(t,y) = —(1/B)g(t, y)TOyV* (£, ). With the aim of preserving the dependence of the feed-
back law on the value function in our approximation, we define a set of parametrized feedback
laws 7 associated to V;;, 0 € %, by

o€ — € — 1 £
Fo (@) =Fy(t, y(1) = —Bg(t,y(t))ang (t, y(1)

forall y € Wy, t € I and 0 € %,. A first approach to obtain an optimal feedback law in the
form F; can then be found by replacing the open loop control u in (Py,) by the closed loop
expression Z; (y) and minimizing for 6 € %,

Lomin (1 E5 ) + Li01Z, st 7=£0)+80)F50).y0) = o, a7
where |- | %, denotes a Hilbert space norm on %, v, > 0 and y € Y is fixed. This represents the
goal of finding a feedback law & together with a trajectory y € Wr which satisfy (y, %5 (y)) €
argmin (P),). However, this approach falls short in several aspects. First, we cannot hope to
recover a solution of the semiglobal optimal feedback control problem for all y, € Yj, since the
minimization in (17) is associate to a single initial condition only. Secondly it misses to impose
properties that would guide & (y) to be close to 7*, and it does not exploit the relation between
the adjoint state p, see (13), and the gradient of the value function 6,7 *. Incorporating this
information into the problem can, potentially, lead to improved learning results and improved
parameterized feedback laws which behave similarly to & *. These considerations lead to the
second pillar of our approach, namely a succinct choice of the cost for the learning problem.
For this purpose we use all of Y; as “learning set” for initial conditions. It is endowed with the
normalized Lebesgue measure £. Moreover we define the augmented objective

T
Jg(y,p,9)=1(y,9§(y))+f0 %|V9£(t,y(t))—]t(y,gg(y))|2+%langg(I,y(ﬂ)—P(tﬂz dr (18)

for penalty parameters y;,y2 = 0. The arguments in J; are the restriction of the solution y to
the equation in (17) and the feedback gg (y) to [t, T]. The additional terms in this new objective
functional penalize the violation of the cost and its gradient by means of the approximation
based on Vy, i.e. they penalize the differences between J;(y, % (y)) and V; (¢, y(1), as well as p(z)
and d, V;(t, y(1).
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Given a strictly positive weight function w € L*(Yp); 0 < ¢ < w a.e., we thus propose to find a
feedback law F; by solving the ensemble control problem

Y€Yad,
Z5(y)eUaa,
pe€(Yo;Wr)

e R,

min  Z.0.0)= | 000 (Y00 (0),6) AL o)+ 61, (@)
0

subject to the system of closed loop state and adjoint equations

V(o) = £(y(y0)) + 8(¥(¥0)) F4 (¥(30)) (19)
~p(y0) = DE(y(y0) " p(yo) + [D8Y(0)) " FE (y(yo)) | (o) + Q1 Q1 (Y(¥0) — va) (20)
Y(30)(0) = y0,p(0) (T) = Q5 Q2 (y(y0)(T) — y§ ), ¥(v0) € Faa 21

for £-a.e. y € Yy. Above y,q < € (Yo; Wr) and U4 < L2 (Yo; L2 (I;R™)) denote the admissible sets
of ensemble state trajectories and admissible controls. They will be specified in section 6.

5. Examples

In this section we discuss two particular examples for the parameterized mappings V*: deep
residual networks and piecewise polynomial functions of sufficiently high degree.

5.1. Residual networks

To explain the approximation of the value function by residual neural networks, we first fix some
notation. Let L¢ € N, L > 2, as well as N} € N, i = 1,..., L, — 1 be given. We set Nj = n+1
and N = 1. Furthermore define

Le-1 € € € € € € €
RBe= X (RNi *Ni_p x N *Nis x RN ) « RNL*N-1
i=1
The space %, is uniquely determined by its architecture
arch(%;) = (N¢, N§, ..., Nf) e NEetL,
A set of parameters 0 € %, given by
0 = (Wi, Wiz, by, ..., W)

is called a neural network with Le layers. Moreover let o € €*(R) be given and assume that ¢ is
not a polynomial. The function

Vg(t,y)=%|Qz(y—yd(T))lz+fg'g,9ofg‘g_womoff@((t,y))—fg‘gﬂofg‘e_l,go-~-offg((T,y)) (22)
for (t,y) € R x R where
fl‘;e(x)zngx v x e RV
as well as
) =0 (Winx+b)+Wipx VxeRVi, i=1,.., L—1

is called the realization of 0 with activation function o. Here the application of ¢ is defined to act
€
componentwise i.e. given an indexi € {1,...,L, — 1} and x € RN we set

o(x)= (a(xl), e U(xNis))T.
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By construction, V; satisfies the terminal condition

£ 1 2 n
VQ(T,J/)=§|Q2(y—yd(T))| vV yeR™
Moreover Assumption 4 is fulfilled as confirmed by the following result.

Theorem 5. For every € > 0 there exists architectures %, and 0, € R such that V¢ € €4 (R x R
x R™) and Vé’; satisfies (16).

Proof. Let us set h(t,y) = V*(t,y) for (t,y) € I x B,5;(0). Then h is twice continuously differen-
tiable on I x BZQ(O) and h(T,y) = %IQz (y— yi)lz. A consequence of the universal approximation
theorem implies that for all € > 0 there exists h, € .#yet such that

~ £
1= he ||c2(1x1§2]\7(0)) =5 23)

wherg Mnet = span{o (- x + E) i e R be R}, see eg [19, Theorem 4.1], [20]. Let us observe
that i, can be expressed as a residual network. Indeed, since

~ M ~
he = ZEL'U(LTIZ"X+ bi)
i=1

for some M €N, iw; € R"*1, b;, ¢; € R, choosing L, = 2, Wi; € RM**+1) with rows {wi
by =col(by, ..., bu), Wa = (@1, ..., €M), Wi2 =0,

we have h, = 130 [y Moreover, he € CH(I x B, 5. Following (22) we define
1 ~ ~ _
Vi (ty)=3Q (y =y +het, 1)~ he (T, y) € C* (I x Byy).
and estimate

|vawy-viey

2 = et ) = he(T ) + V(L)) =V (1)) 2
<2|h-he| 2 =é,

where all norms are taken over I x BZAA,I(O). This ends the proof. U

5.2. Piecewise polynomials

Fix €9 > 0, and let € € (0, €o] be arbitrarily fixed. Throughout this subsection we assume (A.2) and
in particular we shall make use of the global Lipschitz continuity of D? V* on K = IxB,;(0). Since
Kis compact and hence totally bounded, there exist n, € N and {(f;, 376)};’;1 € R"*! such that

ke Ui where & =5 ([154))

Note that we do not highlight the dependence of (¢;, 376) and K; on e. For each i define the
parametrized polynomial

_ AT _ . _ .
VEAb et =(t-B,y-7b) Alt-fy-7i)+ " (t-Fy-7i)+e
with
(A, byc,t,y) € Sym(n+1) x R™ x R x R,

where Sym(n) denotes the space of real symmetric 7 x n matrices. Note that V/ is infinitely many
times differentiable in all of its arguments.
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For each ¢ € (0,e9] we define a special partition of unity {(p,-}?;l subordinate to K; with
@i: RxR" — [0,1], satisfying 6* and

supp; = Ki, X1 @i(1,) =1,V (1,y) €K,
”Dj(pi”C(f(imf() =pe ), Vi=1,...,n, and j€{1,2}, (24)

card {i: ;(t,y) #0} <m V¥ (1,y) € K,e€(0,&],

with i and m positive constants independent of i, (¢, y) € K, € € (0, &]. Finally we define
Re = &1 (Sym(n+1) xR""! x R),
i=
and introduce the family of parameterized functions on R**! by
Vi(t,y) = % |Q2(y = ya(T)|* + Zzslw(t, W(VEA,bicin t,y) = Vi (A, bi,ci, T,y))  (25)

for 6 = (Ay, by, c1, ..., An,, by, cn,) € Z€. Obviously we have V(-) € €4 (R, xR xR") and

1
Vi =51 (y-yi)l Vyer”.

Thus the final time condition in the HJB equation is fulfilled. Next we show that V;; satisfies the
approximation property in Assumption 4 for the particular choice of

0. = (0, V* (5,75),0,V* (71,75), V* (B, 7)) »
oo Oyy V7 (e 75°), 0y V™ (Ener ), V™ (T ), (26)

i.e. Vl.g in (25) are chosen with
(A;,bi,¢;) = (ayyv* (i,-,yg),ayv* (Zi,y{;),v* (ii,y(’;)) i=1,... 1. @7

Theorem 6. Let V¢ and 0. be chosen according to (25) and (26), respectively, and suppose
that (A.2) and (24) are satisfied. Then Assumption 4 holds.

Proof. We already argued that V has the desired regularity. It remains to prove the required
approximation capabilities. For abbreviation set Vl.g(t, y) = Vf(A,-, b;, i, t,y), with (A;, b;, ¢;) as
in (27).

Since V7 is the second order Taylor expansion of V" at (f;, 375) we conclude that

V"= Vil oo gy < G677, for je0,1,2, 28)

for some ¢ > 0 depending on the global Lipschitz constant of V on K, and independent of ¢ €
(0,&0] and i. Still recall that the sets K; depend on . To estimate V*(t, y) — VBE (z,y) we recall that
V*(T,y) = %IQg(y— yg)lz, and express V*(t,y) as V*(t,y) = V*(T,y) + V*(t,y) — V*(T, y). This
leads to

V(5,) - VE(L, )
= Y e, n(V'en-Vie,y)+ Y. @iy (VY- VT ),

P€fl,..., ne} P€{l,..., ne}

for (t,y) € K. From (24) and (24) we deduce that |V (¢, V) - Vg(t, ¥) IIC(K) <2¢e3.
For the gradient with respect to y we proceed similarly. Fixing (¢, y) € K we estimate

|0,v* () -0, Vg (t,)| < D1 + Dy
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D= Y [eit,»|0yV (1) =0, Vit y)|+ |Vt =V (1, 1] [0y0i(5, y)]

iefl,..., ne}
Dy= Y [@i(Ty) |0,V (T, ) =0, VE(T, Y| +|VE(T,3) = VT, p)| |0y0: (£, 1)]] -
ie{l,.., ng

By (28) with j =1 the first terms in D; and D, can be estimated by ce2, Using (24) and (28) the
second terms in D; and D, can be bounded by mjie?. Combining these estimate we arrive at

0, V™, ) =0, V5 (1, )| o 5 < 26° (€ + m ).

In an analogous manner one can obtain a bound of the order O(¢) on the difference of the
Hessians of V and Vj;. This finishes the proof of Theorem 6. g

In Appendix A it is shown how standard mollifiers can be used so that (24) is satisfied. This
requires some extra attention due to the required bounds on the derivatives of ¢;.

6. Existence of minimizers to (%,)

This section is devoted to proving the existence of minimizing triples to (2%;). Throughout this
section ¢ will denote a generic constant independent of € > 0 and y € Yp.

6.1. Existence of admissible points

Recall from Assumption 1 and Remark 2 that the optimal ensemble state y* € 6 (Yy; Wr) satis-

fies [ly*ll¢ < My,. Accordingly we define the set of admissible states and admissible controls as
Yaa ={y€ € (Yo; Wr) | Iyle <2My, }, Ugqq:= L* (Yo; L* (;R™)).

We also recall the definition %, in (10).
To prove the existence of minimizers to (%%) we first argue that the admissible set

N ={(y,p,0) €Yaa x € (Yo; Wr) x R |(y, p, 0) satisfies (19)—(21), F; (y) €U ga} (29)

is nonempty for € small enough. For this purpose consider the family 8, € Z;, 0 < € < g, from
Assumption 4 as well as the associated closed loop system of state and adjoint equations

Ve =1(ye) + 8(ye) Fy_(Ye), (30)
~pe = DEye) e+ | Do) Fg, (ve) | pe + Q) Qe — ya), (31)
subject to the following initial and terminal conditions
Yel0) = yo, pe(T) = Q3 Q2 (ye(T) - ),
for every yp € Y. We first prove the following approximation result.

Theorem 7. Let Assumptions 1 and 4 hold. There exists a constant ¢ such that for all € >
0 small enough and for all yy € Yy the system (30) and (31) admits unique solutions y, =
Ve (Vo) € %44 and pe = pe(yo) € Wr. Furthermorey, € € (Yo; Wr), pe € € (Yo; Wr), and F*y") €
6 (Yo; L?(I;R™)) hold and

lye -y ”‘to”l(YOFWT)+||p8—p*||(€(Y0;WT)+Hggf(ye)_g*(y*) e(rrzamm) =

In particular, (ye, pe,0¢) € ,/V;d forall e > 0 small enough.

In order to prove this we require several auxiliary results.
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Lemma8. There exists a constant ¢ such that for all € small enough there holds

“ (7" 00 -2, 0] - (27 02 - 75, ()

2agm = I = Yellwr, Yy ye € Yaa-

Proof. According to the definition of #* and P}ge we split

(7 00 -25,00) - (%7 02)- 75, 02) | oy < D1+ D2
with
D1 = 1B 1800 aaqzzsmeny 2y |0 (7 00~ 00) = (" 025 02))| s e
Dy =118 |8 = 802 p(rzqrmm, 2y 00 (V7 020 = 745 () "
Applying the integral mean value theorem yields
o (7 o =7 ) = (702 =95 02))| 2 e
= 521[101?1] ”ayy (7/* 1+ sh) =%, (n+ Sh)) ”@(WT,LZ(I;R")) hlwy

with h = y» — y; € Wr. Note that y; + sh € %, for all s € [0,1]. Thus we can use Assumption 4 for
every s € [0,1] and § y € W, and estimate

dey (7/* 1+ sh) =7 (1 + sh)) Sy

L2(I;R™)

T 2
< ¢f0 )ayy(v* (£, 1(8) + sh(D)) =V (6,110 +sh(t)))‘Rnxn 16y(0)2dt

=< C£”6y||L2([;Rn) = £C||5y”WT

Similarly we obtain

! 2
:\/fo )ay(V*(t,yz(t))—Vei(t,yz(t)))‘ dt < VTee.

Last recall that g is Lipschitz continuous and uniformly bounded on %,,;. Combining these facts
yields the desired statement. g

oy (7" ) -5 )

L2(L;R™)

With the same arguments the following a priori estimate can be obtained. For the sake of
brevity its proof is omitted.

Corollary 9. There exists a constant c such that for all e small enough there holds

||§*(y)—§§€(y) <celylw,, Y yePaq

L2(IR™)
Next we establish existence of a unique solution to (30) as well as a first approximation result.
Proposition 10. Let Assumptions 1 and 4 hold. Then for all € > 0 small enough there is a

unique ye € €' (Yo; Wr) such that y. = ye(yo) € ¥aq satisfies (30) for all yy € Y. Moreover there
exists a constant ¢ independent of € such that

* o * (¥ _ ar€
Iy y£||‘€%iWT)+”‘/' v = F, ) ¢ Oprzamm) =

In particular we have ||ye |l vy;wr) < 2My, for all sufficiently small €.

Proof. The proof is based on a fixed-point argument. Let y, € Y; be arbitrary but fixed. Define
the set

3
M= {y€ Wr lyllw, = EMYO } Y.
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On .4 we consider the mapping Z: .4 — Wy, where z = Z (y) € %,, is the unique solution of
2=1(2) +8(2) 7" (2) +8()) Ty (V) —8NF " (1),  2(0) = yo. (32)

It is well-defined since the perturbation function v = g( y)ggf (y) —g(NF*(y) € L*(I;R™) satisfies

3
12 = 5 CEMy I8 12 1w, 12 1mm)

vl 2 < I8l g (r2(r;rm), 12 (1;mm)) ”9*0’) - F5. ()

where we use Corollary 9 and the definition of .#. Hence | v|;2 < ce. Here and below ¢ denotes
a generic constant which is independent of yy € ¥y and all € > 0 sufficiently small. We may
invoke Proposition 30 and Corollary 31 from the Appendix, to assert the existence of a unique
solution z € %, to (32) with

3
lzllwy = My, +cllvlz < EMYO, V¥ €Yy,

if € > 0 is chosen small enough. From this we particularly conclude Z (%) < .4 for all yp € Yy
and € > 0 small. It remains to prove that Z is a contraction. To this end let y;, y» € .4 be given.
Applying Corollary 31 yields the first inequality in

1200 - Z ), <] F* 00 -5 00 - F* 42+ 75 ()

2 S cellyi=yellwe

with a constant ¢ > 0 independent of y;, y» € .4 as well as of yy € Yy, and € sufficiently small. The
last inequality follows from Lemma 8. Choosing € > 0 small enough we conclude that Z admits
a unique fixed point y, = Z(y:) € Wr on 4. Clearly, the function y, (yp) := y. satisfies (30), y; €
M <%, as well as

3
Ive o) =y o) |, = | Z 3e o)) = Z Oy, < cellyellw, < ce< My,

and by Corollary 9

”9* (v (v0)) = F5, (Ve (¥0)

L2
<|F* (y* (yO)) -F" (Ye (yo)) 2 + ||3:* (YE(J/O)) _ggg Ve (o))
< c|ly" (70) = ¥e (90) ||y, + cellye (o) lwy < ce.

12

Finally according to Proposition 30 the solution y, (yp) is unique and the mapping y; is at least of
class €. O

Next we estimate the W2 difference between y, and y*.

Proposition 11. The mappingy, € €' (Yo; Wr) from Theorem 10 satisfies

ly=-y" “%HYO;WT) sce

for ¢ > 0 independently of € small enough.

Proof. By the previous proposition the estimate is already known for €' (Yy; Wr) replaced by
6 (Yo; Wr). Now fix yp € Yy and i € {1,..., n}. By the inverse mapping theorem the partial deriva-
tives of y* and y, at yy are given by 9;y" (o) = T« (yo)‘l(O, ei), 0;y:(yo0) = Tg(y(])_l(o, e;). Here, ¢;
denotes the i canonical basis vector in R” and

Te(y0) ™ Te(yo) s L2 (ER") x R™ — Wy

denote the linear continuous inverses of

8y —DE(y* (y0)) 6y — [Dg(y* 10)) 6¥] F* (y* (v0)) — 8 (y* (y0)) DF* (y* (y0)) 6y

Tu(yooy= 6y(0)
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and
T _(0y—DE(ye(y0)) 6y — [Dg(ye (¥0)) 6¥] F (ve(y0)) — 8(ye (V) DFE (ye(y0))dy
s(yo)6y— 6y(0)€ € .

Using Gronwall’s inequality, we readily verify that
max{ll Te(v0) ™ 60,60 ||y, » | T« v0) ™' 60,6 y0) | W} <C(I6vl2pm +16y0lrn)  (33)

for all v € L2(I,R™), dyo € R", y9 € Yy and some C > 0 independent of yy,dv,8y. Now we
recall that y.(y0),y"* (o) € %,4 and that Df, Dg, g are Lipschitz continuous, and thus in particular
bounded, on %4, see Assumption (A.1). Together with boundedness of {|.Z * (y(y0)) I ;2 : Yo € Yo},
Corollary 9 and Theorem 10 we conclude

(T (70) = Te(¥0)) 87 || 12 1y xn < CENSY Wy ¥ Sy Wr (34)
for some ¢ > 0 again independent of y, € Y,. Recalling that B~! — A™! = A~1(A- B)B~! for
invertible bounded linear operators A and B, we obtain

|0:ye (o) = 0iy" W0) |y, = | Te(v0) ™ (0, ) = T () ' (0, )|y,

<C* sup [|[(Te(v0) = Te(y0)) 8¥ | 12 1pm wen < CE
16¥lwy <1

where C > 0 is the constant from (33). Since all involved constants are independent of y, € Yy we
obtain the desired estimate ||0;y. —0;y* ||, < ce. O
Next we address the solvability of the adjoint equation (20).

Proposition 12. There exists a constant ¢ such that for all € small enough there exists ps €
€ (Yo; Wr) such that p, == p(yo) € Wr satisfies (31) for all yy € Yy and

|pe —p [l < ce.

Proof. Given y € %, consider the linear ordinary differential equation

~p=DEy)p+ | D80)T F5, )| P+ QI Quy - ya), 1) = QF Q2 (WD) - ¥]).
It admits a unique solution p = P(y) € W which is bounded independently of y € %,,;. Moreover
the mapping P: Wr — Wr is continuous on %, in virtue of the Gronwall lemma and Assump-
tion 1. The existence of a mapping p, which satisfies (31) then follows by setting p, = Poy;.

It remains to prove the estimate for the difference between p; satisfying (31) and p* satisfy-
ing (13). For this purpose we can use the same technique as in the proof of Proposition 11 and
therefore we only give the main estimates. Recall that Df(-) T, Dg(-)" are Lipschitz continuous
on %,,. The the most involved term in the estimate analogous to (34) is

| [Pglye0m)" #5 (vetr0) - Dely* 50)) " #* (v" 5)) | 61

< C(Ilyg(yo) -y 00|y, + ”9‘5 YVe o) = F* (y* ) LZ) 18 pllw,

with ¢ > 0 independent of € > 0 and 6 p € Wr. Now a perturbation argument as in the proof of
Propostion 11 provides us with

12

Ipev0) =" (o) ||,
<c (Hye(yo) -¥ 00|y, + “95 (ve (o)) = F* (y* (30))
<c (HYE(.VO) -¥ 30|y, + “3’5 (Vo) = F" (v* )] ,,

where Wy — %€ (I;R") is used in the second inequality, and Proposition 11 and Corollary 9 are
utilized in the final one. Since all involved constants are again independent of yy € Y, this finishes
the proof. d

L+ Y00 -y Go)(T)])

)SCE
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Summarizing all previous observations we arrive at the proof of Theorem 7.

Proof of Theorem 7. This follows directly by combining Proposition 10, Proposition 11, and
Proposition 12. d

6.2. Closedness of /¢,

As a last prerequisite for proving existence to (%) we argue that the admissible set A, is closed.
The existence of at least one minimizing triple to (2%) then follows by variational arguments.
From here on we always assume that 4", from (29) is nonempty, i.e. that ¢ is sufficiently small.

Proposition 13. Let (yi, pr, 01) ken © A5, be a sequence with weak limit (y, p,0) in L2 (Yo; Wr)? x
Re. Then (y,p,0) € N7, and we have

(v, p) € € (Yo; W), lim yi(yo) =y(y0) and lim pi(yo) =p(yo) inWr, ¥ yo€ Yo,
— 00 — 00
The proof builds upon the following two lemmas.

Lemma 14. Let the sequence (yi,Pk,0r)ken < N, satisfy the prerequisites of Proposition 13.
Theny €Yaa, yk(¥o) = y(yo) in Wr, 9§k Vi (y0) — Fg (y(yo)) in L*(L;R™), and

V(0 = £(y(70)) + 8(Y(00)) F§ (v(30)), ¥(30) (0) = yo, (35)
forall yy € Yy.
Proof. By assumption we have y € y,4, and hence |lyi(yo) lw, < 2My, for all k e Nand y, € Yy,
and y; € €' (Yo; Wr) for all k € N, see Proposition 10. Let us fix an arbitrary y, € Y. and set y; ==
v« (o) for abbreviation. Then there exists a subsequence, denoted by the same index, and y € Wr
such that y; — ¥ in Wr. Since Wr —. € (I;R"™) — LP(I;R"), 1 < p < +oo, we immediately get

Yk(0) — 7(0) in R", £(y) — £(7) in L*(I;R™), g(y) — g(7) in BB (L* (L;R™), L (I;R"))

aswell as gﬁ’g V) — 9{5 () in L*°(I;R™). Moreover by Assumption 4 for every § > 0 there exits K5 €
N such that

0, Ve (b )=, V)| <6 ¥ (5,1 € IxByg(0) (36)

for all k > K. Here M denotes the constant from (A.2). For all such k we get utilizing (36) for a
constant ¢ independent of k

|75, 00 -5 @] < c| 75,00 - Fswo |+ 1700 - ZE D1
< 6+ | F5 (0 - F5 D -
This implies that limkﬂoo?gk (yk) = F4 () in L2(I;R™). These observations imply

Ve = £y + 8y F, (vi) — (3 + 87 F g ().
Together with y; — ¥ in Wy this implies that yx(y0) = yx — ¥y in Wr and

=) + 8N ZF; ), 70) = y,. 37

Since the solution to this equation is unique, every weak accumulation point of y satisfies (37)
and we have yi(yp) — ¥ in Wr for the whole sequence. We repeat this construction for all y € Yp.
This defines a function y: Yy — Wr such that yx(y9) — ¥(¥o) in Wr and such that (37) is satisfied
with ¥ = y(yo) for each yy € Y. By Proposition 10 it is the unique solution to (35).

Lebesgue’s dominated convergence theorem for Bochner integrals (21, p. 45] implies that
V& — ¥ in L'(Yp; Wr), and by boundedness of {lyclle}s2, also in L?(Yy; Wr). By assumption yj
converges weakly in L2(Yo; Wr) to y. Thus we have y = y. Moreover |lyll¢ < 2My, and hence
Y€Vad- U
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Next we consider the behavior of the adjoint states py.

Lemma 15. Let (Yi,Pk,0k)ken € ‘/V;d be a sequence with weak limit (y,p,0) satisfying the
prerequisites of Proposition 13. Then ||pill¢ < C for some C > 0 and all k € N large enough,
and p € € (Yy; Wr). Moreover px(yo) — p(yo) in Wr, and
—p(y0) = DECY(y0) "p(y0) + [ DY) " F (y(y0)) | (o) + Q] Qi (y(y0) — Ya),
PO)(T) = Q3 Q2 (Y(T) (o) - ¥).

forall yy € Yyp.

(38)

Proof. From Lemma 14 recall that for the sequences yj = yi(yo) € ¥4 and y := y(yo) we have
foreach yp € Yo
Ye—yinWr, Fg (yi) = F4(y) in L(LR™).

Further for each k € N and yp € Yj, the element py. := pi(y0) € Wr satisfies

—pi = DE(yp) " pic+ [Dg(yk)Tﬂ‘;k (J/k)] PE+Ql Qi —ya), pe(D) = Q) Q2 (yi(T) - yY).  (39)

Recall from Assumption 4 that 9, V# is uniformly continuous on compact sets. Thus for every § >
0 there is K5 € N such that

Fg (6,0 <

Fe (r,x)—Ff(t,x)(+ F(t,x)| <6+ max |FE(t,x)|<oo
0 0 |Fy (2, 0] (t,x)EIxBZM(O)i 6 (1)

forall (t,x) eI x Bzﬁ(O) and k = K;. Consequently we obtain

sup  max [ Ag(t,x)|gnxn < oo, where Ai(t,x) = Df(t,x)" +Dg(t,x)  F} (t,x).
k=K (1,x)€ Ix B, 5(0) k

Applying Proposition 29 to the time-reversed equation (39) implies that
Ipelwr < c(1Q Quyk=yall 12 + |ye(D) - )

for some ¢ > 0 independent of yy € Y; and all sufficiently large k. Since |lyxll¢ < 2My, we finally
conclude ||pxll¢ < C for some C > 0 independent of k sufficiently large. We are now prepared to
pass to the limit in (39). For this purpose we proceed as in the proof of Lemma 14 and use

Df(y) + Dglyr) ' F§ (vi) — DEy) + Dg(y) " F5 () in 2 (L*(Y;RM),
as well as
Q/ Qi(yx—ya) — Q| Qu(y - ya) in L (LR"),
and
Q Q1) = y) — Q) Q2 (y(T) - y) inR"

to show that every weak accumulation point p € Wr of py is in fact a strong accumulation point
and satisfies the differential equation in (38). Since the solution to this equation is unique we
get py — p in Wr for the whole sequence. Finally utilizing |pxll¢ < C and Lebesgue’s dominated
convergence theorem we conclude p = p(yy) for all yj € Y. d

Proof of Proposition 13. This is a direct consequence of Lemma 14 and Lemma 15. d
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6.3. Existence of minimizers

Finally we prove the existence of at least one minimizing triplet to (Z%).

Theorem 16. Let Assumption 1 and 4 hold. Then for all € > 0 small enough, Problem (22;) admits
at least one minimizing triplet (y;,p;,0;) € € (Yo; Wir)? x Ry

Proof. According to Theorem 7, the admissible set A¢, is nonempty for € > 0 small enough. Fix
such a ¢ > 0 and let (yx, px, 0x) € A, denote a minimizing sequence for Z i.e.

Vi Pk, Ox) — inf (v,p,0).
Ze (Vi Pi Ok (y,p,@)EJV;deyp

Since yi € yaq and L= (1612 .= Ze(Yk,Pr,0p), for all k €N, the sequence {(y, 0x)} € L?(Yo; Wr)
x R, is bounded. Thus it admits at least one subsequence, denoted by the same index, with
(Vi 06) — (v5,07) in L* (Yo; W) x R

for some (y;,0;). As in the proof of Lemma 15 we verify that |lyxll¢ < C and |Ipxll¢ < C for
some C > 0 independent of k € N. Consequently, by possibly taking another subsequence we
arrive at

Vi Prr0) — (v, 2, 07) in L2 (Yo; Wr)? x R,

for some (y;,p;,0;) € A ,. For the following estimates it will be convenient to recall the aug-
mented functional J,, see (18), which arises in the running cost of (%%;) in compact form:

_ £ " _ € 2

I p.0) = 1 (10 F5 )+ 2|0 = 1 (175 ) Ly

where J; was defined below (7). Now fix an arbitrary yp € Yy and set

+ % lp=-07 Wlgpn, 4O

Ye=Yi(0), pe=Pk(yo), ¥ =¥: Vo), P =Pz (Vo).
From Lemma 14 and Lemma 15 we get
Yk— ¥ pr— pin Wr, 5 (yi) — F4. (7) in L (LR")
and, again using the uniform continuity of V¥ and 9, V¢, we conclude
Ty, (i) = Vg (@ in LAD), 0,5 (yi) — 0, V352 () in L? (;R™),

as well as the uniform boundedness of 77 (y) and 9,7 (y) in € (Yo; L?(D) and € (Yp; L2(I;R™)),
respectively. Moreover we readily verify that

1o Z5, =11 (7,75 @) | <l - 72 + | F5, 00 -5 P
for some ¢ > 0 independent of yy € Yy, t € (0, T), and k € N. Thus we arrive at
1. (vio 5, 0) = 1. (3. F5. ) in L.

Summarizing the previous findings there holds

|7 wo-1. (v 75, 00)

2 =3

2
L p=07

* -0y ol — [V -1 (.75 )
12 TIPe=0yV (Y2 = ||V (=T |1, Fg: (1)
I (ve 5. 00) = I (1275 ).

Using these expressions in J; as given in (40), and the boundedness of |yil2,|yx(0)],

Ipilz 15 (v)lz, 1% (yi)lz independent of k € N and yp € Yo we finally get by using
Lebesgue’s dominated convergence theorem

j&' (yk;pkrgk)éog&’ (Yz;p:ﬂ:) = lnf " fe(}’,p»g) D
(y,p,B)eJVad
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7. Convergence towards optimal controls

In Proposition 10 and 12 it was established that the ensemble triple (y*, % (y*),p*) can be approx-
imated by ensemble triples (yg,ﬂei (Ve), pe) in the order O(¢). In this section, the convergence of
solutions to (%) as € — 0 is addressed. We first consider the terms in the definition _Z, see (18).
To obtain the desired asymptotic behavior a smallness condition on the regularisation parameter
Ye, in relation to the norm of the parameters 8, describing the approximation quality, is required.

Theorem 17. Let Assumptions 1 and 4 hold the latter with 0. € &, and let (y;,p;,07), denote an
optimal triple to (2;) for all € > 0 small enough. If additionally y |0 II‘Z%E = 0(¢), then

0 sfy w(yo) [](yj? (¥0)), Fg: (Ve (v0)) = V*(O,yo)] dZ(yo) =ce
0

holds and, ify:1,y2 > 0, we also have

] wt (H Ve (6,32 00))=J- (32 (100, Z° (v 00))
0

for some c > 0 independent of €.

2
LZ) dZ(yo) <ce

2 € * *
et ”ayv - (6,3 (7)) =z (v0)

Proof. Let y.,p. denote the ensembles of state and adjoint trajectories associated to 6., see
Theorem 7, for € > 0 small enough. Then we have

| (ve00)), F5, (e (0) - V* 0, 30)|
=C(lye0) -y 00w, + |75, ¥e0) = F (" 00)| 2 o

for some C > 0 independent of . Here we have used V* (0, yo) = J(y* (30), & * (y* (0))) for all y, €
Yo, the embedding Wy — € (I;R") as well as the a priori estimates of Proposition 10. Next we
utilize p* (yo) = 07" (y* (30)), yo € Yo, to estimate

)SCE

2

”aﬂ/ei (Ve (70)) = Pe (o)

L2(I;R™)
2
<2 (||a_)/7/6i (ye(yo)) - 0y7/* (y* (J’O)) LZ(I.Rn) + ||pg(y()) _ p* (yo) ||i2(I;Rn)
< ce?,

where the last inequality is deduced from Proposition 10 and Proposition 12. Proceeding analo-
gously and using V* (£,y* (30) (1)) = J: (y* (y0), F * (y* (30))) for all yy € Yy, t € I, we obtain

r 2
fy @(yo) fo )vgi (£, ye (10) () = J¢ (v (v0)) . F, (YE(J/O))‘ dtd£(yo) = D1+ Dy,
0
where, using Assumption 4 and again Proposition 10

2
Dy = fy w000 |7 (vev0) 7" (" 00)| ., 4L < ee?,
0

I2(D)

T 2
Doi= [ w0 [ ely" o0, (3 00) =i (e 00). 75, (ve00) | ded2 900 = e
0

Combining the previous estimates with the optimality of (y*,p*,07), and the assumption on the
asymptotic behavior of y, we deduce that

0< fy (o) [Je (v (70, P; (10),67) =V (0, yo) | dL(y0) + % 162 1.
0

< fY 0 (o) [Je (¥e (10), Pe (70),0¢) =V (0, y0) | AL (y0) + %Ilegllés <ce.
0

Recalling the definition of J;, this yields all claimed estimates and finishes the proof. d
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Next the convergence of the ensemble trajectories (y;,p;), the feedback controls & E* (yi) as
well as the approximate value function 7/5 are analyzed. For this purpose we make use of the
additional regularity of ensemble solutlons to the closed loop system, see Proposition 11, and
introduce further constraints to (2%;). Without changing the notation we henceforth set

Yua={ye €' (Yo; Wr) | Iylle <2My,, lyllyiz <2Myz}, (41)

where My,12 > 0 is a constant with ly* 12 < MW1 2, the function y* was introduced in (A.3),
and W2 = {y € L?(I;Wr) : 0;y € L?(Yo; Wr),i € {1, ..., n}} endowed with the natural norm. Next
we note that

g 12" " G172 < T (V" 00, F* (¥ 00))) = V* 0, y0)
for all yy € Yy. Thus, due to the continuity of the value function V*, see (A.2), there is My > 0
with | F*(y*) |z < My. Correspondingly we set
U, = {ue L (Yo; L (ER™)) | llull o < 2My } . (42)
We point out that Theorem 16 remains valid despite the additional restriction of the set of

admissible states and controls. Problem (%) with Y4, U 44 replaced by Y .4, U 44 will be denoted
by (Z¢).

Proposition 18. Let Assumption 1 and 4 hold. Then for all € > 0 small enough, Problem (Pe)

admits at least one minimizing triple.

Proof. Let (y.,p¢,0:) be defined as in Theorem 7. Then we have y, € T{ad, see Proposition 10 and
Proposition 11, as well as 7 (yg) € U 4, according to Proposition 10, for all £ > 0 small enough.

Hence the admissible set of (?}’E) is not empty. The existence of a minimizing triple then follows
by repeating the arguments of the proof of Theorem 16 noting that the admissible set

{y,p,0) €Y 0 x € (Yo; Wr) x %, | (y, p, ) satisfies (19)—(21), F{ (y) € Uya}
is closed w.r.t to the weak topology on L?(Yy; Wr)? x . U

Let us next address the convergence of the optimal ensemble states y;, adjoint states p, and
the associated feedback controls &, E* (y7) as € tends to 0.

Theorem 19. Let the prerequisites of Theorem 17 hold, and let €x > 0 be a strictly decreasing
null sequence such that (@gk) admits a minimizing triple (yk,pk,G ). Then (yk,pk,gsk (yek))
gk
contains at least one accumulation point (y, p, ) € L (Yp; Wip)2 x L®(Yo; L2 (I;R™)) w.r:t the strong
topology on L*(Yy; Wr)? x L2(Yy; L?(I;R™)). For each accumulation point and £ -a.e. yy € Yy we
have that (y, p, i) := (Y(30), P(30), W(y0)) satisfies
(7, @) € min (Py,)
as well as
=f() +g@) u, y(0) = yo,
~p=DE{) p+[Dg@ W] p+Q{ QI - ya), P(T) =Q] Q2 (F(1)-y}).
Proof. By choice of the admissible sets Y,; and U,; we have that {(yz,ggz (YN, is

bounded in (W2 (Yy; Wr) N L% (Yo; Wr)) x L®(Yo; L?(I;R™)). By Gronwall’s inequality we can ar-
gue that {p;}72, is also bounded in L (Yp; Wr). Thus, due to the Banach-Alaoglu theorem, there
is a subsequence, denoted by the same index, and (y, p, @) € L™ (Yp; Wip)2 x L®(Yy; L2(I;R™)) such
that

(yz,p,’;,ggf (v;)) =" (5B, @) in L (Yo; Wr)? x L (Yo; LA (;R™),
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and y; — y in L*(Yp; L*(I;R™)). By the compact embedding of W2 (Yy; Wr) into L?(Yo; € (I;R")),
see [22, Theorem 5.3] the subsequence can be chosen such that y; — y strongly in
L2(Yy; %6 (I;R™). These properties imply that (7, @) := (¥(yo), (yp)) satisfies

y=17) +g[@ i, 7(0) = yo, (43)
for £-a.e. yg € Yp. This also implies V*(0, yg) < J(7, @) and thus, together with

7 (v F5t (v5)) = V* @, in L (s W),

see Theorem 17, we have (j, &) € argmin (P),) for £-a.e. y € Yp. Moreover, again using the strong
convergence of y;; in L2(Yy; € (I;R™)) and recalling the definition of J(-,-) as

Ty w) = W2 Qi = Ya) | Fagggny + BIN2s gy + 112) | Q2 (D) = 37,

for all y € Wy, u € L?(I;R™), we also conclude the convergence of the L?(Yy; L?(I;R™)) norm
of ggk(yk) towards the norm of @. Thus Z:* (yk) — 1 strongly in L*(Yg; L*(I;R™)), and y} — §

strongly in L%(Yy; Wr), by Lebegue’s bounded convergence theorem.
It remains to address the strong convergence of pi. For this purpose we show that the func-
tions [Dg(y}) T, X (y: ())1p} () converge weakly to [Dg(y(-)) Ta()Ip() in L?(Yp; L*(I;R™)). Fixing a
k.
test function ¢ € L?(Yy; L?(I;R™)) we first note that

Jlim (¢, [DgFN TGO (0~ B)) g2 vz 15 = O
Second, for Z-a.e. yy € Yy we estimate
(000, [D8(yi0) " 7% (vi0w) - Dg (?(YO))Tﬁ(yo)] PLw)

o Uk

<CII<p(yo)||Lz(||yk(yo) Y00 |y, + |)9‘ (v (00)) u(yo)” )

L2(L;R™)

<Clloyo)l 2 ||Pk(J’0)||WT( ||yk(yo)—y(yo)||WT Hg (Vi) —u(yo)H )

for some C > 0 independent of k € N and yo. Here we made use of the boundedness of {y;}?>,
and {p}}32, in L(Yo; Wr), and of {F, £ (y;)}$2 | in L®(Yp; L*(I;R™)). Integrating both sides of the
k

inequality w.r.t to & and utilizing the strong convergence of y;, and 9; K (y;) we finally arrive at
k
hm | D D T =
(‘p [ 8(yi0)' 7, o; (k) =~ DgFO) "a )] Pi( ))LZ(YO,LZ(I;R"))

By repeating this argument for the different terms appearing in the adjoint equation we get
that (y, p, ) := (§(¥0), P(y0), u()0)) satisfies

-p=DE@) p+[Dg@) ] p+Q Qi -ya), P(T)=Q; Q2 (7(T) - y)
for Z-a.e. yp € Yp. Applying Gronwall’s inequality we deduce
IPer0) =B, = € (100 =500 |y, + 15 (¥ 00) =800 I12)

for Z-a.e. yy € Yy and C > 0 independent of yy and k. This yields py — p strongly in L?(Yy; Wr).
Since the weakly convergent subsequence was chosen arbitrarily in the beginning, this finishes
the proof. d
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Remark 20. Ifg(y(?)) = B € R™*" then the statement of the previous theorem also holds without
constraints on the control (i.e. for U, = L2(Yy; L2(I;R™))). In this particular case, the uniform
boundedness of 9955 (y}) in L?(Yp; L*(1;R™)) follows from

sz

| =c f w0 (Vi Z5t (¥ 00)) dL o) = C,

see Theorem 17. Moreover the adjoint equation does no longer depend on the control. Repeating
the arguments of the last proof yields the subsequential convergence of (y}, p k,gi ok (yk)) towards
an element
(¥, P, 1) € L (Yo; Wr)* x L2 (Yo; L? (L,R™))

such that (7, p, it) := (¥(30), P(yo), (y0)) satisfy the system of state and adjoint equations as well
as (y,u) € argmm (Py,) for Z-a.e. yg € Yp. Then it only remains to argue the additional regu-
larity u € L% (Yy; L?(Yy; Wr)). This is, however, a direct consequence of the first order necessary
optimality condition i = (- I/ﬁ)BTp for (Py,), see Proposition 3.

We point out that the statement of Theorem 19 holds independently of the values of the
penalty parameters y1,72. If 1,72 > 0 then we additionally obtain the following convergence
results for the approximate value function 7/9‘; and its derivative 0y7/;;; along optimal state
trajectories.

Proposition 21. Ler the prerequisites of Theorem 17 hold and let (y, p;.,07) denote a sequence of
minimizing triplets as described in Theorem 19. Assume that (y, py., gg: (y3)) converges to (y,p, )
in

L?(Yo; Wr)? x L? (Yo; L* (R™))  and 1,72 >0.
Then we also have

7/92’“ (vi) = V@ inL* (Yo; L*(D), 0,7, (yk)—>me2(Y0 L*(LR™).

Proof. Due to the convergence of y; — yin L*(Y; LZ(I R™)) and Z_F (yk) —ain L?(Yp; L>(I;R™)),
we conclude that

J. (y;,ggf (y,’;)) — .0 = 7* () in L* (Yo; L*(D).
Together with

2
tim [ w0 |V (i00) - - (00,7 (i00) |, 4200 =0,

k—ooJy,
see Theorem 17, we arrive at 7/Ek (y;;) —¥V*([¥) in L%(Yy; L2(D)). The statement on the convergence

of dy (yk) follows similarly from the strong convergence of pg. g

8. Learning from a finite training set

We turn to analysing a discrete version of (Z%). In this case we can proceed without the state-
space constraint y € Y,4 provided certain growth bounds on f and g are satisfied. The numerical
realization of (£7,) will always rely on such a discrete approximation. Henceforth we fix a finite
ensemble of initial conditions {yé :i=1,..., N} ¢ Yy. For positive weights w;, i =1, ..., N, and
€ >0 we consider

f i 6) + L2102 N
. p,elvrvlTee% lzlw iJe(vipi,0) + 11611, @)
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subject to
Vi =8 +8WDFE ), yi(0) =
~pi=DEy) " pi+ [Dgi) " F5 ()] pi + Q1 Quyi = ya), piT) = Qg Q2 (vi (1) = ).

Throughout this section, Assumptions 1 and 4 are supposed to hold. Further ¢ is supposed
to be sufficiently small so that the set of admissible solutions for (22Y) is nonempty, compare
Theorem 7. It will be convenient to introduce y = col(yy, ..., ¥n), and p = col(py, ..., pn), which
replace the ensemble states and costates from the previous sections.

Proposition 22. Lete > 0 be sufficiently small and let (y*,p*,0,) € W2N x %, denote an infimizing
sequence for (e@gN). If max; InyIILOO(I;[Rn) < My, for some My, > 0 independent of k € N, then
Problem L@SN) admits at least one minimizer (y*,p*,0%).

Proof. Since by assumption (y*,p¥,0;) is an infimizing sequence for (22) and since § > 0 we
have
2

o +max |5, (vF)

=Cn (44)

rniax”Qlyf Iz

for some Cy > 0 depending on N. Moreover there holds
[5),: =[ebrt) . + oo, 7]

using the uniform L* and L? boundedness of yf and F( yll‘), respectively. Thus we also
have IIyIiC lwy < éN for all k € N, for some GN > 0 which depends on N but not on k and i. The
proof can now be completed by the same steps as Theorem 16. O

ik

2 S CERMoo(1+Ch)

Remark 23. The L*°-boundedness of the minimizing sequence yl(“ in Proposition 22 can be be
ensured by additional assumptions on the dynamics of the problem. These include:

« Add an additional state constraint || y;|| z < M to (@N).
e Assume that there are a;, a,, as > 0 such that

2
If ()] < a1 + azlx| + azl x|, 1§ < ay + azlx|] ¥V xeR",

and that Q; is positive definite. Then by (44) the family { yf} isuniformlyw.r.t.i e {1, ..., n}
and k=1, ... bounded in L2(I;R™). Further we can readily verify that

[, = e+ (o)

<2a; T+ ay Hylk

Il
2

2
k
L2+a2||yl.

<
12 =My

k
ggk (y i )
for an N-dependent bound My > 0. Here we made use of the L2-boundedness of ylk
and ﬂgk ( yf) which follows from (44) in the proof of Proposition 22, and the assump-

k
ptas ”yi 12

tion that Q; > 0. Consequently ylk is uniformly bounded in W'!(I;R") and thus also
in L°°(I;R™).

o Assume that f(x) = Ax— h(x) where A € R"*" and h is monotone i.e. (x, h(x))gr = 0 for
all x € R". Moreover assume that Q; is positive definite and that

gl < ar+axlx|] VxeR™

In this case, testing the equation satisfied by y; with y;, and a Gronwall argument yields

R A

for some N-dependent Cy > 0 and all ¢ € I. Thus, the uniform boundedness of yf
in L (I;R") follows again from the L?-estimates on yf and 9(5’6 ( yf) in (44).

b

¥

2
V| sCN(
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The convergence result as ¢ — 0* of Theorem 19 can be transferred to the finite training set
setting as well.

Proposition 24. Let the regularisation parameters satisfy y. 0. IIZ% = O(¢). Further let €. > 0 be
a positive null sequence such that for each k € N there exists a solution (y*,p*,0;) € W%N X Re

to (Q’EIZ). If there is M, > 0 with max; ||yll‘||Loo < My, forall k €N, then (yk,pk,gglf (yk)) admits at
least one strong accumulation point (y,p, ) in W%N x L2(I;R™N. Each such point satisfies

(7, ;) € argmin (P;;O), i=1,...,N,

as well as
yi =) +g@N i, 7:0) =y}
—pi =DEF) " pi + (D) " i) pi + Q1 Qu(Fi — ya), Pi(1) = Q) Qo (7:(D) - y}).

Proof. For every €, with k sufficiently large, denote by 0, € Z,, the corresponding parameters
from Assumption 4, by y., the associated ensemble solution, see Theorem 7, and by p,, the
adjoint states. For abbreviation we set y =Ye, (yo) and pt* ;¥ = Pe, (). Then, by optimality, we
have

il (vE. 75t (vE)) < was Vi P06 + 5 0, (45)

'[\’Jz

i=1

As in the proof of Theorem 17 we see that the righthandside of this inequality converges
to Zf.\; LwiV*(0,y;) as k — +oo. Thus it is bounded independently of k € N. Similarly to Propo-
sition 22 we then conclude the existence of Cy > 0 depending on N, but not on k, such that

2

or€ k
+ml_ax HJ'Gk (yl- ) 12 =Cup.

max .
i Vil

Utilizing the state equation this can be improved to a k-independent bound on the Wr-norm
of yf. By a Gronwall-type argument the same can be shown for the adjoint states pf. Now fix
an arbitrary index i € {1, ..., N}. Summarizing the previous observations we get the uniform
boundedness of (ylk p; ,gf (yk)) in W2 x [2(I;R™) w.r.t. k, foreach i = 1, ..., N. Each of its weak

accumulation points (j;, p,, ;) € W2 x LZ(I R™) satisfies
y=1{) +g(@ i, 70) =y

From this we conclude that

0< _Zle,-v* (O,yo) Zw J (i, ) < lim Zw ](J’w 5 (J’l))fiin* (O,yé),
i= £

k—ooi5

Since the second and third of the above inequalities also hold for each summand we conclude
that limp oo J(yf, FoF (v) — J (71, @) as well as J (71, @) = V* (0, yg). Hence

(7;, ;) € argmin (Pg") .
The proof can now be concluded with minor adaptations to the proof of Theorem 19. 0

A result analogous to that of Proposition 21 can also be obtained for Problem (#Y). For the
sake of brevity we do not present the details.
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8.1. The reduced objective functional

In order to compute a solution to () we will rely on gradient-based optimization methods.
For this purpose we introduce a reduced objective functional by eliminating the state and adjoint
equations in (22)). Subsequently, we characterize the derivative of the reduced functional by
means of adjoint techniques. To simplify the presentation we fix an arbitrary index i € {1, ..., N}
in the following. Moreover, for abbreviation, we define the mapping

A: Wr x e — B(Wr; L* (GR")), A(y,0)=DE(y)" + [Dg(y) " Z£ ()] .
Using this notation, the adjoint equation in (22Y) can be expressed compactly as
—pi=AW,0pi+Q Quyi - ya), pi(1) = Q1 Q2 (yi(D - yj).

First, we argue the existence of parameter-to-state operators for the adjoint and the state equa-
tion.

Lemma 25. Define G;: Wr x Wy x & — L*(I;R") x L2(I;R") x R" x R" by

=1y -gWF5(»
~p=Ay,0)p-Q/Qi(y-ya)
y(0) - y;
p(1) - Q) Q2 (y(T) - y})

Let(y, p, 5) € WrxWr xR satisfy G(¥, p, 5) = 0. Then there exists a neighbourhood N; (y) x N; (p) x
N;:(0) as well as €* -mappings Y;: N;(0) — N;(3) € Wr, P;: N;(0) — N;(p) € Wr such that

Gi(y,p,0) =

Gi (Y;(0),P;(0),0)=0 YOeN@).

Given y; := Y;(0) and p; := P;(0), the Fréchet derivatives of Y; and P; atf € JV,‘(@), indirection 60 €
R, denoted by 5Y; := Y] (0)(60), 6P; := P}(0)(50) satisfy
8Y;i —A(y1,0)'6Y; —g(y) Dy Fs (y)8Y
= g(y)DoF (y)60, -5 P; — A(y;,0)5P;
= [DyA(y:,0)8Y;] pi + Q1Q18Y; + [09A(y:,0)60] p;i, 6 Y;(0)
=0, §P;(T) = Q; Q8 Yi(T).

Proof. This is a direct consequence of the implicit function theorem applied to G noting that the
directional derivatives satisfy

oY
(0,61 1.) 0,61, .0) 5 1| = ~00Gi(3.p.0)00.
O

Now consider an admissible point (¥,p,0) € W%N x R for (#N). For every i = 1,..., N,
let A4;(6) and Y;, P; denote the corresponding neighbourhoods and operators from Lemma 25.
Setting A (0) = ﬂf.\i i A;(0) define the reduced objective functional

_ N
I N @) = [0,+00), JnO) = Y. 01Je (i0), Pi0),0)+ Lo 101, (46)

i=i

and set

t
@; (1) =f0 (Vg (s, yi () = Js(yi, w) ds.
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Proposition 26. The functional #y from (46) is at least of class €1 on N ©). Given 6 € N (0),
set y; = Y;(0), p; = P;(0) as well as §Y; := Yl./(H)(69), OP; = Pl’. (0)(66). The directional derivative
of #n at0 in the direction of 60 € R, is given by

N
INO)60) =) w; ((y,-,éY,-)Lz + (7], 0Yi(D))gn + (i OPi) 12 + (ei,ée)%) +7(0,60) 5,
i=1
with

7i=1-719)QuQ1(yi — ya) + BA - y19) Dy Ff (vi)  FE (vi)
+11 (V5 (6 y) =T (vin F5 () 0y ¥y (vi) + 12Dy ¥y (i) (0, V5 (vi) — pi),

and
7 =a(1-719:0) QQ2 (yi(T) - 1),
as well as
Pi=v2(pi—0,75 (y1),
and

N T
;= nfo DoV§ (6, yi(0) " (Vg (6, yi(0) = T (vir FE (i) dt

T
+f0 [B(1-71®: (1)) DaF5(t, yi (1) Fg (£, yi () +y2Dyg Vi (6, yi ()T (0, V5 (£,yi (D) - pi ()] d.

Proof. The regularity of ¢y follows immediately from Lemma 25 and the chain rule. In order to
compute the directional derivative we abbreviate

T
Fi(y,u,0) = %fo |VE, y@) - T, dt,

v2 (T 2
Fz(y,p,9)=7fo |0, Vg (¢, y(0)) — po)|” dt
in the following. Thus we have

J(Y;(0), P;(6),0) = J (Yi(0), F5 (Y;(0))) + Fi (Y;(6), FE (Y (0)),6) + 2 (Yi(6), Pi(6),0)
= G1(0) + G2(0) + G3(6).

We readily verify
G| (0)(80) = (QuQ1(yi — ¥a),8Y;) 2 + B(DyFs (vi)  FE (y1),6Y3) 2
+B(DoF5 (i) T (),60) 5 +(Q2Q2 (yi(T) = y),6Yi (D))
Recalling the definition of ®; we get
G,(0)(860) = y1 (Ey + Ez + E3 + Ey),
where
Er = (05 =T (vi F5 () 0y ¥y (¥),0Yi) ;2 + (D()Vgg(yi)-r Vg i) —=T. (vi, Z5 () ,59)%
= (7 i —T. (i T () 0y ¥ (1, y1), 6Y3)

T
+ (fo DoVE (6,y:(0) " (VE@ yi(e) = Ji (vi, FE () d1, 86|

£
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0
T

f (Q1Q1(¥(8) = ya(5)),6y(s)) ds+(Q2Q2 (y(T)—y,g),ﬁy(T))W) dr

t

=—(Q;QQ1 (Y= ya),6y) 2 — Pi(0) (QQa(y(T) - yf) ,0y(D)gn,

T
Ezz_f (Vg (6 y () = Je(y, w)

as well as

T T
Ey=- fo (Vg y(0) = Ji (3, w) (ﬁ f (DyFg (s, yi ()T Fg (5, 7i(9),6 i (9)g dS) dz
t
=—B(®iDy T (vi) FE(y),6Yi) 12

and
T . ]
E4:_f0 (V;(I,y(t))_][(y’u))(ﬁf (DaFg(s,y,-(s)) Fg(s,y;'(s)),(ig)@ dS) de
t £
T
=— (fo (Di(t)DBF;(t,J’i(l‘))TFg(t,yi(t))dt’é‘g) ,

Re

by means of partial integration. Finally we calculate
G3(6)(60) = y2 (Dyy ¥y (vi) (8, ¥y (i) = pi),8Yi) 2 =2 (0,75 (vi) = i, 6Pi) 2

T
+72 (fo Dy VE(t,yi ()T (0, V5 (2, y:(0) — pi(1) dt,60

Re

Summarizing the previous observations, we arrive at the claimed characterization. d

Applying a gradient method to (#Y) requires the computation of the gradient V_#x (0) € %,
which satisfies

IN0)(80) = (V 7N (6),60), V60 € R,

This can be done by computing _#},(0)(e;) for the canonical basis {e j}j.vil c Z,. However, such
reasoning leads to the necessity to solve 2dim (%) N additional ODEs in order to compute the
sensitivities Yi’ (0)(ej) and Pl’. (8)(ej), respectively. Introducing suitable costate equations, this can
be reduced to 2N additional equation solves.

Lemma 27. Lety;, )7lT ,pi as well as 6Y;,0 P; be defined as in Proposition 26. Then there holds

(78 Y) 12 + (778 Vi D)) + (P1,6P) 12 = (Do F5 () (800 Ci + (D] i) 60)

where(;,x; € Wr satisfy
~{i =AW:,0+DyFE(y) '8y i + [DyA(y:,0) " plx;i + Q) Qik; + P
ki =A(y;,0) "k + pi,
(i(T) = Q; Qox(T) + 37, x;(0) =0.

Proof. For the sake of readability, we drop the subscript i in the following. By partial integration
and Lemma 25 we obtain

(P.6P) 2 = (k—Ay,0) 'x,6P) = (~6P - A(y,0)8P.x) + (Q) Q28Y (T),x(T))gn
= ([DyAy,0)8Y] p+ Q] Qi8Y +[09A(y,0)80] p,x) + (Y (D), {(T) = 9} )gn
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and

Fi,0YV) 2+ (7,6 Y (D)) gy
= (~¢-AW0)-DyF5 (1) '8(1) T - [DyAy,0) " p]x —Q{ Quk,8Y) 1, + (7], 0V (T))ga
= (6Y —A(1,0)"6Y —g(y) Dy T (1)6Y, )
—([DyAy,0) " p]x +Q] Qix,8Y) ;, — B Y(T),{(T))gn
= (8 DeF§ (1)80,0) ;> — ([DyAX,0) T p]x + Q] Qi%,8Y) 2 — (BY (1),{(T) = 7} ) g -
Adding both equations finally yields
(74,6Y) 12 + (7] ,6Y (D)gu + (p1,6P) 12 = (8(0) Do F5 (1)86,¢) > + ([00A(1,0)56] p, k) 12
= (DeF5 (T (8) ¢+ (DgWIXIT ), 60) 5,

which ends the proof of Lemma 27. g

We arrive at the following characterization of the gradient V_#n ().

Theorem 28. Let y;,p;,(;,x; € Wr, 5,- € R, be defined as in Proposition 26 and Lemma 27. The
gradient of _#n at0 is given by

N
VINO) =Y i (DeFs ()" (800 ¢+ [Dgyixi] " pi) +8i) +veb.
i=1

9. Numerical example

We finish this paper by applying the proposed learning approach to one particular instance
of Problem (Py,). Setting I = (0, T) and Q = (0,27), we consider the parabolic bilinear optimal
control problem

@eLZ(ng)l,iileLz(I;W) %fIH@(t)—@d(t)lliz(Qﬁglu(l‘)lég dr +%|I@(T)—@d(T)I|ig(Q)
subject to
0% — AW + (w11 + Up )2 + Us)s) ¥ =0, a7
as well as

Y(t,x)=0 onlIxoQ, ¥ (0,x)=%(x) onQ.

Here a > 0, § > 0, and % denotes a given desired state. The dynamics of this infinite-dimensional
system can be influenced by choosing a time-dependent three-dimensional control input u €
L2(I;R3) which acts on the subdomains Q; = (0.5,1), Q» = (2,2.5) and Q3 = (4,4.5), respectively.
The associated characteristic functions are denoted by y;, i =1, ..., 3.

In order to fit this problem into the setting of the current manuscript, let {1;,¢;} € Ry x I2(Q)
denote the first n € N normalized eigenpairs of the Dirichlet Laplacian on Q. Approximating the
state dynamics % as well as the desired state by

Y (t,x)= Y Yi(Opi(t), Fa(t,x) = Y. YiD)ei (D),
i=1 i=1

we end up with

p
2

i 1 2 2 a 2
min = | 1Y (&)=Y + Dl dt+ = Y(T) = Yu(T 48
YELZ(I;RIO)%uELZ(I;W) 2[1I (0= Ya(®l 40l 2 V(1) = Ya(Dlgio 48)
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subject to

3
Y(0)+AY () + ) uiM;Y (1) =0, Y(0) = Y.
i=1

where (Yp); = (@0, )12, i = 1,..., n, and the symmetric matrices A, M; € R"*" are given by

0 j#k . ,
Ajk = ;(Mi)]’k:f Gidrxi(x)dx, i=1,23, jk=1,...,n.
Aj else Q

Note that by choosing a spectral technique to approximate the infinite dimensional system (47)
by a finite dimensional one, we have done justice to the fact that grid based techniques would
rapidly lead to systems of dimensions which are challenging or even impossible. Special tech-
niques, as for instance tensor train methods, would then become essential.

9.1. Learning & validation setup

In the following, we determine an approximate optimal feedback law for (48) by applying the
learning approach detailed in Section 4. The parametrized model Vy for the value function is
given by realizations of residual networks, as described in Section 5.1, with L, = 2layers, arch(0) =
(11,60, 1) and activation function o given by

o (x) =sin(x) + cos(x).

This yields a total of 1440 trainable parameters. We emphasize that the architecture as well as
the activation function were chosen based on numerical testing. In particular, the present tests
should not be mistaken as a quantitative survey but as a proof of concept which highlights the
potential of learned feedbacks for optimal control and puts a focus on the role played by the
penalty parameters y; and 5.

Given a fixed reference vector Yy, we randomly generate a set y, of 130 initial conditions by
sampling uniformly from the closure of B; (Yy), Subsequently, these are split into a training set VA
of N = 30 initial conditions, which is used in the learning problem (Q’EN ) together with uniform
weights w; = 1/N, and a validation set y§ =y \yOT which we later utilize to assess the performance
of the obtained feedback.

In order to obtain a candidate for the optimal network parameters ;, a Barzilai-Borwein
method [23], is applied to the learning problems (22)Y), based on the reduced objective functional
introduced in (46) as well as the characterization of its gradient in Theorem 28. For every Yy € yé,
this approach entails the computation of the state Y := Yy(Yp) and the adjoint state P := Pg(Yp)
which satisfy

Y+

3
A+) Fi(t, Y(t)),-M,-) Y(6)=0,Y(0)=Y,
i=1 (49)

P+

3
A+ ) Fi(t, Y(t))iMi)P(t) =Y -Yp(®), P(T)=Y(T) - Yp(T)
i=1

as well as the costates K := Ky (Yy) and Z = Zy(Yp) with

K@)+

3
A+) Fi(t, Y(t))iMi) K1) =P(1)
i=1
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and

3 Yi(0)" M
—ZMO+ A+ Y FE(t, Y ()M +DyFs (6, Y(0) | Y;() " Mo | | Z ()

i=1 Yi(0)" Ms
Y0 M
=-DyF5(t,Y(t)' (Y(t)TMz ZW+ K0+ Y
Y(5)T Ms

equipped with the boundary conditions
K©0) =0, Z(T)=aK(T)+Y/

where ¥,Y7” and P are defined in analogy to Proposition 26. Note that this system is not fully
coupled, i.e. in practice, we first solve the nonlinear closed-loop equation using a Radau time-
stepping scheme and then, successively treat the adjoint and costate equations by an implicit
Euler method. This can be done in parallel for various initial conditions to achieve additional
speed-up. Moreover, the adjoint state P and costate K only need to be computed if y, > 0. The
gradient of the reduced objective functional ¢y in (e@év ) at an admissible 0 is then obtained as

1 -~
Y fI(Dng(t, Yy (Yo) (1) (BY (1) Z9(Yo) (8) + B (1) Py (Vo) (1)) dt +D(¥p)) .
Yey)

where we set
Yp(Yo) ()T My Ky (Yo) ()" M,
BY(0):=|Yo(Yo) () "Mz |, BY(t):=|Ko(Yo)() "M |,
Yo (Yo) ()T M Ko(Yo) ()T M5

integration has to be understood componentwise and 0(Yp) is as in Proposition 26.

Once the network is determined, we compute the state Yy(Yp) and adjoint Py(Y;) for ev-
ery Yy € yo from (49) and set Up(Yp) = 375 (Yp(Yp)). Subsequently we determine a stationary
point (Y (Yy), U(Yy)) of (48), Yy € yo, by applying a Barzilai-Borwein gradient method to its
control-reduced formulation. The associated adjoint state is denoted by P(Yp). At this point,
it should be stressed that both, the open loop as well as the feedback learning problem, are
nonconvex. As a consequence, we cannot ensure global optimality of the computed stationary
points and, in particular, both methods might provide different results. For the present exam-
ple, open loop and learned feedback controls are comparable. Moreover, for every Yy € yg, we
have J(Y (Yy), U(Yy)) = J(Yy(Yp), Up(Yy)). In order to assess the performance of open loop and
feedback controls, let YO“d cyp be either Yo‘ld =y, or YO“d =y, and consider the relative differ-
ence between the averaged objective functional values:

Y voe vaa ] (Yo (Y0), Up(Y0)) = X yye v, J (Y (Yo), U(Yp))
Yvpev,, J (Y (¥0), U(Yp))
as well as the associated normalized mean squared error of J(Yy (), Uy(:)):
e o 20 ag U (0030, Up (¥)) = T (Y (¥0) 0(Yp))
] = _ _ .
Yvoer,, ) (Y (Y0), U(Yp)?
The normalized mean-squared errors of the state, Erry, adjoint, Errp, and of the control, Erry,

are defined analogously. Moreover, to quantify the influence of the penalty parameters y; and >,
we define

Err g=

Tvoe vog J1|VE (8, Yo (Yo) (1) = J¢ (Yo (Yo), Up (Yo) (1)) dt

Erry =
Y Tvoevo, ;Ui (Yo(Yo), Up(Yo) ()12 dt
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as well as
Tvoe v J110yVE (1, Yo (Yo) (£) — Po(Yo) (1) dt
Y vpe v,y JT1Po(YO) (DI dt ‘
For YO“d = Yot, these terms correspond to the relative sizes of the additional penalties in (22}).
Finally, we also want to compare Vi with the optimal value function V*. Of course, V* can neither

be given analytically nor can it be computed exactly. As a remedy, we recall that if V* is sufficiently
regular and (Y (Yp), U(Yp)) is a minimizing pair of (48) with adjoint state P(Y;), we have

Errgy =

V* (6, Y(Yo) (D) =T (Y(Y0), U(Yp)) aswellas 8,V*(t,Y(Yo) (1)) = P(Yo) (1)
for all ¢ € I. As a consequence, setting
d(v*, ) = Sl Jo Vg (5 i(Yo)(_t)) —Jt_(Y(Yo)Z, 0(v)|* de.
Yvpevoy Jo [T (Y(Y0), U(Yy)|” dr

as well as
T = = 2
0, VE(t,Y(Yo)(1)) — P(Yp) ()|~ dt
d(av*,aveg): ZY()Eyadfo | y 9( — 0 ) . 0 | )
Yvpevyy Jo |[PYo)(0)|” de

provides a suitable “distance” for the comparison of V* and V7.

9.2. Validation results

As a concrete example, we set T =2, f=0.01, @ =0.25 and %;(t,x) = x2/10, i.e., we try to steer
the system towards a parabola. Note that there is no control input u € L?(I;R®) such that the
corresponding solution % of the PDE (47) satisfies % (t) = %,. The parabolic binlinear control
problem is approximated using n = 10 eigenfunctions. All computations were carried out in
Matlab 2019 on a notebook with 32 GB RAM and an Intel®Core™ i7-10870H CPU@2.20 GHz.

In order to compute an approximately optimal feedback law for this problem, we solve (#2)
for various penalty parameter configurations y;,y2 € {0,0.1,1}. The resulting normalized errors
can be found in Table 1, for YO"d =y, and Table 2, for YO“d =y;. Comparing their individual
entries, we observe that there is (almost) no difference in performance between the training
and the validation sets. This means that, while the utilized networks are rather simple and only
comprise a small number of trainable parameters, the corresponding learned feedback controls
generalize well to initial conditions which are not contained in the training set.

Indeed, on the one hand all computed networks provide feedback controls which perform
similarly to their open loop counterparts. This is manifested in very small averaged errors for
the objective functional, i.e. Err 54 and Errj, the states and adjoint states, Erry and Errp, as well
as the controls, Erry. These start to (slowly) deteriorate as y; and/or y, grow. However, cf. the
explanation in Section 4, this is expected: for y; > 0 and/or y, > 0, the learned feedback has to
strike a balance between minimizing J(Yy (), Uy(:)) and keeping the penalty terms small, hence
the slightly larger error.

On the other hand, the picture looks different once we consider the errors associated to the
approximation of the value function, i.e., Erry, Erryy aswellas d(0V™, GVG‘" Yand d(0V*, 6V6‘E ). Here
Y1 > 0 and/or y» > 0 have a significant influence on d(V*, VGE) and d (GV*,OVé‘”) while the other
normalized mean squared errors remain relatively small. Moreover, we have Erry =~ d(V*, V%)
and Errgy = d(6V*,6V85) on the test as well as on the validation set. Hence, large values for
these terms are a reliable indicator for structural differences between V,; and V* and/or 0,V
and 0, V", respectively.
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Now, while y; = y» = 0 provides a very good approximation to the open loop optimal control,
it performs the worst in terms of approximating the optimal value function and its derivative.
This is related to two observations. First, in this case, the learning problem (22Y) only depends
on the derivative 9, V? but not on the value function V5. Since primitives are not unique,
approximating V* by Vy is unlikely. Second, due to the absence of V;j in the problem, some of
the parameters in the model are not trainable. In fact, for y; = y» = 0, there holds 0w, #n(0) =0
for every admissible 6.

Once we increase y; and 7>, this is no longer the case. Hence, we observe rapid decrease
for d(V*, V;) and d (6V*,6V95). Most remarkably, the improvement for both is, to some extend,
already visible for y; > 0 and y, = 0. In this setting, applying the gradient method neither requires
computing the adjoint state P nor the costate K which limits the cost of every gradient step
to 2N = 60 ODE solve. Quite the contrary, increasing y» > 0 but keeping y; = 0 fixed, there is no
improvement for d( V*, V). This further backs up our reasoning given for the case of y; =y, = 0.

Consequently, the computed results indicate that the best balance between finding an optimal
control and approximating the value function is achieved by a careful choice of y;,y2 > 0. More-
over, they highlight two important points: First, the presented learning approach indeed allows
to compute semiglobal optimal feedback laws Fj for higher dimensional problems and, thus,
to some extent, alleviates the curse of dimensionality. Second, incorporating additional terms
into the learning problem penalizing the violation of the dynamic programming principles (15),
allows to compute a good approximation V; of the optimal value function on the fly. As stated
initially, the present example should be understood as a proof of concept and, following these
first promising results, we believe that this approach to feedback learning deserves further inves-
tigations, both, from the theoretical and the numerical side. For example, it would be interesting
to explore systematic ways of choosing the penalty parameters y;,7y». However, this goes beyond
the scope of the current paper and is left for future work.

Table 1. Results on training set i.e. Yoad =y

Penalty Errgy  Erry Errp Erry
Y1=0,72=0 0.15% 0.04% 0.12% 2.4%
71=0.1,,=0.1 0.36% 0.1% 0.24% 5.5%
7Y1=01,72,=0 029% 0.1% 0.85% 4.4%
yi=1y:=1 0.64% 0.25% 1%  8.65%

Y1=0,72=1 0.1% 0.05% 0.26% 2.1%

Penalty Erry Erry Errgy  d(VE V) d0y V;; 6yV*)
Y1=0,72=0 0.0003%  79% 33% 78.8% 33.5%
v1=0.1,y,=01 0.001% 0.03% 7.4% 0.03% 7%
Y1=0.1,72=0 0.001% 0.02% 12.5%  0.02% 12.1%
v1i=172=1 0.005% 0.007% 4.5% 0.01% 3.5%

Y1=0,72=1 0.003% 88.8% 6.4% 88.5% 6.4%
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Table 2. Results on validation set i.e. YO“”I =y

Penalty Errgy  Erry Errp Erry
Y1=0,72=0 0.23% 0.06% 0.57% 4.42%

v1=0.1,7.=01 0.51% 0.15%% 1.1% 9.2%

y1=0.1,y2=0 047% 0.16% 2.8% 8.7%
y1=1y:=1 0.85% 0.35% 6% 13.5%

vY1=0,72=1 0.25% 0.1% 13% 4.8%

Penalty Erry Erry Errgy  d(VE;V*) d(ayvg; ayv*)
Y1=0,72=0 0.002% 78.7% 33.6% 78.6% 33.9%
v1=0.1,y,=0.1 0.007% 0.03% 8.9% 0.03% 7.9%
Y1=0.1,7.=0 0.008% 0.02% 15.1%  0.02% 13.1%
Y1i=172=1 0.02% 0.009% 9.8% 0.01% 4.2%
Y1=0,72=1 0.002% 88% 8.6% 88% 7.1%

Appendix A. Condition (24)

Here we address condition (24). Define N, = [i—M], M := €N, and introduce the equidistant grid
G=1{-M,(Q1- Nyg, ..., —¢€,0,¢, ..., (Ng — )&, M}. Next endow the hypercube [- M, M]"*! with
the (n + 1)— dimensional product of the grid G. These grid points define {Ql-}i.z:]\l]f)n+1 closed
subhypercubes of dimension £” whose union covers K = [0, T] x B, ;(0).

We extend this n + 1-dimensional grid by adding k = {2% V1l + 1 layers (again all of dimen-
sion £”), to the surfaces of the preexisting grid, resultingin N, = (2N, +2k)"*! hypercubes whose
union covers [-M — ke, M + ke]**!. The subhypercubes are ordered in such a manner that the

_ n+l .
2Ne+2k=1)""" are assembled first and the ones with a boundary face

interiors ones {Q,-}g=1

(2Ng+2k)"*!

Qi}
i=(2Ng+2(k—1)+1)"+1

come last. The set of indices corresponding to interior hypercubes are denoted by .#, those to
boundary hypercubes by &.

Next we introduce a staggered grid and place a node x; = (¢;, ;) at the barycenter of each of
the Q;,i=1,..., (2N; +2k)""!. We shall use the standard mollifier of radius r, defined by

Ww(x) = exp(FZ%tT)’foﬂx|SI}
0, for|x| < re,

where r. = £(3/n +.1). Note that by adding .1 in the previous expression the cube [-§,5]"

is contained in the interior of the support of psi. Finally we introduce v ;(x) = ¥ (x — x;), for

jefFuUZF and

__ Y
Liesuz Vi

Let us deduce the following properties:

Qj ,forjes.

(i) Foreach je. UZ wehave suppy;=K; where Kj = {x:|x—Xj| < re}.
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(i) By construction there exists m such that card{j : y;(x) #0} =m, Vxe R™! and V
jeFuZF, foreache € (0,&].

(iii) For each j € .# the denominator in the definition of ¢ ; is different from zero. Hence ¢ is
well-defined with supp ;= K; for je ¥ and ¢;: R"™*! — [0,1], and it is 6> smooth.

(i) KcUjesQjcUjesKj.

(V) card{j:¢@;(x) #0}<m, Vxe R and V je.#, foreachee (0,g].

(vi) Due to the choice of 7, the functions ¥ are uniformly bounded from below on Q; for each
J,independent of € € (0, £9]. Moreover due to the boundedness of ¢ and by the definition
of m, there exists v > 0 such that

Y yix)zv,VxeQj, withje SUZF,
iefUF
and thus in particular Y;c s,z ¥ (x) =2 v,V x € K.
(vii)
supp piNK=9¢ V je Z.
This is a consequence of the fact that for j € 7 we have dist(x;, A([-M, M1™) = e[(k—1)+
1l and thus dist(0K;,0(-M, M1™) < el(k-1)+3-rel = k- 3(1+vn) —-.1>e(k-1-3/n)
> 0.
(vii)) Yjeppi=1Vxe K. This is a consequence of (vii) and the definition of ¢ ;.

(ix) |ID’g; ”C(f(,-nf() < fie~J, for some {1 independent of i € .#, and j € {1,2}.

Once we have verified (ix), all the properties demanded in (24) on the partition of unity {¢;}ic.s
subordinate to K; will be satisfied.
In the following calculations we repeatedly use that VY ;e s ¢;(x) = 0 for x € K. This follows

from (viii). As short calculation shows that for each j € .#, eachxeK,and k,¢ €1, ..., n}
0y Wilx 05,0, @i (x)Y; (X)) —WiYicg0y,0yWi(x
axk<ﬂj(X)=—XkWJ( L 05,02, 0 (x) = 59) () 2ies Y0 "/’E’” xOn Vil
Zieﬂwi(x) (Zieyilli(x))

where we use that 0y, Y ;e s ¥i(x) =0for x € K.
To obtain the required estimates we introduce for n > 0

1
exp| —5— |, forlx|<n
Yy () = (|;|21)
0, for|x| = n.

Then we have

2Xk
Ox Wy =~y 5 2’
e
) 2y 2x2 (|x|? 2 4x (1 x?
ouwn=—2— | (12 1) + 2 (] )]
o1 )L n n* \In
Ui
and for k # ¢
2Up Xp Xk 2 4 (|x|? 22U XXk -2 4
axgakar]:n—Al[F"rF(ﬁ —l)]z%[?'FFlﬂz].
(15l 1) #{lif"-1]

Considering the behavior of 8, ¥, and 0,0, ¥, separately on the ball By (0) and its complement

2
in B;(0), it follows that these functions behave like O(%) and O(<). Applying these estimates in
the expressions for the first and second derivatives for ¢ ; and using the lower bound established
in (vi) we obtain (ix).
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Appendix B. Perturbation results
Here we collect pertinent existence and stability results for dynamical systems. The constant M(0)
appearing below relates to Assumption (A.2).

Proposition 29. Let y € € (Yo; Wr), Y(30) € ¥uq for all yy € Yy, 6v € € (Yo; L>(;R™)), as
well as dyg € €(Yy;R™) be given. Moreover let A: [ x R" — R"™™" be continuous, and denote
byA: L®(I;R") — B(L?(I;R™)) the induced Nemitsky operator i.e.

A8y = Alt,y()sy(H) Y8yel?(LR"), ye L™ (LRY)
and a.e. t € I. Then there is 0y € € (Yy; Wr) such that

8y =A(3)8y+v, 6y(0) =56y (B1)

for y =y(y0), 6v:=06V(yp), 6 yo := 6y(yo) and all y, € Yy. It satisfies
loy(vo)lw, = C([|6v(ro 12 +[6¥0 (o)) (B2)
for some C > 0 depending continuously on MaX(r y)erx B, lA(T, Y)llgrnxn, and independent of

Yo € Y().

Proof. Let yy € Yj be arbitrary but fixed. Then there is a unique solution § y € Wr to (B1) which
satisfies

1 1 o
5 16y(]* = 5 |6y(0)|2+f0 (6y(5),6(»(s)) ds
1 t
= EI6y0|2+f0 (6(5), Alt, y(0)S()(9)) + (6v(5),8y(5)) ds

1 1 1 °f
< 16yl + =160l + = f 2 max AT Y)lgen +1[18y(9)* ds
2 2 2Jo (T,y)elx 321\71(0)

for all £ € I. Setting
L:=|2 max | A(z, ) llgnxn + 11,
(Z'J’)EIXBzﬁ(O)
Gronwall’s inequality implies that
TL (

16yl < L (18 y0l +16v1;2).

By (B1) we further get ||6’y||Lz < L(I6yl ;2 + llvll;2), which implies (B2). Next, let y(’)C € Yy denote a
convergent sequence with limit y. For abbreviation set

Oyr = 6y(y(’)‘), Vi :=y(y(’)‘), Ovy = 6v(y(’f), 6y0 = 6yp (y(’f)
as well as
y=yo), 6v:=06v(y0), 6yo:=0Yo(y0).

Note that 6 y; is uniformly bounded in W7 by (B2). Thus it admits a subsequence, denoted by the
same index, with § yx — 8y in Wr for some 6 y € Wr. This implies

8y(0) — 8y(0) inR", 8y — 8y in L™ (L;R"), 8y, — 8y in L* (GR").
Moreover, due to the continuity of y, v and dyy, we get

8y =A(yp)dyx +0vr — A8y +6vin L* (LR"), 8y, (0) — 5yp in R”.
Summarizing the previous observations we conclude that

5y =A(y)8y+6v, §y(0) =8y
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as well as 0y — 0y in Wy, and thus 6y = dy(yp). By uniqueness of solutions to the above
equation 5y( yg) — 0y(yo) for the whole sequence in Wr follows, and therefore dy € € (Yy; Wr).
O

Next we address nonlinear systems of the form:
Vo =Ey) +8Y)F () +v, yu(0) =y (B3)
where v e L2(I;R") is a perturbation.
Proposition 30. Let Assumption 1 hold. Then there exist an open neighbourhood V; c L?(I;R™)
of0 and an open neighbourhoodyy of Yy such that (B3) admits a unique solution y, =y" (yo) € 44
for every pair (v, yy) € V1 xyo. Moreover the mapping
Y O: Vixyo—PZaa, (0y0) =y’ (o) (B4)
is continuously Fréchet differentiable.
Proof. Define the mapping
G: Wpq x R" x L* (GR") — L* (R") x R"
with
T e )

Now fix an arbitrary jy € Yp and, utilizing (A.3) denote by y = y*(yy) € int%,,; the unique
solution in %, to the unperturbed closed loop system G(J, j%,0) = 0. Since G is of class €' in
a neighborhood of (j, y,0) we have

8y - DE(y)dy - | Dg(y)8y| F* () — g(1)0,F* ()8
DyG(y,yo,v)ay:( y=DEydy-| gyé}yfl(o) Y -89, F*(y y).

It is straightforward that the linearized equation
ov
D, G(3,j0,v)0y =
o=

admits a unique solution §7 € Wy for every v € L?(I;R"), §y, € R". Moreover, applying Gron-
wall’s lemma yields ¢ > 0 independent of j, j, with

1671wy < cU10vll2pmm + 1810, ¥ 6v e L? (LR"), 5yo € R".

Thus from the implicit function theorem we get constants x; = k1 (j) and k2 = k2(j%), such
that for every yo € R" with |yo — jol < x1 and [vl2gn) < k2 there exists y’(yo) € %uq
with G(y" (39), 0, ) = 0. By (A.1) it is the unique solution to (B3) in %,,;. Moreover, the mapping
Y (): By, (0) x By, (70) = ¥, (v, ¥0) = ¥' ()0)
is of class €. Observe that repeating this argument for every y, € Y, yields an open covering of Y,
i.e.
Yo U B o (o).
Jo€Yy
Since Yy is compact there exists a finite set of initial conditions { j/é}i.\i 1 € Yo, including 0, such that

N .
—— =1
YO CYo:= LJIBKI(J_/(I)) (J’o) .
i=
Set V = ﬂfi 1By i (0) c L2(;R™). Summarizing these arguments yields the existence of a €l
= 2(Jp)
mapping

YO : Vxyo— %4, vy’ (y) uniquely solves (B3) in %,,;.
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We use the following consequences of the previous proposition.
Corollary 31. There exists an open neighborhood V, c Vy  L?(I;R"™) of 0 as well as ¢ > 0 such that

v (vo) —y™ (J/o)”WT sclvi—vallzgmrey Y Yo€ Yo, 1€V, 1€ V2

and

“yu(y(]) ”WT = MY0 + C” V”LZ(I;R") \4 Yo € Y(), VE VZ,
hold. Here My, denotes the constant from (A.3).

Proof. The first assertion follows from the continuous differentiability of v — y"(yp) and com-
pactness of Y;. To verify the second we use that y* () = y° (o) and estimate

Iy 3o, = 1Y 00w, + 1y 50) =¥ o) |, -
The claim now follows from the first inequality and (A.3). U
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